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In this paper we extand the analysis of optimum ordering
interval for inventory, carried out by Mukher jee{2), to
incorporata rando: price schedules-observad by firms, We
obtain the axpression for optimum cycle length by minimiz=
ing the expected total cost per unit tlmee. In sffect we carry
out a sample path analysis. We also study the ralationship
pbetween optimal interval and probability ¢istributions in

the polar caseg of constant decay rate and a Bernoulli

probability maasurés.
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1. Introductiont- The purpose of this papur is to introduce the

notion of a randoc . price function of the simplest type in a rodal
of optimum erderiny interval for inventory, as studied by
Mukherjee(Z). In this sense, the purpose of this analysis is

more expesitory than inventive,

We consider the case of perishatle goods with axponsnrtial decay
as considerad by our predecsssors. We obtain a solution for the
gptimum ordering intsrval which is similar in spirit to the re-
sult obta.nad sarlier, with the scle difference being that we
include in our enviromment, random price schedulss. With this
s dion ot e
modification, the optimal qmioe ywokagdse are spacified in terse
of expectations and not a3 deterministic quantities. we cearry

out bzlow a sa pls path analysis of ordszring interval for

inventory.

2. Tne Meodelt- Lat (L, Fy P) be a probzbility spaca and p :ﬂ—-— t‘R+
be a random variatle, which gives the selling rrice cf tne ccmoodity
for every realizaticn of a state of natura. Let dip) be the known
demand rate wher the price is p, 80 that d(p(w}) is the desmanc ratle
when the stoate of nature is neﬂ. Let I{t,w) be the invantory

at time t, corres;onding tc a state of nature w, >\(t) the stock

decay rate at tims t and snortages are not alloueds. In this

sanse, 1 is a stochastic procass.
\



The differential equation describing the behaviour of the aystsm

is

L g(egw) = = A (LD1(E0) = lple)) (1)

The solution of this differentiel equation lgads to

t t y
nt.uhxp.( 5,\(:0&) -1(0.-)-q(p(-))jexp-( j Mx)dx> o (2)
o () o

In order to find the expression for 1'(t,m),the inventory process
without decay at time t, the differaential squation of the system

will be

;s" I.(t.m) = - d(p(w))

the solution of which gives

I.(t,-) = 1{0,u) = t a(p(w)),

Therefore Z{t,u), the stock loss process dus to decey at time 't',

is given by

2(t,w) = l'(t,l) - 1(t,w) = 1(0,uw) - ¢ d(p(i)) -1 (t,w)e

On substituting the value 1{0,w) from (2) in tha above squation,

we get
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. _ t y
t
2(t,u) = I(t,w) [lxp.( 5,\(x)d>> -:J -td(p.u)+d(p.w)} exp.(j/\(x)dx) dy. (3]
o o o

1f T is the cycla length (ordering intervel), the order process, QT(')’

required to sstisfy the derand during s cycle of length T is equal to

QI.(U) = Z (T,u) + Ta(p(w)) (4)

in case of instantaneous replenishment wa have

1(0,u) = Q (w) snd E_ [1,(-)] = 0.

where E.' t.] denotes expectation.

T t
<o g o) = apl)] ( weoe( A x) -

noting that since I{o,w) = DT(u), we get

t T y
1(t,u) = d(plw)lexp. (- X (x)dx j @xPe. ‘ Nx)ax) dy. (5)
: ¢ $209) (f =( | )

1f the purchase cost per unit, the set=up cost and the unit stock

holding cost be denotad by C, X and h, respectively, then for a

fixed price level p, the cost per unit time C (T, p) ie

T t
c(T,p) = -!," + EETLE)'[} exp{} (x)dx) dt] + %jd(p)exp.(- J)\(x)dx)
° ° o [+ ]

(' j; .*P{:’.:”““) ﬁ] & - (6)



The necessary condition for the optimum cycle Tp is obtained from

tha sclution of )T- E:(T. p(-))] -0
. T ' t
=-_L2 - S.ZE.[d(p(-))][ J axpo(f)\(x)cb;) dt]
T ! o 0
T
+ ;%E' d(P(u))]{cxp. St\(x)dx:]

T T
- f;jc fl(t.-}in— lrl'bT j 3 [}(th a  (7)
0 o

o

2

now, )T

E, [I(t,wﬂ gt = E'(I(T,wa = 0.

o\——-\-‘
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. _%. E' E(P(U)D Exp. jk(x)dx)
- -"‘3_ j [I(t,wj dt

A
Therefore, the optimum cycle T is given by



T t .
& _ ketE (u(p(-))JU .xp.(;x(x)a,; at) + .,f £, (el
: o ] °
_ T
CE, d(p(u)a expe J)\(x)dx
1]

since k, C and d(p) > 0, E, Ed(p(u))] > 03 and since the integration
is taken of an exponantial function over the positive range (0, T), wo

N
find that T > 0. Mow to find the second order necessary condition that

~

T gives the minimum cost function, we find from (7) that

T t
12 _}?;.(C(T-P(u)ﬂ = =k=CE, @(p(w)ﬂfaxp(JXx)¢)¢

T
+CE [d(p(u))] T [’oxp j A (x)dﬂ

T
- f e, [e,ol) e, (®)
o .

oL g7 adg, ClTyp(n) + TAEE (Top(w)
bT }1.2

T ! .
= - c g, (@lp(a))) -xp.( J X (x)a)e cE, Lotate)) Exp-J >~(x)aa

+ TC axpe NT) £ (g(p(u)):) - h g (T,v)
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T T
= - CE_ El(p(w))] Oxp-(fk(x)d>9+ ce Ei(p(w))J Cexp.J)(x)da

+ TC expe A(T) E @(P(U)D

A
Since at T = T, 7.;.L Eu E:(T,p(wD = 0, therefore

_Z EUE(T,p(w)ﬂ -% ° A(T) E'@(p(w)] which is90 at T = ‘T\.
12

In order to find the optimum price policy p ifl~>R_for e fixed

period length we maximize the expected profit rate

e [riTonef) = €, (pwdatata)])- g, (crpt)) ()

By holding T fixed, wa can find tha necessory cendition for optimal
price policy P tl—Y R fron the solution of -g—P [r(r,p(w))] =0,

[N
which gives the optimal policy PT 1 > I'R+ as follows:

T t
Catpte))) + (otoda’totans) - ( slebelie ¢ f ool [xi6) o)
T t 'l? oy
- (% d"p(u))j Bxpe ( -]Nx)d%j oxp(J )‘(x)dx)d{:) dt
8 o t o

= 0.



or [d'(ﬁrku)) {-%{é exp. j)(x)dxj dt
- ?Jo"xp-(-j:\(x)dx)(goxp-(!x:)::::) dyj dt}

+ [p(.) o' (P ()} [au: (.))]=u
Lot A, = +-[J-xm(Jg(x)dx) dl'.]+ -jsxp (f)\(x)dxXJaxp.

( j e o) o)
- [E)) &+ B o G GEGD) =0

in order to find the second ordar necassary condition that
A
P
T
we find

l{ E’(T.p(w))] at P (w) is 5}’— {[(P (u)ﬂ
NHOX (CION e (e (P (u)f_\ AT?]

11 —> M, is locally the profit maximizing price policy,



- [0’ B ) = "Gt A+ B)e” B + o’ G0)])
- (20" (o) + Brlwal Brtwn) - aBru)) o]
= 2d’ (37(-)) I A d'('ﬁTlu)) <o
¢ (B (o))
This inequality is surely sstisfied if d'(p)C D and d "(p) £ 0,

3« An Examplet= Let us consider as in Cohen {1),2.(t) to be a con~
stant function.

* T
C(Typ(w)) = % + CJTLE(!)‘L[J o’“tdt] + .'rl
o

S0 T

d(n(w))t”“(}o”dy) dt
t

T

S
= &, Sdale)) (AT, %u(p(w)‘)j o” AV AT Aty

A

o
AT
= %-l- CJ&EP%). (-AT-” +§:.‘—U(P(W)[§')'\" (ﬂ-xr'ﬂ - ﬂ

AT AT

k Cdlplw)}le’™ = he - AT - AT
= 24 - dip{w))) e & =14 NTe

T T > 1 v [ ]



Let n - {'1’ .23’ P(.1) -‘ O, P(.z) = |1 =g

. b T
e E E‘:(T.p(u))]- ?"4- Cloe ™ -1) | h; {o”‘r-u)\h-)ﬂ](?d(p(c‘]

AT NT
+ (14 din(n,)))

"+ The firet order necessary condition for optimal ordering interval

requires

Nr 4\7
0= -f; -{-;93 (aXTaq) o E8 )\zr [ A4 XTe '\TB]

Ed(P(w1)) + G o) |

because E, ET(')] = 0. |
¥ )
or 0 = =ké [_ .c';(.)\T-‘l MTCe >‘T+ D—:% {B-AT-‘H-_ATO-)\.}} Ed(p(.1))

+(1-8)d(p(w2))]

or 0= «k + [— i (e AT, )+TC¢AT+ ;5 ;+)\T-e x'}}%d(p(ﬁ))
+ (1-9d(p(u2)a

= ek - [ (e AT 1) - 1N - -—{ha\T-o Biﬂd(p(- )]

+ (-8 d (P(! ))

Let us consider the truncated Jaylor seriss approximation of

.,\T i.0, .)\T 1+ 2AT. Then we get,
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Oun = k‘- [i(-\r) - TC(1+)\T§l [Od(p(-1)‘) + (1=8)d .(p(-z)a

== k= L oari] foatote)) + oretots, )
= ke AT [odlpls))) + (1- @)atpln )]

.". ‘.\r2_ K -
Ac [Od(p(u,)) + (1=0)alp(s,)]]

A comparative static analysis of the sbove optimal ordering tims

proceads as followss

A ot De (oot - atoto)p)

d fc” [sdlpte, )+ (1-8)a(p(s,)))

«*e 8ign ('g—%) = eign (d(p(uz)) -d (p(-1))>

2

1r p(uz) )p(u1) then d (p(-a)) - d(p(u1)) < 0 under our assumptions,

. i.a. an increase in the probability of occurrence

A
el
of w, and hence in the lower price possibility, decreases the optimum
ordering interval. In such:situation more frequent ordering of inven=
tory becomas ;wcessu-y. Converssly, an increase in the probability
of occurrence of the higher price possibility increases t_hn opt imum
ordering interval. In such a situation less frequent ordering of

inventory is necessary.



Thig obaservation is plansible in light of the
price possibility is associated with a higher
raquirement for more frequent ordering of the

adduces to a partisl validation of our modale

fact thet a lower
demand and hance a

inventory. This

11
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