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Abstract

An important problem of artificial intelligence is learning class description from pre-
classified examples. The emphasis of some of the important learning systems such as ID3,
INDUCE and CART is to discriminate each class from every other class. In many prac-
tical cases such descriptions are very inappropriate. In this paper, we describe a learning
system that uses a reference description to learn each class description. The use of the
reference description ensures learning of a class description that describes the class in ad-
dition to discriminating it from all other classes. Moreover, the description of each class is
such that characterising attributes are specified before discriminating attributes. This is
a major advantage over an earlier learning system called KAHLE. The reference and class
descriptions learnt are shown to converge in the stochastic sense. The class description
thus generated is simplified by dropping attributes which do not add to the description in
any way. The importance of an attribute for & class is determined from this description.
This is used in inference of a test example with missing attribute values. An inference pro-
cess using the importance of attributes and based on catégory validity is used to classify
test examples. The problem of characterisation of a democrat and a republican based on
the machine learning database maintained at the University of California, Irvine is handled
well by the proposed system. The results demonstrate that a better description is not at
the expense of classification accuracy.

Keywords : Machine Lea.rnihg, Induction, Knowledge Aé:quisition, Symbolic Learning from

;Examples, Case Based Learning.
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1 Introduction

A knowledge based system is a computer system which uses the knowledge of an expert stored
in a suitable form to solve problems requiring significant expertise. The need for such systems
is felt because experts are few in number and their knowledge is not available to many. The
chief bottleneck in the development of knowledge based systems is the acquisition of knowledge
from the experts. One of the popular methods of knowledge acquisition is from preclassified
exa.mples The examples are pa.st cases where the attributes (either symptoms or tests) and
the corresponding values are recorded. All such examples with the right classification are used
for knowledge acquisition. In this paradigm of knowledge acquisition, the description of each
class (which is the required knowledge) is learnt by finding patterns in the given examples
[Bund 85]. The pioneering domain independent learning systems are ID3 [Quin 79] and
INDUCE [Mich 80]. Another well tested system is CART [Brie 84, Craw 89].

ID3 and CART generate a decision tree which helps classify a test example. It is clear that
the emphasis of these systems is to generate a description which separates each class from
every other class. Most of the extensions to ID3 [Nort 89, Mant 91] deal with alternative
ways of selecting attributes at a node so that the size of the decision tree could be reduced.
INDUCE finds the most general description of a class that is consistent with examples of all
the other classes, i.e., a description generated for a class should not cover an example of any
other class. The emphasis of finding a description which covers all the examples of a givenf
class and examples of no other class is the same as finding a discriminating description.

The most important attribute in these learning systems are those which are most discrimi-
nating. Attributes whose values are common to examples of the classes would be considered
irrelevant because these would not help in discrimination among a given set of classes. How-
~ever, in practice there could be test examples which may not belong to any of the classes whose
description is learnt. In such cases, a test example may wrongly get classified. For instance,
given a set of examples for the class stool and the class chair (specified by the three attributes
. backrest, noofpersons and function), ID3 would come up with a decision tree equivalent to
. if backrest = present then class = chair and if backrest = absent then class = stool. In
this case, the attributes : function and noofpersons are redundant for both the classes. This
is not intuitively appealing since it is these two attributes alongwith the attribute backrest

that actually describe the two given classes. Suppose now a test example with the following
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(attribute,value) pairs is given : ((backrest, absent), (noofpersons, three), (function, sitting)).
This example would be classified as a stool by the decision tree generated, though this is
actually a bench and not a stool. If the attribute noofpersons had been used in some way
while generating the description of the classes stool and chair from the learning examples, the
test example would not have been wrongly classified.

An initial solution to such problems was a learning system proposed in [Arun 90]. In this
system, the description of each class is learnt independent of the other classes. The strategy
was to look for the most representative attribute at each stage. In the case of the stool and
chair classes described above, this system could come up with the following descriptions when
presented with the respective examples. An object with backrest = absent and noofpersons
= one and function = sitting is a stool. Similarly, an object with backrest = present and
noofpersons = one and function = sitting is a chair. The drawback of this system is that it
may not (as in the present case) specify the attributes common to the group first. It may first
specify attributes which are discriminating and then attributes which characterise the class.
This is not intuitively appealing. An extension of this learning system which first learns the
description of a reference class [Yeg 90] (where the reference class is the union of the learning
examples of all the classes) before learning the descriptions of the elementary classes (i.e.,
stool and chair in the present context) is the subject of this paper.

The learning of reference class description is such that an attribute with a value common’
to most of the examples is considered more important than an attribute with diverse values
among the examples. The former kind of attributes help characterise this group of classes and
the latter kind of attributes help discriminate each class from the other classes in this group.
In the stool and chair case, the attributes with a common value for most of the examples

‘are: function (= sitting) and noofpersons (= one). The attribute which helps discriminate
examples of one class from the others is backrest. Elementary class descriptions (i.e., that
of stool and chair) is learnt using the reference class. The description of the class chair that
would be generated by this learning system would be : An object with function = sitting and
noofpersons = one and backrest = present. Similarly, the description of a stool would be : An
object with function = sitting and noofpersons = one and backrest = absent. When the test
example of a bench (specified earlier) is given, the system would not classify it into either of

the classes because the the value of the attribute noofpersons is three and not one.



In the proposed learning system redundancy of an attribute is defined for each class. It
is hence possible for an attribute to be relevant for a class and redundant for another class.
For instance, given a set of examples (equal proportion of which falls into one of the cases
listed below) for the classes stool and chair : ((function, sitting), (noofpersons, one), (back-
rest, present), (handrest, present) chair), ((function, sitting), (noofpersons, one), (backrest,
present), (handrest, absent) chair), ((function, sitting), (noofpersons, one), (backrest, absent),
(handrest, absent) stool). The attribute handrest is redundant for the class chair, becausé
given that function = sitting and noofpersons = one and backrest = present, handrest could
take any of the domain value, viz., present or absent. In other words, it does not matter what
value handrest assumes and so it is redundant. For the class stool, the attribute handrest is
not redundant because all stools must necessarily not have a handrest. It is clear from this
rather simple case that an attribute can be redundant for a class and relevant for another
class.

In this paper, we restrict to examples specified by binary valued attributes. In section
2, an algorithm to learn the description of the reference class is described.‘ Section 3 deals
with learning of the description of an elementary class using its examples and the reference
class description. In this section, a definition of redundant attributes and a methodology to
determine the importance of an attribute is described. Section 4 describes an inference process
which uses the descriptions generated. In section 5, the results of applying the learning system -
to a commonly used database is discussed. Section 6 concludes the work with some directions

for future research.

2 Learning Reference Class Description

The learning of the reference class description is enabled by the mazimum representation
eriterion defined as one which maximises the number of examples (of the specified class)
taking a particular value for an attribute (corresponding to the specified class). We define the
Generation Tree (GT) below as the tree representation of a class each of whose nodes represents
the attribute with respect to which the branching is done and whose directed arcs from root to
leaves carry the attribute value along with the proportionate number of examples taking this

value. The node attributes are selected using the mazimum representation criterion at each



node. The structure of the reference tree is a binary tree. Note that in this tree, relatively
more important attributes are selected higher up in the tree.

The concept of Generation Tree was proposed by S.Arunkumar and first reported in {Doct 85]
In this proposal, a methodology to generate elementary class description using the mazimum
representation crilerion is described for binary valued attributes. However, this proposal did
not consider patterns when it did exist in certain cases. A modified version of this methodol-
ogy (initially used for learning elementary class description and first reported in [Arun 90))

for generating the reference class description is described below.

2.1 Algorithm for Construction of GT

The GT is built using the criterion of maximal representation at each node.

1. Consider the given set of examples at the root node.

2. Select the most representative attribute for the examples at the current node. This 15

done as follows:

(a) If both the binary values occur for the given attribute among the set of examples at
the current node, then find the cardinality of both the sets, where all the examples
in the first set have one value (say 0) for this attribute and all the examples in the
other set have the complementary value for this attribute. Else, find the cardinality
of the given set.

(b) Find the maximum of the cardinality of the resulting sets (or set).

Repeat steps (a) and (b) for all the attributes and select that attribute as most repre-
sentative which has maximum cardinality as determined from step (b). In case of ties,

the criterion is: select that attribute which comes earliest in the attribute sequence.

3. For both the values, branch off from the current node. At the left child node, ccnsider
all thore examples having value 0 for further bra.nclnng and at the nght child consider

all those examples having value 1 for further branching.

4. Terminating Condtion : If all the attributes have been selected along all the psths of
the tree or if the frequency along all the leaves is less than a threshold called expansion
threshold, then stop. Else, go to step 2 and proceed in a depth first fashion.
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Note In this context, the irue description of the class is the binary stochastic description

based on the mazimum representation crilerion.

Theorem 1 The GT for binary valued atiributes generated by the above algorithm converges
to the true descriplion in the distribution sense.

Proof By Glivenko-Cantelli Theorem [DeGr 87], | Fu(z) — F(z) |-— 0, with probability
1 uniformly in z, where F, is the empirical distribution and F is the true distribution. This
implies that for o given € > 0,3n(¢) such that |F,(z)— F(z)| < ¢, with probability 1, ¥n > n(e).
If we assume ihat the joint frequencies are such that in the true description, there are no ties
in the selection of attributes al all the nodes of the GT, we can choose € such that for all
n > n(e), chosen suitably, the structure and the atiribule at each node of the iree remains the

same. Also, when this is true, the joint frequencies at each node stabilise. O

Example 1 Given the following two sets of ezamples belonging to two different classes Cy
and C,

s ={@1,0,1) (1,0,1} (1,1,0) (1,0,0) (1,0,0)}

S = {(1,1,1) (1,1,1) (1,1,0) (1,1,0) (1,0,1)}

At the root node atiribute a, is selected since | @y = 1 | = 10. The most representative
attribute is hence a,. At the nezt node atiribules a; and a3 are in contention. They are both
equally representative since |aa =1} = 5 and | a3 =1 | = 5. Attribute oy is selected since in

the case of ties the first attribute is chosen as per the algorithm. Proceeding thus, we get the

GT shown in Figure 1.

Note The GT corresponding to the reference class will hereafter be referred to as reference

tree.

3 Learning Elementary Class Description

The description of an elementary class is learnt from its examples and the reference class
description. This description represented as a binary tree has the same attribute sequence
as the reference tree. This representation enables easy determination of redundancy and

importance of attributes with respect to the given class.
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3.1 Algorithm for Constructing GT of Elementary Class

1. Set the pointer to the root of the reference tree. The GT of current class C; has a

corresponding node with the same attribute at its root.
2. Congsider all the examples of C; at this node.

3. Label the current node of the tree corresponding to the class C; with attribute a, (note

the initialisation corresponding to root in step 1).

4. Find the frequency of those examples in C, at the current node having attribute value 1
and those having value 0. These frequencies are stored along the corresponding arcs to
the child nodes. The attribute labels at the child nodes correspond to the label of the

corresponding child nodes of the reference tree.

5. Repeat steps 3 and 4 corresponding to the examples of C; which satisfy the attribute
restrictions obtained in the path traversal, until the GT is fully constructed in consonance

with the reference tree.

Example 2 Consider the ezample sets of Example 1. The GT of the reference class for these
ezample sels is as given in Figure 1. The GTs corresponding to the two classes are built using

the attribule sequence in this reference tree as ezplained below : at the root node the atiribute

(f
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Figure 2: GT for class C, and class C;

a, is selected and the frequency of ezamples assuming value 1 is evaluated. It is equal to 5. Al
the nezt node atlribule a, is selected. Proceeding on the same lines we get the GT shown in

Figure %a for class Cy. Similarly, the GT of class Cy is consiructed. This GT is as described
in Figure £2b.

By an argument along the lines of Theorem 1, we get

Theorem 2 The GT for the elementary class converges o the true description of the class

with respect to the reference iree.

3.2 Redundancy of an Attribute at a Node of a GT

Determining whether or not an attribute is redundant and the elimination of redundancy leads
to simplification of class description. This is achieved relatively easily in our framework. While
the GT is constructed top-down, redundancy is determined bottom-up eliminating nodes at
which the weights are approximately equal. The reason that the complete GT has to be
constructed prior to the elimination of redundancy is because of the existence of dependencies,

one of which is illustrated in example 3.
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Figure 3: GTs of classes Cy and C, after redundant nodes are removed

Definition 1 An altribute is said to be redundant at a node if either both its descendants are
leaf nodes or the atiributes at all its descendant nodes are redundent and the frequency of ils

left and right arcs are equal.

Definition 2 An atiribute is redundant for a class if it is redundant at all the nodes where it

is chosen, i.c., it does not occur at any node of the GT afier the redundancy check is applied.

Example 8 Consider the GT of cluss Cy in Figure 2. Ailribute ag al the bottom right hand
side node is redundant at that node. This is because the frequencies at the left and right arcs
at that node are equal. It can be seen from the GT corresponding to class C; in the adjoining
figure that attribute as is redundant at the bottom left side node for this class. The resuliant

*

GTs of both the classes are as shown in Figure 3.

Note The equality is in the ideal case. In practice, however, if the percentage difference in-

frequency is less than a specified threshold, then that node can be deleted.

Definition 3 A class is said to be o null class, if each element of the cartesian product of the
domain of atiributes occurs with equal frequency. In the GT framework, such a class should

be represented by a single node.



Note The definition of redundancy helps reduce the GT in such a case to a single node.
Note The redundancy of an attribute for a decision tree is based on the discriminative power,

whereas in our system an attribute is redundant because it does not add to the description of

the class.

3.3 Importance of Attributes

The importance of an attribﬁt_.e is the relevance of the attribute for a particular class. It is
denoted as I{a, | C:), read as importance of an atiribute ¢, given class C,. This is relevant
for inference of a new example to be classified at a later instance.

Since the importance of an attribute is judged by the representativeness of the attribute in
the class, we consider the importance of an attribute given the class as directly proportional
to the frequency at the node at which it occurs and inversely proportional to the distance of

the node from the root.

I(ar | Cc) a f (1]
Ie, | C.) & 1/d, @

&

where
f. is the frequency at the node where a, occurs (this frequency is equal to the sum of the arc

frequencies at this node) and d, is the distance of the node from the root.
As a first approximation we have chosen the following form for I (a, | C.) which satisfie:
eqns. (1) & (2).

I(m|c=)=§A*(n—dp)*f, (3
and n |
Y I |C.)=1
r=1
ie. i;;rlA*(n—dp)*f,,:l 4
where

n is the distance from leaf to the root node (i.e. equa! to the number of attributes considered,
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A is the normalising factor, and the summation is over all the nodes where a, occurs. The

normalising factor in this case would be equal to In_-(guﬁﬁ

Example 4 Consider the GTs in Figure 3. The importance of the three aitributes a,, a, and

as are evalucied as shown below :

Iai | G) = m*{(s_ 0)«1} = 05
oz | C1) = ("?'Q:«—(':_Jr"m*{(?’_ 1)+0.2 4 (3 — 1) + 0.8} = 0.33
a5 | C) = @Tﬁ?il_)) + {(3 — 2) * 0.2} = 0.033
o | Cy) = (_3:(—32-5)*)'* {(3-0)+1} = 0.5
I(az | C3) = m*{(aq)*osﬂs_n*o.z} ~0.33
I(as]| Ca) = (_3:(—:m + {(3 — 2) + 0.2} = 0.033

4 The Inference Process

The inference process finds the best match between the test example and the GTs of each

class. This ié done as follows:

1. Evaluate f(e | C;), the validity of class C; using the GT corresponding to this class as

shown below:

HelC) = {flen |C)* D I(er) + flesz | C)» l}'V__’;r(e,) +

=1

Fers | C:) 3 'i_’:r(ea) ot flem 1€+ 3o T}

=1

k n;
= Y (flen | Ci) = 21 (er)

=1

where

f(e | C:) is the validity of class C; given example e, pj is the jth path which the example

11



matches either completely or incompletely (incompletely if the example has missing
values), e,; is the set of (attribute, value) pairs along path pj, f(e,; | Ci) the validity
of class C; given e,; is the leaf frequency along path pj, nj is the number of attributes

along path pj for which attribute value is available in example e.

Note The validity defined above is based on the category validity of Medin , et.al.[Medn 87
which is defined as the probablity that an entity (or example) has some feature given
that it belongs to a category (or class). We have used an extension of this which takes
into account the absence of certain attributes. This has been done by weighting the
category validity by the summation of the importance of only those attributes that are

present.

2. Select that C; for which f(e | C;) is the maximum.

Note It is quite straight forward to establish that the value of any f(e | C;) lies between 0
and 1.

Example 5 Suppose we have two classes for which the GTs are as given in figure 5. Suppose
the test example is S = {(a; = 1)(a2 =7)(as = 1)} (where f implies that the corresponding

attribute value is missing) then, we have,
f(S]C1)=08%(0.5)=04
J(S|C;3)=0.8%(0.5) + 0.2« (0.5 + 0.033) = 0.5066

Therefore, S is classified into class C,. Similarly, it can be shown that the test example
S = {(a1 = 1){(az =7)(as = 0)} is classified into class C;.

5 Congressional voting pattern problem

The proposed system has been implemented and tested on an application reported in the
literature. A comparison of the proposed system is made with other learning systems in respect
of classification accuracy (defined as the ratio of rightly classified to the total). Various runs of
the proposed system are compared with respect to the classification accuracy and the number

of sub-descriptions. The inputs to the proposed system are the learning examples, expansion

12



Class | freq. of | number { freq. of | freq. of | freq. of
learning of rightly not | wrongly
examples | sub-des | classd. | classd. | classd.

1 108 | 20 53 1 6
2 124 25 131 3 9

Table 1: Frequency details of the experiment

threshold, sample size of each class, atiribute names, and the test examples. For each class,
the frequency of rightly classified, frequency of not classified, frequency of wrongly classified
and the number of sub-descriptions are output. The results of the application is described in
the following paragraphs.

The database is the 1984 Congressional voting pattern records consisting of two classes,
viz. Democrats and Republicans. There are sixteen hinary valued attributes for which each
member has to vote. The total number of examples is 435 of which 232 has all the attribute
values and 203 has at least one missing attribute value. The first set was used for learning
and the second set for testing. The value of expansion threshold is 0.05. The results of the

study are as described in Table 1.

The classification accuracy is equal to 92.5%. This compares favourably with [Schl 87]
(where the accuracy reported is between 90% to 95%) and is marginally lower than that
reported in [Arun 90] (where the accuracy reported is 94.5%).

Since the importance of attributes a; and @, were zero for both the classes and the impor-
tance of attributes a,, a;, and a,3 were very low, they were dropped and the system was tested
with the same expansion threshold. The number of sub-descriptions for both the classes after
deletion of attributes is lower than for the above experiment and much lower than the sample
sizes of the two classes. The number of terms per sub-description reduced by 2. Since most of
the examples are distinct, the number of initial sub-descriptions is almost equal to the number
of examples. The frequency details of the experiment given in Table 2 is exactly the same as

that given in Table 1.
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Class | freq. of | number | freq. of | freq. of | freq. of
learning of rightly [ not | wrongly
examples | sub-des | classd. { classd. | classd.

1 108 - 15 53 1 6
2 124 2] 131 3 9

Table 2: Frequency details after attributes a;, a,, @10, @11, & a3 are deleted

Class | freq. of | number | freq. of | freq. of | freq. of
learning of rightly not | wrongly
examples | sub-des | classd. | classd. | classd.

1 108 14 55 1 4
2 124 20 130 3 10

Table 3: Frequency details after attributes @,, a3, ajo, a11, 13, & a5 are deleted

In addition to the already listed attributes if attribute a5 is also dropped (since its im
portance is also relatively low), then the number of sub-descriptions reduces further and th
classification accuracy increases marginally to 93%. This substantiates the fact that havif;j
more than the optimal number of attributes tends to degrade the performance at times. Th;
details of this run is given in Table 3.

6 Conclusion

A domain independent model that learns elementary class descriptions- using a reference clas
for binary valued attributes was described in this paper. The need for a reference clas
was emphasised for a case involving call for promotion. An important feature of this learnin,
system is that both the reference class description and the elementary class descriptions learn
are shown to converge in the stochastic sense. The explicit definition of redundancy an
importance of an attribute for a class is an added feature. The inference process defined t

take care of missing attribute values is very useful in a practical environment. The empirica'
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study demonstrates that the proposed system’s performance is good. In addition, the system
learns a compact description without sacrificing performance.

The results of the chosen application is encouraging, but some more empirical testing i
necessary to establish its generality. The proposed system is restricled to binary valuec
attributes in this paper. An extension for continuous and nominal valued attributes has beer
proposed [Yeg 90] and is the subject of the next paper. The approach adopted is the use o!
binary tree structure for both the reference and elementary class trees. Attribute values at 8
node is split into two ranges based on the maximum distance between the two clusters in thit
case. The rest of the analysis is the same as that of the binary valued case. The proposec
learning system in this paper is non-incremental. A natural extension is development of ar

incremental version.
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