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TESTING FOR AND ESTIMATION OF MOOELS SUBJECT TO
MULT TOOLLINEAR TTY

¢.S. Gupta and Dévi Singh*

The uge of regression analysis in analys:ing changes in variables
over the time has become very common in the presemt day world, Un’doubted.ly,’
the method is very powerful but it has to be used properly. Many of the
ampirical researchers using this techhique are either totally wnaware of
the limitations (assumptions) of this method or are not familiar with the
methods of testing and corrections whem its assumptions do not hold good.
This paper attempts to explain the festing procedures and the appropriate
nethods of estimation of models which are subject to malticollinearity, a
serious problem of regression analysis. The demand for cotton textiles!'
funetion is estimated from the time series data of the Indian sconomy for

illnatration purposes,

The Model:
By the theory of consumer behaviour, the demand far cotton textiles

may be hopothesized as:

0, =£(y,B,, Py P, TU%)

£, f450 > £y f3, f5 evenes (1)

 The authors are Professor and Regearch 4ssistant, respectively, at the
Indian Institute of Menagement, Ahmedabad.



where
D, = demand for cﬁot?ton textiles
¥y = private disposable real income
P, = price of cotton textiles
Pp = price of food articles
Ps = price of gsynthetic fibres

UE/TP= ratio of urhan population to total population
f; = partial derivative of 'f! with respect to the i-th mde—
pendent variable,

The demand for cotton textiles is hypothesized to be a positive
function of (a) income, for it is a normal (superior) commodity, and -
(b) the price of synthetic fibres » for clothes made of synthetic fibres are
a substiﬁute to those made of éotton textiles. It is agssumed to be a
negative function of (c¢) the price of cotton textiles by the law of demand,
of (d) the price of food, for food and clothes are complimentary goods
becaugse toth are essentials of life and in = developing gountry like India,
the more is spent on food, the less is left for clothing, and of (e) the
ratio of urban population to total population, for cotton clothes in -
comparison to synthetic fibre clothes are used more, generally spea.kmg,

in rural araa.s than in urban areas.

The linear version of the model (equation) was estimated through

the Ordinary Isast Squares (OLS) method, using anmal time saries data for



1954~55 to 1972-73 (Table 1). The results obtained are

D, = -421.81 + 0.008 y - 0.853 P, - 0.217 F. + 1.356 Py

(0.84) (0.62)  (1.15) - (0.41) (1.20)
+ 5126,75 UB
(1.55) TP svwas s (2)
-2 s ' ,
R = 0.836, = 0088’7, Dw = 2010, F = m.Sl

Numbers in parentheses are corresponding t-values, f-'l"?' is coefficient of
determination (Rz) adjusted for degrees of freedom, DW stands for the
Durbin-Wetgon statistic, and F for the value of F-statistic. D, is
measured in crores of metres, y in crores of rupees st 1960-61 prices,
prices are in index numbers, P, and P, with base 1961-62 = 100 and F,

with base 1960-61 = 100, and UP is measured in fraction,
TP

I'hlt;,‘_gbg'ngg;;tz Prcblem:

1t wili be seen by a comparison of equation (1) and equation (2)
that one of the estimated coefficients do not conform to its theoretical
sign. The reason for this could be that the straight application of
the OLS method is inappropriste. It is known that the OLS method yields
good (best linear unbiased) estimates of such single equation models
undef certain assumptions. (he of these assumptions, which is often
violated in a time geries study of this kind, ds that no two independent

variasbles should be highly correlated,
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Table 1 : Time Series Data on Varisbles in Cot-ton Textileg! Demand Eungtign

Consumption FPrivate Price of Price of Price Urban teo
demand for disposable cotton food of total
Textiles income at textiles articles synthetic popula-
1960-61 fibres tion
Year prices S
v v L e S = R T R  »
(in crores (in crores (1961-62 = 170 )  (1960-61 Ratio
of metres) of rupees) = 100)
1 (2 3) (&) (5) (6)
1954~55 , 531.90 10561.00 83.8 C 87,3 . 65.B6 - 0.174
1955-56 561..80 10727.10 I 79.5 65.14- - 0.176
1956-57 586,63 11022,83 90 .8 83.3 62.99 0.178 .
1959-60 579 .26 11876.49 91,6 99,2 68,72 0.183
1960-.61. 504.09 12613.65 100.2 100.0 Th b 0.185
1961462 647 .38 12978,36 100.3 100.0 85 .90 0.186
1962-63  645.55 13144.16  102.6 112,0 Uy o4 0.188
1963-64 672,67 13737.15 106.5 117.1 100.21 0.189
196465 71045 . 14924.08 108,3 134.0 99.50 0,191
1965-66 701.93 1423428 109.9 149.0 102,36 0.192
1966-.67 €83.06 - 14539.42 113.9 164.0 113,10 0,193
1967-68 677 .28 15731.82 121.2 192.0 114.00 04194
1968-69 734454 16430.32 124,.8 196.0 113.60 0.194
1969-70 709.65 17302.89 129.4 190.0 114,40 0.195
1970-71 726,24, 18107 .94 125.0 200,0 116,70 0,196
1971-72 679,52 18374 4k 153.9 203.0 124.40 0,199

Sources Cols.l to 5 : Mote, Paul & Gupta : Manggerial Economics
Concepts and Cages; Tata McGraw Hill, 1977. '

Col., 6 : Oupta, G.S. and Deepak Chawla, Demand for Tea
in Indja, Dynemic Management, Vol., 2, Sept. 1977.



The estimation problem which is associated with such a violation
wag called as nn:tlt.icol]:i.n.earity problem by R. Friseh as early as in 1930's,
If the two explanatory varisbles are perfectly 'cbrr.eléted, thet is, the
éimple correlation co'efficient between the two is (plus or‘ minus ) unity,
there is perfect milticollinearity. If the correlation cosefficient is
close to one, there is a high degree of milticollinearity. The malti-
collinearity is low if the correlation coefficient is low in relation to

wmity.

If the milticollinearity is perfect, the OLS estimates camnot be
obtained, for the determinent %x'x vanishes.® If the mlticollinearity is
high, the estimates are, of course; unbiased, but th; ones which are obtained
from any particular sample can show large errors; if the milticollinearity is
low, there is no pJ:‘oblem.2 In actual practice, researchers generally work with
one sample only and therefore the OIS estimates in the presence of high
milticollinearity are not good estimates of the population parameters and
hence the policy éonclusions baged on then are t}x;tmable. To avoid such
problems, one needs to test whether muﬂ.ticollineéfiﬁy is perfect or high'

and if so use alternative estimation procedures. Through an illustration

1 See Jomston, J (1963) : Eoanometric Methods, McGrew Hill, New York,
Chapter 8, p.204.

2 Koutgoyiannis, 4 (1973) : Theory of Fconometrics, Macmilian, London,
Chapter 11, pp.226-30.
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of the cotton demand function, the testing for amd the methods of
correcting for high milticollinearity are discussed. n a priori ground,
multicollinearity see:ﬁs to be high if the model (equation 1) -is tb.be
estimated from time series data, for there is a common tremd factor in
income, price variables and urbanisation. Even if cross-section data
are used, say, from different regions of & country or from different
countries of the world, multi-collinearity could be high because, generally,
prices are high where income is high and vice versa. 7
Togting For Mulbicollinesrity

" The existence or otherwise of perfect multicollinearity can
casily be tested by computing thé matrix of simple correlation coefficients
between ail_ the explenatory varisbles of the model. The correlation matrix

for the model for the time series data (Teble 1) is given in Table 2.

Table 2 : Correlation Matrix for Explanatory Varisbles
s P, Py P UP/TP
y - 1
P 0.938 1
Py 0.967 0.916 1
P 04954 0.907 = 0.948 1

UP/IP 0.953 0.906 0.924 0.961 - 1
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It will be seen that none of thess coefficients is unity and hence there is

no perfect mulbicollinearity.

o

The extent of multicollinearity could be tested by the value of the
determinant IX'X , where X is the n x k determinant, and X' is the transpose
of X (n = number of observations, k = pumber of parameters), A zero value of
this determinanb implies perfect milticollinearity and the closer its va.iue
is to zero, the higher the degree of nmlticollinearify. However, what value
of this determinant means high degree and what value mesns low degree of
mlticollinearity is not lmown and hence this test is inadequate to test for
the existence or otherwise of the degree of multicollinearity., The value of

the determinant for the sample dats is approximately zero.,

Another méasure of multicollinearity is defined in terms of "Rz
-:1e:JJetes".3 Under this procedure, RE of one regression is obtained which
.includes all the explanatory variables and R<'s of all the othar possible
‘regressions are obtained which includes all bub one explanatory varisbles,

The results of such an exercise for the model are providéé}“' in Table 3.

It i3 clear that the multicollinearity is high, for the difference
between Rz.(0.887 ) .and'. the highest of the "Rz-deletes " (0.886) is very small,
However, this method is also subject to the limitation of the rrevious
method, for how small it should be for asc ertaining the high degree is not

Inown.

- Yet, an another method of measuring the degree of multicollinearity

3 Kmenta, Jan (1971) : Elements of Econcmetrics, Macmillan, New York
Ch. 10, pp.389-90.




Table 3 : Rz and "Rz.-'i)eletes "

Dependent Explanatory Variables R?
Varisble

D, vy B,y By, P, UE/TP ' 0.887
'.I')'O Yy B, By P ' 0.866
D, ¥» B,» Po, UR/TP L 0.875
D, ¥y B,, B, UP/IP 0.886
D, - ¥y By Py, UR/TP 0.883
D, P,, Py, P, UB/TP 0,884

is through compdting Rz's of regressions of each explanstory variable on all
the other explanatory variables. Such results for the model are presented

in Table 4.

Table 4 : Rz‘s and F-vglueg for Regresgions of Explanstory Veriables.

2

Regressand : Regressors R 7 F-value
y P, P, P,, UB/IP 0.97 9%.9
P, ¥, Ppy By, UP/TP 0.88 26,5
Pp ¥, P, B, UR/IP 0495 60.1
Py ¥, By, Py, UB/TP 0.95 | 645
UP/TP 7y B,y Byy Py 0.94 56.0
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The degree of multicollinearity is high if the highest of these
#%ts is close to unity. For the model, the highest R° is 0.97, indicating
high mlticollinearity. Again, like the earlier methods, no cut-off value
for R is lmown precisely to conclude the degree of milticollinearity
through thia test,

None of the above methods is conclusive about the presence or other-
wise of high degree of milticollinearity. This is more so because some
mlticollinsarity almost always exists, the question is, at what point does
the degree of milticollinearity cease to be normal and become h&rmful. This
question has not yet been enswered sé.tisfactorily. However, according to-one
oriterion, "milticollinearity is regarded as harmful if at, say, the 5%
lével of significance, the value of the F gtatistics is significantly differ-
ent from zero tut none of the t-statistics for the regression coefficients
{other than the regression constant ) is".z'f ipplying this eriterion to
eqﬁatiOn (2), id can be concluded that the model suffers from gerious multi-
collinearity.5 Klein has also suggested a criterion for this purpose.

According to him, midticollinesrity is tolereble if

4 R

where rij is the simple correlation coefficient between any two (i and j)

B

4 gmenta, 3. (971) : Ibid, P.390. |
5 This conclusion follows even on CGujarati's eriterion, where he suggests

that if the t-values of regression coefficients are gignifieant, one need
not worry too much about the problem of multicollinearity .

Sse Gujarati, D. (1967) : A comment on veagurement of Productivity and
Production Function in Suger Industry in India, 1951-61, Indian
Journsl of Industrial Relations, p.401.

é Klein, LR (1973) : Introduction +0 Econometrics, Prentice-Hall,
New Delhi, pp. 64 and 10l. '
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acpl-anatpry variables and R is the square .root of thé coefficient of
determinetion, For the model, R = \/J.887 = 0.942, which is less
than meny of the simple correlation coefficients (Table 2). Thus, on this
eriterion also, the model represented by equation (1) and annual time series

data of Table 1 is subject to-high degree of milticollinearity,

Farrar and Glauber have also developed a test for multicollinesrit y.7

Their procedure is in three steps. In the first step, the severity of multi-
collineagity is tested by a Chi-gquare ('12) test. In the second step, location
of collinear varisbles is found through an F-test. In the final step, t-test

is used to find out the pattern of multicollinearity.

The value of the Chi-Square is given by

..:‘X.2= - \n—l—- %‘ (2k + 5)] E’.noge {value of standard detarminantg

}
where
n = nmumber of observations 7
k = number of explanatory variables o'tfim"‘_than congtant term
Degrees of freedom = 4k (k-l)
Standard determinant = k x k determinant of the simple

correlation coefficients of the
explanatory variables.

i

7 Farrar, DE and RR Glauber (1967) : Milticollinearity in Regression
Jnelysis, Reviey of Fconomjcs and Statistics, Vol. 49, pp.92-107.
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The standard determinant of the model (Table 2) is

1 0.938 0.967 04954 0.953
0.938 1 . 0916 0.907 0.906 |
0.967 0.916 1 - 0.948 0.924
0.954 0,907 04948 1 0.961
0.953  0.906 04924 0.961 1

and its value comes to 0.000062, It should be noted that the value of this
determinant will be equal to zero if the multicollinearity is perfect (i.es, |
Ty =1, for all i j) and it will be equal to unity, if mmlticollinearity

is zero (i.e. Ty =0, for all i #j).

The value of ¥ . for the model is given by

e

; Elg-l - % (2x5 + 5)] [Loge (o'.ooooéz)]

_ [15.5_] [-9.69]

150.2

X

if

The theoretical Chi Square at the 5% szgn:.fn.cance level with
[10 4 k (k-1), k—f] degrees of freedom equals 3,94. Since the computed
3
Z is higher than 1ts corresponding theoreticel valus, 1t can be concluded

that there exists a substantisl degree of multicollinearity in the model,

To ‘find out the milticollinear variables, the coefficieats of-

determination and their associated _F-st'atistics within the set of
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explanatory variables are needed which are given zbove in Table 4. The
theoretical F at the 5% significance level with 4 amd 14 degrees of

fresdom has a value of 3.11. Since all the F-values in the table exceed
this valus, all R% in the table are significantly different fror;} Zero,
Since the Fevglue is the highest for y, y is the most affected v_ariable

by mlticollinearity. P, and Py, are the other affected variables, in that

order.

‘Finally, to find out the factors which are responsible for the
melticollinearity in the variables ¥, Ps and Pf, the partial correlation

coefficients were computed and the same are reported in Table 5.

Teble 5 : Mgtrix of Partial Correlation Coefficients

v . Pc Pf Ps UP/TP
(1) (2) (3) (4) (5)
7 -
P, F12.345 = 0353 -
(1.41)
Po T13.245 = 0599 B.145 =0.085  _
(2.80) (0.32)
P, T 14,235 = <04036 | 24.135 =0.015 T 34.125 =0.444 -
(0.13) (0.06) (1.85)
L T15.23 = 0,400 T 25.134 =0.067 735,124 =0.248 Y4513 -
(1.63) (0.25) (1.17) =(o."o5)
__ ' 3.72

Note : The numbers in parentheses are the corresponding t-values.
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The t-test is used to test whether a particular partial correlation

cosfficient is significantly different from zero or not. The velue
of t, for exawple, for F12.345 is computed as
_ rl2,345 - 0.353 = 1.4l
t(n-k) ~ k) 1 p .
\/(l-r 12.345 ,)/n-zc \/(1_.125 )/19-5

The theoretical value of t at the 5% gignificance level with 14 degrees of

freedom (two tail) is 2.145. All the partial correlation coefficients

having a t-value greater then 2.145 are thus gignificant.

The results of Table 5 reveal that the cause of multicollinearity
lies mainly in inter-—correlation between y and Py, and UP/TF end P
Thus, we conclude that the multicollinearity problem in equation 2 is serious
and hence its parameter estimastes are umrelisble. Further, the problem is
located mainly in y, and then in P_ ami Py and that it is due to a high

intercorrelation between y and P, UP/TP and P, .

Correction for Multicollinearity

If the multicollinearity is perfect, the only method to correct
it is to drop one of the two perfectly correlated variables from the
regresgsion equation, Which one is to be dropped is immaterial from the
statistical point of view and hence it could be decided on the theoretical

ground. This ig so gimple, However, casesg of perfect multicollinearity
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are very rere, the common problem is of dealing with a high degree of it,
like in the model of this paper. The two methods of dealing with high
degree of milticollinearity are illustrated in what follows., Under the
first method, the problem is avoided through using time series dats alone

and in the second through pooling of time geries and cross-section data.

To avoid multicollinesrity problem using time series data alme,
the first step would be to obtain gimple regression results. The same

for the cotton textiles' demand function are reported in Table b

Table 6 : Oimple Regregsion Resultg

I D, = 348,206 +0.021 y
(9.36) (8.27)

R2 = 0.801; DL.W. = 104
II D, = 409.273 + 2.219 F_ .
(9.57)  (5.77)
8% - 0.662; D.W. = 1.123
IIL D, = 493.425 + L.146 By
(21.17)  (7.14)
RR = 0.7503 D.le = 0.93
s D, = 413.616 + 2.539 Py

(16.53) (9.75)

B = 0.848; D.W. = 1.62

v D, = ~850.55 + 7984.82 UP/TP
' (5.86) (10.35)

R® = 0.863; D.W. = 2.00
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A1l the explanatory veriables are significant individually. However,
all have pogitive signs, some of which are in conflict with the theory énd
the conflict could be because the corresponding simple models are wrong.
On the basis of both theary (signs of the coefficients) and statistical
inference (R2 end tevalue), y and Py turns out to be the important explanatary

variables, Theorstically, P, is very much a relevant variable.

The step-wise regressions were then estimated, starting with the
most important explanatory variable first and then in that order and the

regults are reported in Table 7.

In the last equation, the coefficient of UF/TP has wrong sign.
Besides, we have geen above that there is a high correlation between y and

Pp and UP/TP and P . Further, the coefficient of both P, and UF/TP are

f
ingignificant. Thus, the middle equation, which is reproduced below for

convenience, zeems to be the best:

Dy = 393.03 + 0,030y - 0.805 P + 2.6 F
(10.04)  (1.08) (1.05) (2.44)
R = 0.862; D.W. = 1.52

This provides good estimates of equation (1) from time series dasa alone,

An another method of correcting for multicollinearity is through
using some g priori information on the coefficients, if available. If the

poafficients of one or more of the explanatory veriables are known, those



Table 7  Step-wige Regression Lisults

béﬁen&éqt Coefficients (and t-rabtios) of

Varisble Congtant y P P B, UE/TP 7 R®
(9.36) (8.27)

D, ' 343,71 0,02  -0.597 70 806

‘ (8.96) (3.46) (0.9)

D 393.03 0.010  -0.805 2.16 .B25 862

¢ (10.04) (1.08) (1.05) (2.44)

Dy 363.74 C.015 -0.760 1.954, -0.210 819 866
(5.55) (1.32)  (0.97) (2.41)  (0.47) -

D -42181 0.008  ~0.853 1.356 -0.217 5126.75 836 887

(0.847  {(0.62; (1.15) (1.20)  (0.41) (1.55)
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could be assmed for the model ard then the remaining ..coefficients could
be estimated, This, in other words, is the restricted lsast squares method,
This method would avoid the problém, if the coefficient of one of the two
highly correlated veriables is known from somewhere outside the sampls.

One way of lnowing this for the model is through cross-section data.

Since prices and the ratio of urban population to total populstion are given
at a point of time, they do not change over the cross section (regions,
groups of people, ete.)., In contrast, income change over cross-section.

Thus, the cross-section version of the model represented by equation (1) is:

b, = fly) Ciereesinne (4)

Region-wise data on cotton textiles demend and private disposable income are
not available. However, National Sample Survey data are available on per
capita total expenditure and congumption expenditure on cotton textiles

over groups of people based on per capita expenditure class. These data

are presented in Table 8. If the total consumer expenditure could be

used as the proxy far income and consumption expenditure on cotton textiles

as the proxy for cotton textiles demand, equation 4 could be estimsted.

The OLS estimates of esquation 4 using these data are as follows:

Dc = .3.227 +0.1338 g veeaees  (5)
(5.87) . (24.15)
R = 0.976; D.W. = 8.9
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Table 8 : Cross—section Data on Expenditures

(in Rs.)
. Monthly per capita Monthly average Monthly average
expenditure class total consumer consunption expendi-
expenditure ture ©n cotton

(all areas) teaxtiles (all areas)
0-13 9.52 ‘ 0.02
Above 13-15 13.86 0.07
Above 15-18 16.91 0433
Above 18-21 19.62 ' 0.13
Above 21-24 22.61 0.8
Above 2428 26.11 C W45
Above 28-34 31,08 ~0.53
Above  34~43 38 45 0.84
fbove 43-55 48 .73 1.57
Above 55-75 63.80 3.23
Above 75-100 85.63 5.85
Above 100-150 113.51 12.41
Above 150-200 170.34 18.04
200 and above 286.26 36,9

Source : Sarvakshena (Journal of the Nationsl Sample Survey Organization),
Vol. 1, No, 1, July 1977, '
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Thus , from cross section data, the coefficiant of y is estimated to be
0,1338, If we assume this to be the value of the said parameter, the

linear version of equation (1) becomes

D -0.1338 = a +b P +cPy +dP, +o UF/IP

or

Dc*=a +b Pc +c Pf +eUP/TP s e ateaa e (6)
. where,
DC* = Dc had 001338 ¥a YRR (7)

The adnwel time series on.Dc* can be obtained from its definition (equation 7,
and the time series data on Dc and y. The so derived data are given in

Table 9.

The OLS estimates of equation {6) from annual time series data for

1954~55 through 1972-73 (Tables 1 and 9) are as follows:

D* = 123191 - 3.802 By - 3.440 Py + 0923 By - 883834 TPIP (g9
(0.86) (1.86) (2.68) (0.27) (0.97)

72 = 0.933; RS = 0.951; D.W. = L.15

Substituting for DZ from equation (7) in equation (8), the reatricted least-
squares estimates of equation (1) ere obtained as follows:
D, = 123191 +0.1338 y - 3.832 P, = 3.440 B, +0.923 P - '
8838,34 UP/TP ceennesess  (9)

Equation (9) provides estimates of equetion (1) through pooling of

eroga-gection and time series data. 41l the coefficients have g priord
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Table 9 ¢ Time Series Data oa D: (=D, -0.1338y )

* * +*
Year Dc Year Dc Year Dc
1954~55 -880.74 1960-61 ~1009 .34 196667 -1261.73
1955~56 -873.06 1961-62 -1088 .61 1967-68 -1427.01
1956.57  -887.78 1962-63  ~1112.61 196869 _1463.18
195758 £80.39 19636/, -1164.81 1969-70 ~1604.78
1958-59 -973.99 1964,~65 -1285.,80 1970-71 -1605,88
1959-60  -1009.34 1965-66 -1202.05 1971-72 -1778.25

1972-73

-1719.28
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are significant at 5% level,
8

gigns and the coefficients of y, , and P

£

as will be verified from their t-values in equations 5 and 8.

c
R:2 has

improved and the DW value does not indicate autocorrelation. Through
" pooling of data, multicollinearity due to intercorrelations between y and

prices and y end UP/TP is removed.

Before cancluding the paper, it will be pertinent to interprét the
coefficients of the estimated model. Bqustion 9 indicates that, other things

remaining the same,

(a) an ircrease in private disposable income by rupees one
crore results into an increase in cotton textiles demend
. by 13,38,000 metres,

(b) an increase in the price index of cotton textile by one unit
tends to decrease cotton textiles demand by 3,83, 20,000 metres,

(¢c) an increase in prlce index of food articles by one number
csuges g decrease in cotton textiles demand by ,
3,44,00,000 metres,

(d) an inerease in price index of synthetic fibres by one results
into an increase in cotton textiles demand by 92,30,000 metres,
and

(e} an increase in the ratio of urban population to total population

by 0.0l causes a decrease in cotton textiles demand by 88,38
crore nmetres,

An inference from these is that if all the three price indices
inerease by one, the demand for cotton textiles will decline by 6.349
crore metres. These reasults could be used to manage the said demand

through an appropriate price-income-urbanisation poliey.

8 Although these-t-values may not be quite relevant for this purpose, in
the absence of any alternative test, these are taken as  suggestive.



