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Abstract

In this paper we study some issues in poéitive second-best
theory, specifically the theory of optimal pricing of private
goods produced by public firmsy that is, firms whose objective
departs from profit maximization,

The approach in this paper differs\from earlier analysis of
the 3so-called Ramsey pricing problem, in that we embed our

problem in a bargaining theory framework.



L. Introduction : [n this paper we study some issues in positive
gacdnd-best theory, specifically the théory of optimal pricing of
‘private goods produced by public firms; that is, firms whose
objective departs from profit maximization._lt ta  assumed that
tgeée flrms. characteristically, d!splay increazing returna to
scale. In these situvations, first-best optima may require lump-
gpm taxes and subsidies. In view of the size of the public sector
1ﬁimost industrialized countries {t i3 difficult to imagine that
jwdﬁlic activities can be financed without distortionary effects
elsewhere in the econﬁmy. A

Our purpose here is to pose and answer the followiAg
question : é;ven certain structural facts which - prevent prices
ffom being get equal ta marginaf costs everywhere in the eEDnomy,
‘what would then be the optimal rules to f;llow for publlc
‘production and prices under public control? These price
distortions may he dqg to the infeasibility of lump-sum taxation,
i1.e. 'price distortion created by the gavernment, or they may
arise due to monopolistic pricing in the private sector which may
hgva to be accepfed for political reasons. Clearly this does not

" imply that monopoly in some industry oughtl to ?e dealt with by
\ R

. \
A ‘

“pricing poliéy by public firms.

The énalysis helow merely shows what  factors would be

relevant to té#e into constderation 1f price under public control

were to- be 3et on the basis of economic efficiency, 1If the
1ﬁvio!ability of monopoly has to be accepted for some reason.

The approach in this paper differs from eariier analysis of

the so-called Ramsey ‘pricing problem, in that we embed our

problem 1in a bargaining theory framework as developed by Nash



19509 and.dealt,wtth gxtansiveiy in Thomsdn;*(fo:thcoming). vIn
this framework we obtain firSt*ordér neceééaf%iconditlons for an
optimal pricing ;sq'jl.ilc.y-. ' | |

2.  Ramsey Pricing':‘Fdilbhing Bos (1980) we consider an economy
consisting ofjbl 1nd1§idu§ls labellead f\é ;fi;..;.l}. m private
tirms fndexed by je {1,...,m}, and aA(gﬁblic sector. ‘Far
simplicity.‘the‘public sector.is assuméd‘;gfﬁonsist of one public
fifm.- There ére nti private goods indexed'i;D,l.....n. consumed
or supplied by the 1pd1viduals,>ihe.ptiyagé%firms and the public
sector.

Ve use the fallgwing notatlions :

xrﬁa\(xh;xh..,..xhs‘ = (n+1) - dimensional commodity’ vector

representing consumer h’s consumption plan, .

yj{§-<yj.yj...,yj) = (n+1) - dimensional commodity vector
representing private firm j*s production plan,
z = (zp,zl,...,zn) .= (n+1) - dimensional commodity  vector
representing the netrproduction plan for the public sector, i.e.
total public supply»minus publlie consumption. .
MWe apply thghsign conventiaon that negative components in the
consumption plans represent the net supﬁly of services, while net
ﬂemand” 15 meagured 1n_§631t1ve quantities. As for. production
plans, output‘is ﬁeasured in positive quantities, while input |is
measured . 1In hegative quaﬁtities. In the Qubsaquent analysis the
¢6mmodity with index_zero will be used as a numeraire good.
The index set E represents the set of goade whose prices are

subject to publiic regulation. Goods of which the public sector is

the sole supplier or consumer clearly belong to this set,



aithough in order' ta centrol the priqequ ; ¢§@mddiﬁf,:it 1§ 'no{
necegsary for”'ihé?ngErnment to have compléte qogfnql of its
supply or dém#ha

Production in the public sector takes place using labor and
‘other private goods aupplied by individuals and private firms as
inputs. The public sectorb supplies consumena goods and
intermadiate goods to private firms. We assume that technically
efficient‘ production plans for the public sector -are defined by
tﬁe-dmplicit production function

.glz)y = 0.

Moreerr.-'wa assume that for structural).reasons bhich are

exogenocus td“ttﬁ?!“ﬂddEI, thg=gctivity in the -public sector is

<

subject to a budget constraint given by

b 1%1 P;2y = O,
whére PE(PaiPyr«csPy) is an (n+1) - dimensioﬁal price vector
with py = 1.

A bindiﬁg budget constraint for the public sector can of
course be motivated by increasing returﬁs to scale In thé ‘public
gector such that thé, ?mount of lump-sum financing (b) |is
insufficient to cover the public deflicit at a first—bes£ optimum.
It b is equal to zero we are impesing a zero\profit constraint on
the puplicrflrm operating Iin the markets for private goods. This
would mean that™ the public firm has to- be flnanced entirely
throhgh distortionary commodity taxgtion.

It m;y also be noted that we treat the public sector as an
aggregate. In a model with a disaggregated apecification of the

public gsector, we would have many public firms with different

production technologies. However, in assuming one overall budget



anstrﬁtnt for the public sector, we must clearly have production
efficiency in the public sector, at a second-best optimum. Hence,
the optimal pricing and production rules must be the same for all
public firms so that the method of treating the public sector 1In
an aggrzate fashion entails no loss of generality.

For convenience of analysis and to focus on the efficiency
aspect of optimal pricing. personal incomes are assumed to be
perfectly redistributable through lump-sum transfers.

By means of this assumption, we do not have to specify how
the public budget b is financed (if b<0), and we do not have ¢to
specify the distribution of profits in the private sector.

The decisgion variables under public control are the prices

under public control ;% » 8¢ E, the net production plan for the

hy

/
public firm denoted z, and the income distribution f{r

hy

, where

{r denotes the share of individual h, in the aggregate non-

labour 1income of the econocmy. For the sake of technical ease in

h

exposition we assume OKr <! for all he {1,...,1}.

Assuming .that individual consumption plans are ranked

according to the gtrictly increasing and strictly quasi-concave

)

cutility function uh(xh) an@ that only utility maximizing wvalues

are relevant we obtain

Vh(p.rh)=max {uh(xh)/p.xh=thM}, h=1,...,1

where M is the aggregate non-labour income of the economy, which

ls assumed given. Further owing to the strict quasi-concavity of

h

u, there'exists a function xh h

(p.r ) such that
Vh(p.rh) = uhtxh(p,rh)]

or all p>>0, rhe (0, 1).



Nef further asgume that the public authority 1{s under a
soclal obligation to enszure that consumer h has utility level of
at least d" in the arbitrated outcome. Let d =. (al,....d",...dD

be the vector of minimum sﬁbslstence uti}ity jevels which the

public authority must ensgre. This vector is analytically
analogous to the vector oﬁ}ﬁisagreement payoffs in bargaining
theory (see Nash (1950))‘.

\Efficient rulas for‘?éicing and production in the publlie

gector and an optimal incoffe distribution are obtained through

N

golving the following constrained maximization problem :
(%) nax i ab log tuPxMy-aM1, APso,¥ he (1...., 1)
(pgs {r"},2) h=t -
Subiect to |
(1) hzii x-zy -?, vyl =0, d=0,1,....m (P)

(2) g(z) =0

1 .

We assume that problem (P) admits a solution, i.e. there
exists x = (xl,.,..xh,...,xl) satiéfying (1), (2) and (3) such
that uP(xMydPy neqt, ... 1),

To solve the problem we form the Lagrangian

L =3 'Ah 108[Uh(xh)'dh]‘2“1{Z.XF-zi-Z';y.h}—F» g(z)
_Y’[b‘%Pizi]

The necessary maximum conditions are :

h h h h ; i
L A u, Wx VX DY
22 N ! Swfz o 2 +Y'z,=0,e € E, (4)
P h 1 u -d P i th dpe I Qdp,
' h h h
L u. dx, X
=" 2L ' XY N A SURU (5)
i 1 ul-d" R 3l :



T |
..=o(i__ng +¥'py = 0. 1=0,t....,yn | (6)

h

‘where u? and g; dehote parﬁiél derivatives of the functiona uM(.)

th

and g(.) with respect to the i argﬁment.

Under the assumption that b exceeds the unconi}rained
protits (possibly negative as is the case wunder ircreasing
retrung to scale in the public firm), Y >0. Write V(¥b3;for the

maximum value of

> %h tog [ul(x™)-a"1. Then we have
h

= tim {V(-b+a) - V(-b)1l/s
0 ->0

‘Hence ~ measures the value af margihglly felaxing the
constraint.
According to the first-order conditions for consumer aptima,
u?/ug = py;. and 2 pi(‘wxr/'ﬁrh) = M. Hence the necescsary
i ,

condition (S5) for an optimal income distribution

simplifies to

piuh Bxb wxh
"Z oy e T2 o
A = .
i u'-d >v '
h h. . ~.h
‘\\ ) M UO z b)(o‘ -
é ' = ol - ) h=1,oan,l‘ ( )
(u“-d") i ! 3r”

Substitutiné (7) into (4) and using the fact that for each h,
lei(3xh/ dDpg ) = -xh. the necessgary conditions for an optihal
plice structure ps simplify to

}xp ‘)yj h ub bxb

%x;lkz ") ez M }h;zi,“ ' U,

h p, i P, ult-d" >p
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We define,

-2 - h ., h
?xi‘z Qx.l . Xe dx
= 1§
ﬁpe h ﬁpe M r )
representing compensated price derivatives of the private

~

consumption demand for commodity 1. Similarly,

e | I, 1 W,

"
|

M
|-

represents compensated price derivatives of the net market demand
for commodity 1i.

We eliminate the dual variable through the normalizations
c015«1/ ﬁgo and."-_:.‘{’/go . Then we define c? = g;/8,. Hence, c‘i'
"~ denotes the marginal cost of producing commodity 1 in the public
sector {f 2;>0, or the marginal technical rate oé su?stitution
between {nput { and the ;umeraire it zi<0. .

With these defnintions, conditions (8) and (6) can be

rewriteen as

A
.321
218, ﬂ*ze.ee’E (9)
] .
i DPe
Si :C?—rpi, i =0.1.....T\ (10)

We note from (10, So L R Tl ol PO ol Rl

and since 50>0. from strict monotonicity of the utility



tunctions, we must have that O<pP <1. -

Substituting (10) into (7) and (3), we get

fNu? ﬁxp )xb
— PAN _.n.' 2e !
(u'-d") i dr i A .
= » = .:-:.“
#Mug Dxé ?x: ‘
_° S - h AN
(u'-d") { ' r i 'r
- - ~.h h

= zic? ‘?x?
i -+ M
YL
: cf Dx.ll "
s v
o h
cy dDx
ah . h N U i i \
}uo (u' -d " >, | 1L
= = i 3D (11)

QHJé (ut-d™
— c? 3xg
Za — <-r'M
i 2r

Further, a
o Bzi .
Zs ci- ey =Pz, e¢E (12)
i DdPe
If prices deviate from marginal coats in the public sector
and Engel elasticlities differ among consumers, the percentage

social costs of marginal income transfers will be different for

|

different consumers, which «c¢alls for sétting Ahug ﬁluo

!
u -d u ~-d

for h # 1.
We define C?E ~’3yg/§y£ ag the marginal cost of producing

commodity 1 in firm § if yg>o and if yg<o. c? denates  the



marginal rate aof substitution between input I and numaraire in

firm J}.

Subtracting (LWH-Zpi(}Ei/}pe) on bath =ides of (12) yields -
i

o n

—

dpe

L

z, - <1—r)21',pi< 22/ dp)- (13)

Letting tj denote the mark-up on the price of commodity 1| inf
L <

firm { (which may be negative), that is taﬁapi—cg, and writing‘gf

= S x? . Trom well known properties of compensated market demand
L -
function we have N i
2, Dy 3 ?yg i ’)yg
Zr— e -3 _Lossel 1
i dPe i Pe i P, 1 i P,
j "bylj ; ?y.g '
=3 o=t = -2, (pymed '
and substituting into (13) we obtain our central condition for
optimal pricing of private goods in the public sector
2. (ey-py) = rze+(1-r') 2; <. (pi—ci) . e ¢E (14)
i ﬁpe i Pe

3. Conclusion : In this paper we obtain necessary conditions
which characterize‘the Mash bargaining solution for the public
sebtor‘ pricing problem. Conditiaon (11), which {ig the «crucilal
resuftﬁof ourkpaper explaing the dependence of the solution on
* pur specifié objectives and tells the public auiho;ity ho; ‘£QH
~price its products. |
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