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AB STRACT

we propose & sclution to the bargairing preblsm which responds
appropriately to certain changas in the disagreement puint, for a fixod
, increasas, chile for Hhi dJ remains constant, our
solution recommsnda an increase in agent i's paycff, in eyrosment with

feasible ect. I1f &

intuition, This sclution alsc satisfies the more conventional requirensnts
which are usually impoaed, e.g. individual rationality, Parato optimality, Symnetry
and lnvariance With Rsispect to Affine Transformation. It is shoun that our

sclution is the only monotone solution which satiasfiss these properties.



1. 1} ons- A 2=-person bargaining problem is a pair (S,d) of e
subset 5 of [RZ and of a point dcB. R° is the ytility space, S is the
feasible sgt, snd d is the disagrsemant point. If the agents unanimously
agres on s point x of 5, they obtaln x. Otheruise, thay cbtain d,.

The spproech tc the problem which we shall consider was fdit taken
by John Nash (1950). He coneidered s franework which permitted s unique
feasible cutcoma to be selacted as the "solution® of 8 given bargaining probles.
This .es opposed to earliar approaches within the gams tresretic tradition: the
von Neumann=tiorgenatearn (1944) sclution to the bargaining problem concides
with Edge.ortt's (1881) "contract curva", and is equal to the entire set
of individually rational, Parsto optimal outcomes. Given & class of 2-parson
bargaining problems, e sglytion is a function F esscciating with svery (5,d)
in the clese a point F (S,d) &, representing the compromise reached by the
agents. In some contexts, F(S,d) may be intserpretsc ss the compromise
recompended to the ajents by some 1mhartial arbitrator.

1n this paper we introduce a solution concapt whic!. responds appropriately
to changas in d, for fixed 5. A detailad investigation of this property,
known as monotonicity of bargaining sclutions uith respect to the disagreenant
point for the more sell kno_n eclutions is availsble in Thomson {1987) .
Given some agesnt i, suppose that d increases _hile d, remains comstant for

i J
JAi. Since d, repressnts agent i's fallback position, one would expect
agent i's final payoff to incresse (o atlsast not to dacrease). Tha Nash
golution was sho.n by Thomson (1587) to bshave in this way on the cless of prolL-

lens considersd by Nash and the Xglai-Smorodinaky and Egalitapisn
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Solutions also do on the subclass obtained by requiring utility to be freely
disposable. Interesting results relating mwonotocnicity of the disagrazmunt point
to varicus axioms proposad by Thoﬁaon snd Myerson (1980), specifying how
solutions should respond to certain changes in the geomstry of S, for fixed d,
have rscently been established by Livne (1985) for tuo psraon bargaining
problem,

Before, .8 proposs our solution let us note why the monotonicity proparty
ve are interssted in, is important. The mcnotonicity property is particulary
relesent to situations in which meach agent has soma cantrol over the pogition &
of the disagresment point, Owan (1982) ergues that a natural choice for d, 1is
the maximum valus of agent i, in the stratagic fors ganre undsrlying the bargaining
problem undsr considaration, It is natural to investigate whether the intuitive
idea that an sgent would benz=fit from an incresuse in his maximum valus, would,
cateris paribus, be helpful to hism,

In economics the monotonicity proparty has independent appeal., Shubik (1982)
suggests bargaining splutions as solutions to problems of fuir division, Consider
a group of individuals, sach endo.ed ;ith a bundle of r2sources, his initial endo-
wment, and syuipped with a concava utility function defined ovar his consampticn
Space. Under standard a.sumpticns on the utility functions, the image in
utility space of the set of possible divisions among all conssmers of the
resources they jointly oun sstisfies the assumptions usually imposed on the
feaaible sat of bargaining theory, In this economic oontext, it is natural
tc take the image in g utSlity space of the list of initial endouwments
a8 the disagreemant point. Tha monoctonicity requirement is that agante be reuarde
from starting out with larger endoumaents, whic': seems quite natural, sspecialy
when they have exerted effort in producing them. It may in addition be requir:d,
that agent i be the only ens to gain whan d, incrsases. 1f some othar agen} j also

i

were té gain, then the burden on some third agsnt k would necgssarily bs greater,

making the eventual mcceptance of the compromise lass likely,
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Imagine that agent i, perhaps out of altreistic feelings for agent 3
or in rapayment of e dabt, transfers part of his initisl resources to him.
Then since the soclution that is beiny propssed satisfied the additional
monotonicity requireoment, agent j will gain and agent 4 will losa, so that no
"transfer paradox", (the phenomanon well known in intarnational trade thaory)
will occur. Agent j is betteroff as agent i wished, and agent i pays soms price
for thie improvement in agent J's welfars, which sesge only naturale.

Finally, since the disagreement point reflects the bargaining ek powar
of the players aqﬁ'incraasa in the disagresmuant payoff of player 1 should laad
to an increasse in his bargaining strength end consequent diminution in the
bargaining strangth of layer jfi. The arbitrated sutcoms should be consistent
with the changed bargaining strength of the players.

The nature of the sclution we Aropose, and .hict is intentsd to satisfy
the monotonicity raequiresent is tne Pollowing: let z-(z1.22) denots the
vector of s:alleat payoffs that aach Playsr could concievably receive. Ths
arbitrated value of thes bargaining procles for the subclaess of gares we are
considering corresponds to the uniqua maximal feasi.le payoff lying o the
straight line joining Z to ths disagrueement pcint. Simple as the solution looks
it does incorporte the idea that the ratio .of the increass in the payoffa over
the disagrsement point, resulting from arbitration, should be equal to the ratio
of the increase in the payoffs resulting from the disagraement solution over
the amallest payoffs., The rowards of bargaining are therefore consistent with
the rewards ef the control exercissd in erriving st the disagrsemant sclution,
It turns out that @Bhis solution satisfies tho monotonicity requirem.nt,

which is slaborsted balow,
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2. The Modalt= We will consider a class of problems defined balow}

Let W = Z(S,d)/s c Rz, S is convex, compact, and 7 x € S uith x 7d}

:yi, i= 1’2

There x = > =
= "‘1, x.) 7 (v1o yz) y means x;

2 =
X = (x.ls xz) > (Y.I, Yz) =y means x # Y, Xii Yi» 1= 1,2
x = (x1, xz) > (y,l, y2) = y means xiz Yo &= 192
Lot W = i(S,d) € Jf1f xS and ds yix, then y é—%

and W= i(S,d)Gﬁ/J u € 5 such that d)L;}

We shall rafer to gamaes (S,ci)é-h'l as comprehensive names and to games

(5,d) & W, as proper comprahgnsive names, Given (3,d) €W, its Nash (1950)

solution N{(5,d) is the point where the product (x1-d1)(x2-d2) is maximized for

x &S with x> d; its Kalai-Smorodinsky {1975) solution outcome K(5,d) is the
maximal point of S on the sagment joining d to M (5,d), uhers for each,

i, Miks,d) = max ixi/x £S5y x 2 d,} i= 1,2, its Egalitarian (3es Kalai(1977))

solution outcome £ (3,d) is the maximal point x of 3 with x1--d1 = x, = dz.

In this papsr wae considar a solution Fs '-:i"" Fl2 dafinad thus,
(-?l L.{)' ?1 S "

Let 2(5) = &-Z—#—%-}mwha:a Zi(S) = min, {x:l/xes?. Then ¥ (5,d)&W,

F(S,d) satisfies the following tuo conditionsi

F.(S,d) - 2.(5) dz-Zz(S)
(a) Ffﬁ.d)-g (s) = d1-z1(s$
(b) #.=Z_(S) dz-Zz(S) _
;‘f,fif‘rs‘)' = ';1_—21‘('57’ x"ﬂa.d) implias x ¢ S.
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The conditions defining the above bargaining solution aras

Condition 13- F(S,d)»d for all (S,d) ca

Condition 2s= Lat L aziﬂﬂ, b,sb, €R, and (5,d), (5',d")EW

and define d.i’aidi bi' i=1,2 and S* -ﬁ(fﬂzleaiyi*bi. i=1,2, yes}
Then Fi(S',d') = alri(s,:) {»—bi, in1,2,

Condition 3s= If (S5,d) €W satisfies d,=d, and (x1,x2)€ Simplies (xz.x1)€5,
then F1(S,d)=F2(S,d).

Condition 4s= If x DF(3,d) t.hen_.x+5

Condition Ss= Let (S,d) and (5',-",d') satisfy (a) z(S) = z(3*'),

(b) d1=-d'1. dzsd' and (¢} S C s*. Then FZ(S',d')Z Fz(s,d). If in additien

2
S5t then F_(5%,a') 7 (5,0') with F(S',d%) 4F(5,0) 1F (d,0) 4 (o ,ar)
Condition 1 stipulates individual rationality.

Conuitlion 2, requires that the solution should ba invariant to positive affins
utility transformations., A positive affing transformagion of utility is a

transformatign of the form = a + bi’ dafined for all Yys that moves the

X E Y
zsro point of utility in an arbitrary way (bi can ba positive or negative), and
changes the scale of units on which utility is measurad (ai must be strictly

positive).

Condition 3 imposes symmastrys If the attainable 3 t 3 is syometric about a as’®
lina through the origin and d, = d,, than F1(:i,d) = Fz(S,d). This doss not imply
comparability of tha two utility scalas. Given sy.matry if F1(5,d) £ F2(5,d)

it would appear that one playa. xas being favoured ovar tha other.

Condition 4, weak Parsto optimality, states that x € 3 is Pareto optimal if thare
is no x'€3 for which x'» x« That is, a point is not w:skly Pareto optimal if

thera is another point that gives more to sach player.

Condition 5, is the monotonicity condition ww invoke in our an.lysis and which has
bean discussed sarlier. A similar ccndition has basn usad oy Houlin (1985) to

charactarizao solutions to a elass of problems with = somawnat .7 7arant structure,
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Qur basic theoram is the following:

Theorem 13 The function F{S,d} is wsell defined, satisfies Condition 1 to 5
and is the only function to satisfy thase conditions.

Proofs;= The function F(S,d) is wall defined, due to the convaxity and
compactness of 5.- That it satisfics condition 4 is apparznt from its d2finitkan,
Condition 1 follows from tha fact, tnat (3,d) in definitaly a comprehensive game
{(infact a propar comprzhensive gamd) together with the fact that there exists x&3
such that xj)d. These two propartiass imply that d balcngs to the interior of 3
and hance Condition 1 is satisfied, due to the definition of F{3,d} and the defi-
nition of a Symmetric gana.

To ses that Condition 5 is satisfied, supposz that {3,d) and (3'yd') ars

- - L
two games satisfying Z(3) = z(5'), d1=d'1, d2=d'2

'. d! -22{5') L 9, (3)
d'1-21(5') d1-21(5)

et us call the ray joining d to Z {(3,d) the defiming cray of d and the ray

joining d' to Z {3,d') the defipming ray of d'. Thus the defining ray of d' has

steaper slope than the dafining ray of de Henca the dafining ray of d' intarsects‘
the upper right Pareto optimal fruntier of 3. oince €5 ana tha darining rcouy
of both d and d' ars positivaly slopud, wa may conclude tita followinga
(a) I1f B (d,S) is the ordinate of the point of intarssctiocn of the defiring
ray of d with the upper right Pateto optimal frontisr of 5, then £(d,3) = Fz(S,d)
(b) 1r @ (d‘,é) is the ordinato of tha point of intarsection of the

. . . N~
defiring ray of d' with ths upper Farsto cptinal frontisr of 3, then g(a',3) = p(d



(e) 1f §(d',S') is tha ordinate of the point of intersaction of tha defipdng

ray of d' with the upper right Parsto optimal frontier of Sty then,

Bat,s*) = F(s",a")
and g(a,s') @ B(ar,s)

g
Hance FZ(S',d‘) = FZ(S,d)

If in addition &=8&', then FZ(S',d') ZZFEKS,d) and the Parsto optimality of
the solutions guarantea that F1(5‘,d') g%F1(S,d). Further since F(S5',d')
and F(S,d) lie on distinct rays, F(S',d') £ F(S,d)

To sss that only F(S,d) satisfiss the various conditions, it is first
siown to hold for gamas in wiich di=;% and 21(5) = 22(5) = Jde Extension tc he
full class of games follows Prom the requirement that the solution satisfy
invariance to affine transformation {(Condition 2)s DOsnotes tha trus solution
by F.(S d) and let S' ba tha convex hull of the st of pointsi (0,1), (1,F (S,d).
(r (s,d),1), F(5, d)} By conditions 1,3 and 4, F (S',d) = F(S,d), But S'CS
and Condition 5 impligs F (S d) = F (5 yd)y 1 = 1,2, This follows bicause the
threat point of both games being equal, thws rsquiremant on ths threat point
Condition 5 @asily follows, Henca F.(S,d) = F(s5,d} as was rejuired to be

proved.



3e gonclusioni= We have thus proved in this papar the existence of a
bargaining solution which satisfies the monotonicity property. With a

slight modification of Conditien 5, incorporating the notion of an ideal point
{Ses Roth 1979)) instead of the point of minimal expsctatien, another solutien
can ba shoun to sxist whicn is waximel or ths ray connectingl ths thraat point te
the ideal point. Gur purpose however, would have been served, it it is realized
that the sonotonicity property w ich is so Lnbuit..lga in tha sconomics

litersture, srises very naturally in some solutions to bargaining gamms.
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