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ABSTRACT

In this paper we present an alternative characterization of the
Egalitarian selution for bargaining problems and shou that W Egalitarian
solution hat the property that for eny agent the incremental utility
from bargaining 18 atleast es much as the averags incremental utility

of all other agents. Conversely, we show that any splution which i&

both weakly Pareto optimal and satisfies this latter property must

be egalitarian.



1. Introduction 1- The bargsining problem as proposed by Nash (1950),

can be interpreted as a2 problem of fair division of resgurces amonget
2 given set of agents., Expoundiny thic idea and its philosophical
underpinningé have been & major intellectuel preoccupation amongst

welfere economiets in the recent past,

From the stanapoint of theory, new charactzrizations of exiating
solutions to bargeining problems is an important field of etudy,

Such has been a main ectivity of the literaturs known as ‘'axiomatic

models of bargaining'.

In this paper we propose an alternative tharacterization of an important
bargaining solution known as the Eyslitarian solution. The significance
of this characterization lies in its appeal as a criteris of distributive
Justice (or fairness) a:- well a& an alternative theoretical view of

an sxisting solution ,~

2, framework 3~ In this section we develop a general framework for the
analysis of bargaining problems. The framework we propose is a eynthesis
of the one developed by Nash (1950) and the one developed by Yaari (1981),

the latter being a context in which problems of distributive Justice

can be analyzed,

To capture the essentials of a bargaining problem, we start with a non=-
empty set X sntt a list of n reasl-valued functions u1,u2....qn, defined
on X i,e, u1:X+IR for all i€ i1,...,n}. The Bet X is the universe of

discourse and its elements are entities among which society could
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conceivably be celled upon to exercite a choice. Elements of X will
be celled glternatjves and the set X of all conceivable slternatives
will be referred to as the cthojce space. The functions u1,u2,...,u6 are
utility functions, which represent the preferences over the choice Bpace
of the inoividuals who make up the socisety under consjideration. In other
words, "Society" consists of n individuals who are identified by the
utility functione u1,u2....,un all of which are functions assigning

real numbere to elements of the choice space.

The choice space X consists of all concisvable alternatives that might
arise as options in any hypotheticsl situation, However, every specific
Choice situations is, characteri:ed by a susset c;f X, congisting of
those elternatives that are feasible in that particular choice Eituation,

taking into account all the extreneous factors. This gives rise to the

notion of the set of feasihle alternatives (or feasible set, for short)

for which the symbol F.will be used,

o n .
We shall agree to cell an n-tuple of utility function (u1)i=1, an utility
profile for the soLiety, where for each ié{1,...,n}’ui:)<-’ﬂ is a real

valued function defined on X,

A Socjal choice problem is an ordered pair 5= ((ui):=1,l~') where

(ui,)gz,l is an utility profile and FE€ X is g feasible set of alternatives,

Let X, © X be an alternative which we 8hall refer to as the status guo point.
The underlying interpretation of a status~quo point is that if the

agents agree on an slternative in the feasibls set then they select this

alternative; in the absence of an agreement they remain at X,

A bargaining problem is en ordered pair (Syx,) where 5"“"'1);=1'F) is

a social choice problam and X, € X,
-3
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A significant assumption which prevades a major portion of bsrgaining
theory is that given a bargaining problem (5,x.,) where 5=((ui)2=1,F),
x, € F and there exists x « F gsuch that uitx)> uitxn)v i=1,40eyn. The
meaning of this assumption is that the statué quo point is a feasible
alternative anu there existe another feasible alternative at which
every one is better-off than at the status-qwb point, 8o that there is
some advantsge to be garnered from trying to arrive at a compromise.

Wwe shall make this assumption throughout our analysis.

Given a bargaining problem (s,xh) where h=((ui)2=4,r), one can define

e set UT in the following manner 3

UF = 1(511000'an)/u1(x)=a1luz(x)=azl"' ,un(X)=an for some x € Ff .

UF is called the set of feasible utility profiles (or the utility-

possibilities set)., If one defines a vector-valued function u by writing
u[x)=(u1(x),...,un(xJ} for all x € X, then UF is given simply by the
statement -

uF = u(f), .

UF being the image of F under u. Each choice that society can feasibly

make is translated into an n=-tuple of utility numbers and the collection

of these n-tuple of utility numbers is the set UF'

The following assumption justified in detail by Yaeri (1981) is

standard anu for technicel reasons will be assumed throughout our
analysis i

principle of hon=-Polarization : The set UF' of feasible utility profiles,

is convex, comprehensive and bounded from abave.

Lot 2= i(b,xa )/(b,xo) ie & bargaining problem satisfying the

principle of non-polarizationj.
=
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Given the domain of bargeining problems 2 » 8 Bolution definec on that
domajn is a function thaet associetes with every problem in the dommin

& ncnempty subset of feasible alternetives of that problemj thsse
slternatives are interpreted ac the tct of possible co-promices reached
by the agents (or recommended to them, in the event of an impartial
arbitrator being incharge of deciding on the outcomes), The tet of values
taken by the solution, when spplied to e particular problem, is the
eolution outcome of the problem. Thus, formally, a solution mwz:jﬁ

a correspondence G 2., = X swh that for all (Sr"o)GZ' G [(S,xo)] c F.

The . intuitive interpretation of the solution G is that of a model of
some first stage of negotiations in which a subset of the feassible set is
identified, from amongst which the final outcome will eventually be

sslected, through a process left unspecified,
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The main splutions to bargaining problems that have been studied and
axiomatized in the literature ere the hash (1950) solution, the
khalai-Smorodinsky (197>) solution and ths Egalitarian solution of
Kalai (1977), to mention s few, Our purpo&e in this paper is to obtain
a simple alternstive characterization of the Egalitarian solution, For

conventional axiomatizations and further extensions of this solution

one may refer to Kalai (1977), Hoth (1979) or Thomson {(in press),

3. The Egalitarien Solution i- In almost all ef bargaining theory, the

least that a bargaining solution is required to satisfy is Weak Pareto

Dntima gt!o

wWeak Pareto Optimality (WPU) 3 A bargaining solution G:ZL-+*X is Baid

to be weakly Parsto optimal {f for ell (s,x,)GZEJ the following is

satisfied 3
= S



- e
x €6 [(S,x.)]=¢-there does not exist any y€ F such that
ui(y)> ui(x) for all ic ij....,n}.
i.e. given any element of a solution outcome, it is not possible to find

any other feasible outcome where sverybody is better-off than before,

This principle enjoys wide acceptance, the main reason for which is that
e failuwre to do 8o would lead to the untenable position that a solution

may have to be snforced, against the will of all individuals,

The Eyalitarien solution E 32}+*x is defined to be a weakly Pareto optimal
sglutjon which satisfies in addition the following criteris 3
v ‘s.x.}ezl er [‘s’xojlév i.JE 1".- ,ﬂ}, Ui(x) L ui(x')

= uJ {(x) = uj(xb).

The Egalitarien solutjon is cardinalist in spirit and says that

for a feasible alternative to jualify as a solution cutcome it is necessary
that the incremental utility derived from bargaining be the eame for

all agents,

4, The Average Welfare Fair Solution 3 A solution to bargaining problems

that we propose as an alternative characterizetion of the Egalitarian
solution has been motivated by a solution to problems of distributive

justice initially suggested by Thomson (1982).

In that paper, an equity criterion for exchange economies is suggested,
whara“an allocation is ejuitable if no agent would rather consume the
average of what everyone else is consuming,” Such an allocation is

referred to as an A-envy-fres-allocstion (where A stands for 'average').

The solution is appealing on grounds of ite informational efficiency

and distributive justice,
=Hm
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Closer in spirit to the £galitarian solution, yet confined to the

context of a pure exchenge economy (allowing for consumption externalities)

is the concept of & welfare-ggaljtarign allocation, proposed by Villar
(1988), where all agents’ welfare levels ere sjualized under the
assumption that utility functions are interpersonally comparable (in
ordinel terms), In this paper, the existence of a Pareto-optimal welfare-

egalitarian allocstion (called welfare-fair gllocation) is established.

Mooifyiny Thomson's (1982) characterization ve 8cfine a solution
G :219’x to be A-welfare Egelitarian (where once again A 8tanas for
'average') if ¥ (S,xn)f.-z_. yx€G [(S,xo )]#Vietl,...,nj

1
uikx)-ui(xuikﬁ-;;,-} .12;; [UJ(X)-uj(x,, )].

Intuitively, we declare a feasible glternative to be A-Welfare Egalitarjan
if the incremental welfare derived by any agent from the bargaining

solution is atleast as much as the average incremental utility of all other

agents,

We say that a bargaining solution 532i+9x is A-welfare Fair if it is

both weakly Pareto Optimal and A-wWelfare Egalitarian.

The intuitive meaning of an A-welfare fair outcome is patently clear

from the acove discussSion,

5, The Ejuivalence Theorem s~ In this section we establish that & solution

is Egalitarian if and only if it is A-Walfare Fair,

Theorem 3= A Solution G:IET*X 45 A-welfare Fair if and only if G=Et.

—?-



T
Proof 1- Let w first show that £ is A-welfare Fair,
¥ (bnxg)(' 2 yXEL [(5sx,)] Vi, e ih--u"&o

ui(x) - ui(x°) = uj(x) - uj(xb)

Hence, trivially, ui(x)-ui(xf*) = %[uj(x)-uj(xﬂﬂ/(n-ﬂ
. I
¥ic€ i‘l....,n « Thus £ is A=-delfare Egalitarian, Since E satisfies

Aeak Pareto Optimality by definition, E i& thus A-Welfare Fair.

Conversely supposa G:Z-""’X is A-Welfare Fair, Hence it is A-wglfare
agalitarian. Thhﬁviei1’o.o’nj' V)(GG [(S'X )]

u(x)=u(x)> 1

i it e'= ‘n_‘]) J%l[' (X) u (X )] ( )
Suppose towards a contradiction that for some .i.'ei‘l,...,n}, and

some x€G [{S,xg )],

1 *
U (0 = up (%) 1) _%‘. [uj(X)-uJ(xo)] (**)

On the one hand we have the following identity :

n

n
%Eli(x)-ui(xo)] 2. """'T Z{ ((x)-u(x ).

i=1

On the other hand (*) and (**) imply,

a_ 2
[ui(x}-u (xj) 2 oo & fuj(x)-uj(xo)].
This contradiction establishes that

ug (x)=u, () = (n-1) ] [u (x)=u;x, )]
Vi€ i‘l,...,njand ¥xEh [(S,x )]

However, G is A-Welfare Fair implies by gefinition that A {s

Weakly Pareto Optimal, Hence G = E,
JeEeD.

This establishes the rejuired evuivalence,

-B-
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As an immediate corollary to the above theorem we have the following 3

Corocllary 1= A solution GsDo X is A-Welfgre egalitarian if and

only if

¥ (S,x,) € X ¥x €6 [(s,x.)];f £,0¢ 11peeesnt,

u (x) = U () = uy(x) = ulxg).

Proof 1~ Contained in the proeof of the above theorem,

5. Lonclusjon t= In thie paper we have obtained an interesting
charecterization of the Egalitarian solution, motiveted by a fairness
criteria postulated by Thomson (1982), The first point we would like

to resolve is whether this characterization coulc be extended to social
cheice problems. The answer is in the affirmative and the relevant
charecterization proc‘ads by suppressing x, and ui(xo) throughout our

analysis., Since the mpdification is straightforward, we shall not

dwell on it any further.

The second point we would like to address owrselves to is the

~-of
principle/non-pplarization. The primery reason why it has been invoked

in our analysis is to permit the existence of the &€galitarien solution,

without this assumption the Egalitarian solution fails to exists,

The third and final point that we would like to make is that the
characterization presented in this paper reinforces the links between
bargaining problems and problems of fairness or fair division of
respcurces. hotable connections between these two Bignificant areas of

research has besn outlined in Thomson {(in press).
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