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ABSTRACT

In this paper, we define and study the eimplest problem in optimal
control theory, with differential inequalities determining the evolution

of state varimbles. we prove necaessary end sufficient conditions for

optimality.



7. Introduction

The simplest problems in most ereas, Aare often regarded 8s overworked,
and therefpore necassarily barren. Thus it mignht come as 2 surprise to
note that we intend to break fresh ground with the simplost problem of

I

optimal control theory - or else why ravisit its

In optimal control problems, varianles are pividad into twd Classes,
State variables and Control variables. The movement of State variabdles
is governad by first order ditferential e_vations. Tho eimplest control
problem is one of selecting e piecswise continuous Lontral function

u {t), tSistqr tO

t ~
mex § 1} (&, X (t)y u () at (1)
subject to x ' (t) =g (t, X (t), u (t)) (2)
tys tgr x (t.D) = x, fixed; x (t1) free (3)

#Hare f and g are assumed to b8 knoun and continuously ditferentiable

functions of three independert arguminis, nONC of which is a derivative.

The gontrol variaole u (t) must oe a piccewisse continucus function of tims.
Tne §rate variable x (t) changes over time accoraing to the oirfersntial
gguation (2} oouarning its movement. The Cortrol u anflusnces the pojective
(1), both directly {(through its oun valua) ang indirectly throuzh its impact
on the evolution of the State variable x (that snters tne oujective (1)).
The highest cerivative appsaring in the problem formulation i the first

derivative, ang it appears only as the laft side of tha $tate equation (2).

(Cuation (2) is scmetimes also called the trarsition Bquatiog). A problem
involving higher ocerivatives can be transfermsc ints pne in whicn tne nighest

gerivative is the first.



In this paper, we propose to study optimul control problems, which are similar
to the one already defined above, except that the evolution of the State
variables are detcrmined by differsntial ineajualities insteed of differantial
aguations. In this framswork, we obtain necessery conditions which a trejectory
of ,‘t.ate variables and a trajsctpory of control wvariables must necessarily

satiasfy, in order to gualify es an optimzl solution to the revisad problem,

2. Diffarential Inegualities 3

A functipn x (t) is saic to bs a sclution of the ciffsrantial ineguality

x/> h (t, x) or x > h (t, x)

on an interval I if it is differentiable and satisfies

x/(6)> b, x (8)) or x' (t)) h (g, x (t)),
respectively, for every t in I. For examplie, the function x (t) = tant
is & sclution of the difrerential inejuality x')x2 on the interval

(-2 —g—- ) since x! (¢) =1+ tan® t,

In view of the applications of tne ineqgualities, it woula be useful if the
foregoing definitions are gxtendec., For any scalar tunction x (t), the u.cer=

* :
and lower~right carivative, 0 x «nd D*x are definadg by

0% x (t) = bim Sop (X (£ # 0, = x (t),
hu%>o+ h
D, X (t) = Bin inf (x (t « h) = x (t))

hao' h

Similarly, the u per—and lower-left cerivative of X (t), D°X and O_X, are

given by
D- x (t) =!}im sup (X (t + h) = X (t})
het
v x(t):Lm inf (X wt) + h) = Xx (t))

hao” n



These derivatives are usually reterred 10 as Dini's deravativas,

A tunction X (t) is se2id to be a s.lution of, iet us sey, the difrerential
inaquality O x> h (t, X} on an :.ntarvalI if D X (t)> h (¢, X (t)) for
every t in 1. when D_ X (c) = o* x (¢) .., the m right-hand derivative
of X (t) exiets and 18 often oenoted x’+ (t). Likeuiss, x_f_ (t) represents the

left=hand derivative of ¢ X (t).

Consider the initial value problem
x' = n(t, X), X (t) =X, )
whers h EC [ﬂ,ﬁ{])ﬂ being an opsen set in R ¢ Let 31 = (tb, to + a),

a D.

erinition 1 : A function ye( (J f\{) is said to o8 an upper (or & lowsr)
Perinaition ] i)

tunction with respect vo ths initial value problem if y; (t) exi1sts and satier:

the difrerential tneguatity y; (t)) h (t, y (t)) J_ or y: (£) < h(t, y {t))J
ﬂﬂ 310
1f Y,: (t) = y_’ (t), wo sey that yeCl.-J', 8,/ ) 1s a dirrerentiabie upper (or

a lower) runction.

3, Optimel Controi Prooiems With vafrersntial Inequaiities s

Tne prototyp® optimal control proolem with gafrerentisl inegualities, 18

of the rore

t
1

Rax S £ (t X (t), u (t)) ar {a)
b

Subject to x’ (£} < 9 (t, X {t), u (t)) (»)
tov Tyr X (to) = X (t.‘) free \ (6)

To find necessery concditions that a maximizing soliution ui {t)y x* (t), @

'ta {1 < "ti , to protiem (4) = (&) must obey, we follow a procedure reminiscent



of etlving & nonilnear programsing probles with Lagr-ije multipliaras.

First let us supposs that ror some t € [t.n, r.1],
W e T W, W
Then by continuity of the edlutions, theére aexists an interval J, open
in the releative topology of [;D. ti}, containing t, such that

*(0) (gt X (8), v (8) forall t € 2,

Let 31 ericey Jn ba the non-overlapping antsrvala, peesibly conteining to or &
t1 or both, uhere
N » 3
x7 (t) gty X (t)yu ()
. c
for t ¢ (31 U sses U an) ’

x* (€)= g (6 X (8) u* (£))

For any function X, u satisfying (S5) and (6))

1, X -
r lr (t, X (t), u {t)) dt = 2: i(r (ty x (t), u (x)) ot 4+ \ r {t, x (t),ult

. O v

J—

Let us considaer each Ji in turmn. Let Ji = ( Ty ti+1). We consider B ona

* N
perameter family of ccmperison controls on J. giver by u (t) + an {t},
’
*_
where u {(t) is the optimal control, h (t) in some fixed continuously difrerenti-

abie function, and & is & parameter. For any J gCint \J‘) there exists, ©. > ©

such that ror all a,-0d - a <

X . . , .
X' oqt) v+ el (t) gty X (t) +2al(t), u () +ah(t)
whare 1 1s some fixsd continuously difterenti:ble function,

Oncoa again we are sxploiting the continuity propasrty of g.

Al R
. { (f (t, X {t; + a 1 (t), Wes h (t)) «iv, as a function of 'a',
!

J

attains its meximum 2t a8 = 0



Differsntiating with respect to 'a' and evaluating 2t & = 0, we obtain,

er (e (0 o b e d, 6 x @, v @ (t)] ¢t = o
This being trus for every possioie 1 (t) and h (t), we obtain,
'fx“' X (8), &T(£) =0y 1, (&, X'(1), u” (t)) =0 o023
However, J g int. (3?) is arbitrary
Cer X" (t), u¥(t)) = 0, r, (b x*(t), u' (t)) = o for all te .

i= 1.0.-,“-

Note, both h and 1 are required to satisry h (:r1) = h (11”) -l (I_t):l(Iiﬁ)-D

That leaves us with, (t.o.t.1)\ (:11 Useoats Jn). Ir the set Just defined has

empty interior, then it is a sudset of 03, U. .ot Jo whera 1f A is & set,d A
denptas its topological boundary, and hence the endpoints of the sets J:.’ in
this cass. In such a siwsation, f (t, x*(t), u*(t)) =0, T, (¢, x%(t), u ()=

tor all t € (to, t1), by continuity of the riret partial derivatives of f,

If howsver (t , r.1)\ (31 U eee.l Jn) has non empty interior, it msust contain
an open interval I, On I

f
X (t) =g (8 X (t), u(t))

Case_1 & Let us suppos@ t.1¢. I. In trus cese it foilows from standard theprems

in optimal controi thaory, that there is a continuously differentiable function

X X
X (t) such that u , X, A simultansously satisry the state eguation

x” (t) =g (t X (v), u (¢)

the pultiplier eguation
X’(t) = - [fx (tv X (t)r u (t)) + f\«(t) 9* (t-’ X (t)y, u (t)ﬂ

and the pptimality condition

r, (B x (8), u (8)) + Alt) g, (& X (t), u(ti) =0

for ¢t € 1.



Case 7 3 t1 &£ I. In this casse, once again all the conditions in Case 1 are
satisfied; 1n addition the trangversality condition,k(t1) = 0 holds. Thie

again follows from standard theorsams in optimal control theory.
we may thuas formulate the rollowing theorem 3

Theorem1: Let u*(t), X'(t), t,{t { t, eolve problem (4) - (6)
Then it at t€ [t,, t.), |
' (8) (o (b X 18D, u (2))

then

{x (¢, X (£), v () =0, fu (t, X (t), u(t)) =0
Tha same f-ls true if tfda{t’.é (t'o' tlﬂ/ x‘r"(t )( g \t'; x"(t")' ui(t?)}
It te int.k (t”t.)\%;t € [tn, tg/xi (t )¢y (ty x* (), u™(£))}, then
there existg & continuously diffrerentiable function / (t)} such that dflx: A

simultansously satisfy

PH=f,+Ag, =0
?u

')\(t)=-7‘%x=-(rx+l 9,)
x ""?_ﬂ = G
TA
whera,

H(t, X (t), u (t), 2 (t)) = ¢ (t, X, u) +2g (¢, X, u)

Further if t1 belongs to tha set then )‘(t1) a 0

o/
Ir x* (t) = g (ty X (t), u (t}) we say that the solution is tight at time 't',

what the above thaprem states is everywhere that the sovlution 1s not tight, ti
partial derivatives of the inst-antansous objective tunction vanishes. Everyw!

elee, the ramiliar conditions of optimal control theory are satisfied.



For a maximization proolem 1t 18 also neceesary that avery point 't' where
the solution is not tignt d*(t) waximize f (t, i*(t), u} with respect to u,
Thus ruu (t, x*(t), u*(t))g'o 1s necessary for maximizatien if the splution
1s not tight at time 't', It is aleo necessary that t (t, X, u*(t)) be
mzximized by X*(t), if the solution 1s not tignt at £1ua 't', So we reguire

X X
g (8 X (t) w(e)) <0,

.
At a point 't', where the solution is tight, 1t ig necessary that u (t)
p
3 "
maximize H (t, x*(t), Uy, A (t}) with respect to u, Thus Hyy (8 % uy &) < 0

is necessary for maximization, if the solution is tignt at It',

Sufficiency;.

when are the neceasary conditions ror optimality both necessary and surficlent?
In nonlinear programming, the Kuhn-Tuckar necessary conditions are also sufficient
provided that concave objective function 1s to be maximized over a closad convex

region, Anaiogous results pbtain for optimal control problems with differential

inequalities,

Theorem 2 ¢ Suppose that r (t, X, u) and g (t, X, u) are both diffarentiable

concave functions of X and LU in the problem
t

max (11 r (t, X, u) dt. (4)
t
o]

subject to X'¢ g (t, X, u) (5)
tgr by X (t,) = X, fixed; X (t1) frese  (6)

The argument t of x (t) and v (t)} will fregquently be suppressed. Suppose
% !
that the functions X , u , A satisfy the necessary concitions

L (t, X, u)+)tgu(t, x, u) = G

'
A = - fx (ty X, u) - 9, (ty Xy ujy

s



at a point 't' ghere the soclutions ig tignt, with

(t,) = 0, if the solution is tignt at t
1 @ 1

and f, (t, X,u)=0-fx(t,x , U )

at a point 't' yhere the soclution is not gkk tight. Suppose further that X

and A are continuous with

A2 e
for all pointo't' at wnich the solution is tight in ceae g (t, X, u) is non-
linsear in X or in u, or beth, Then the functions X*, ua stlve the problem given
by (4), (5) and (6) among all functions X, u which have the eame set of tight
time points, and for which X (t) = X*kt) if t belongs the boundary of the set

of tight time points. For t = t1, the latter restriction is not required.

Proof

Let J bs the
(¢, t.‘} ~ 7T,
be functiona
concdltion is

tha feazible

t

oz(‘

oy =

sat of time points at which the solution is not gight and 3¢ =
the set of time points at which the solution is fight. Let X, u
which hava tha same set of time points as X*, ul where the tightness
satigfied. Lat f: QT'anc 8o on denote runctipns evaluated along

A
path (t, X, dﬁ. Then we must show that

(=) at

¢ . —

j

&
The concavity of f and the fact that f: =0 = fu implies that v t e¢ J)

r(e X8, 0 ()2 Gt X (8), u (8))



Since f is a concave function of (x, u) we have

3 3
et > (Pax ), + (=), snd therefurs

0,c lg[(x-x)f +(u-—u)f]dt
St(x-x) Ao =X ) e W (-\gu)\at

- S){g“- g - (xﬂ}- x) g:—- (u-r- u) g:‘} dto ¢

g

1
( on integrating terms involving A by parts and using the fact that x () = 2 (t)

if t is on the boundary of the set of time points which are tight}.

Note if the function g is linear in X, u, thaen ;{ mey assume any sign at a point
whars the solution is tight., Otherwise concavity of g in x and u and nonnegative-

ness of A guarantees the last ineguality.

5, Conclusion and Enwvoy for Further Research 3

A good anurbn of information about differential inequalities is the book by
Laksr'f-.lkantham and Leela E:Z_). Background material on necessary conditions
for the simplest problem in optimsal control cen be obtained from vahaiya [5).

Tha prototype sufficiency theorsm for optimal centrcl with diffarential

sguations appears in Managsarian [3}.

Further sufficiency theorems for optimal control problems have bean proved
by Arrow and Kore L1) and Seisrstad and Sydsaetar [t). whereas, the Arrow
type sufficiency theorea can be easily adadpted tc our framework, with the
provise that (x, u)—>°f (ty xy u) beqf-vconcau function in X and u at every
tims point 't' where candidate i; u.il not tight, it is an np'an question
whether the more general eufficiency theorems of gaierat.ad and gydsac:ter

can be accommodated in our tromework,
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