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Existence and characterization of a gensralized bargaining
solution incorporating preferential treatment, is discussed, Simi-

lar results pertaining to veriable refersnce point games are moti=

vated.



1.

tiont= The (Pixed threat) bargaining model of Nash (1950) deals
with twoe person games in wﬁich the players sach obtain fixed utility lavels
if they feil to maka an agreenant. There is a feessible set of outcomas that
they can achieva :f thay make an agresuent } houavar, in the ebsence of agrea-
ment, there is nothing a player can do to help or hurt sither himself or
the other playsr. The rules defining Nash's solution concept are considered

fair and leads to a desireble agraeensnt.

Howaver most bargaining situations in soclely are partial towards one oOr
other player, according to the tenets enshrined in the social code of laws.
It is to incorporats this possible asymmetry in outcomes, rasulting from
preferential treatment towards ons or th;igfg}er, that we propose a generali
zation of Nash's solution scheme. 1n this paper, we concentrate on the

existence of asymmetric solution scharmas, and motivate results for a

similar existence theorem in the case of variable reference points.



2,

Tha Modslt= The class of games studied here is characterized by a pair {H, d)
and by tha rule that tha players will attain any single payoff point in H that
they Jointly agree on. In tha'abaanca of an agresmant, thzy attain d. Defi-
nitions 1 and 2 fornally describe thesae games, Definition 3 defines the maane~
ing of solution, and Conditions 1 to 4 defina the ((11,01»2) Nash asolution

to the class of games spacified in Definition 1 and 2. It is & gensrslization

of the bargaining scheme proposad in Nash (1950).

Dgfinition 13- The pair 7" = (H,d) is a two-fixed person fixed threat bar=
gaining game if H < IR2 is compact and convex, d € H, and H containe at least

one alement, u, such that u3>d,

Def.nition 2:~ The spt of two-person fixed threat bargaining games is

dganoted M.

The utility axioms of ¥on Neumann and Morgenstern are assumad thrcughout
this paper. Consequently, one could have a bargaining gans in which thare
were a nonconvax set (including a finite sst) of outcomes. The set H would
consist of the utility pairs essocistad witn sll possible lotteriss defined
on slaments from the criginal set of outcomes. OSuch a set H would ba convax.

It would alsc bs compact if the set of originasl outcomes were compact.

A solution to some game § ' = (N, d) is a perticular element of H which is
the payoff pertaining to the splution concept undsr discuss.pn, fcr example,
tha Nash solution. Because {(F, d) can bs any game drawn from a large set
of games, a particular solution concept can be convaniently describsd as

a function of the game, f{H,d) €H.



pefinition 33- A solution to (H, d) € W is a function £t W=——> H, that

agsociates a unigue olament of H with the gamé (H, d) EW.

P{H,d) = (r1(H.d). fz(H,d)).

Wog now proceed to stats condition3 whicn dafine tha (a¢1, °L2) Nash So0lu=

tion. Let 041 >0 ,042 > 0 ba given parameters.

Condition 13~ ¢(H,d) pd for all {H,d) € Ws

Condition 2¥= Lat aie R,, and (Hed)y (H', d')e W and define

&

H=ixe_fﬁ2/(x-d) =a(y-d)i,i=1,2,yeH} Then
- ' ok

[ti(H', a') - dJ i, Q [fi(H,d) - da , 1= 1, 235,70

Condition 33= 1¢ for (H,d) & W, (x " % } e H implies

ok .
((x2 - dz) (x -d ) 1) e {((y "d ) ,(Y "d ) /(Y.lsyz) éH}, then

[r (H,d) = d] Ef (Hpd) - d,;] , <, >0

Gondition 43- If (Hyd),(H' »d )ew 4d , HEH, and p(H,d")eH, then f(H, d)ar(H'yd
Lgma 13- Let (H,d}€W and lat u = f(H,d) satisfy conditions 1 to 4. Then

*
if u€H andu#u gither u1>u1 or u, > Yy

Proofs«- without loss of ganarality, we iray iet d = 0. Assume the lemma

F
false; then there is soB@ y *e H such that y > u . Dafine a game (H o, 0)

by lett ing 0}\1 o(z
*»
" ot 1 P u Yy
Hfs xem2/x11- _1_:1 » Xy < AH
1 Y. 2

Y4



/ c [] * [] L4
Clearly, H' € H, H A H, andu e H', bacausa y € We By Condition 4,

* ) i [ * * »* » » » *
¢ 1is thas solution to (H', Q), but by Condition 2, (u1/y1)u1,(u2/y2)u2:lﬁ u
{s the solution to (H 5 0). This contradiction impliss that the solution

of (H, 0) must ba Parets optimale
QefaDe
This lemma is simile. in content and style to the ona in Roth(1977) for
ol = 1, 0<2=1. Howsver the conditions invoked for our proef are different,

from those usad by Roth. This lemma shows that under Conditions 1 to 4,

¢(H, d) satisfies Parats optimality.



3, Characterization and existence of the (0*1,°$2) Nash solutiont=

[P — P aaid

The (0(1,°<2) Nash Solution can be characterized in a very simple way?

. A1 < 2 .
Tha e)ansnt of H tiat maximizes (u1—d1) (uz-dz) , is the unigue outcome

satisfying conditions 1 to 4. This is proved in Theorem 1 and the (941, °‘2)

Nash solution is illustrated balow.

]

(011, "’*2) Nash solution

=

/
( .

N )

The shadad arsa of H is the region of outco.as that ara individually rational.

A hyperbola, that is asymptotic to the broken lines through d is & curve along
. . oK1 L2

which the product (u1-d1) (uz-dz) is constantj therefore, the point of H

at which the product of gains raised to a definits power, from agraement ‘3

maximizad is the point of tan ancy batwgen the uppsr boundary of H and the

most highly placed hyperbola that still touches H, The result is proved in

two steps. Lemma 2 gstablishes the rasult for games with threat points at

the origin (d = 0), and Thaorem 1 ganeralizes the result to games with

arbitrary threat pointse



[
Lema 2i= Any game (H40)& W has a unique Nash solution u =f(H,0) eatisfying

*
Conditions 1 to 4. The eolution u matisfies conditions 1 to 4 if and only if

*d’l 'di oh 2 2)

Y2

-
for all u € Hy U 20y and U F U

. solq #42 g X2 .

Propft=- It is first provad that 1f u, Uy = mex u, Uy, e then v
ueH,U;

is uniqua and satlsf’ies conditions 1 to 4. Then it is shouwn that if

»
u1 1% 1 042, u1 violates one of the four conditions.

) #

Suppose the function (u1, u2) — o, U, is maximized at (u1, uz).

Assunimg the utility allocations to be positiva, we get that the maximizer of

=4 .
0(1109 ug + %, log u, ©cCUrs at \u1,u2)
oL X o oA
For 1)0, 2)0, the function (u1,u2) P 1.‘l,c:g u, + 2lc:g u, is
strictly concave.

Thus if forg >0 Y >0,‘7\lng (u +5) +ot log (u =) °§llog u, +D<zlog u s

then by strict concavity o4 doglu, + 6 ) +0d loglu, = Y ) >#4loeg u roilog 4 _e
3 1 T 2208\ T 2~ T 1772708 T2

Observa that by the convaxity of Hy (u ", Y& H and (u + 5 u, - Y} &H impliss
-
{u =+ -(2' g U - “5') € Ko This contradicts that 0“-109 i +0"\ log u2 is maxi=

2
. o “2 -
mized at (u1,u2). Therefore tha maximizer of u,l u, (u ,u } €H, u Z 0, |.12 g

is unigueo

Tupning now to Conditions 1 to 4, tondition 1 18 satisfied by gafinitiom.



s 2 e i *
For Condition 2, let (H , d') be gufined by H -%-x €R /(xi-c:1 ) =di(yi)

i=1,2,Y¢€C H} . Let W ba an arbitrary alenant of H s 1zt u be the point in H
-*
that tr:=nsforms into W, and lat H eH be the point to wiich U the maximizer

J, *
of u1 1 u‘*z for(,H,d) transforms. Comparimg W and W,
2

* f L ] { . [ 7
- o~ - - -0 -
041109(\.11 d1) + 21og(wz dz) 1log(w1ibd1) 5109 (u2 d, )

= 0(1109 u'

o - -l ‘
1t 72 log u, 1109 u, 100 U, > 0. (s}

4 dL
To ass that Condition 3 is satigfiad, suppose the set {(x1 2)/(x %, ) GH}
is symnetric about & 45®* line through tha origin and let (u'oﬁ, uédz)
éE(x‘M, 0(2)/(x ' X )6&3 be the point in H that is on the 45° line where

2
jt intersects tha upper right boundary of H, Then u;pd = u'{x and for any

ol ok & o4
( (?1\1, u OL‘Z)G.{(X 1' x;<2)/(x1. Xz)é.l‘ﬁ' '} u1 + uz 2 SU"‘ 1+ u; 2.

2 .
That is, the set )tx"’{ ’ x:“ )/(x1,x2)eH} is boundad sbove by a line of

x
alope = 1 passing through (u' 1, uéoL 2). Tha product \.1,;0”u'20'§2 is strictly
[ = X o <. 2
larger than eny product of the form ufﬂ u, 2 with Y, 1+ u, 24 uf‘ 1+ u; 2
oK o o L2
I 1 Fi 2 1
hence, U, Y, has a lerger prodict than u, U, for (u s uz) & H., Thus

= u/-
L]
That condition, 4 is satisfied 1s trivialy for if u is the maximizer in Hy
ol w
and H is derived from H by pasadng away Somd ragions of H, then u, 1u2 2

must excead a similar product for any point in H oW

A constructive arqument is usad to prove that if u is not the weighted payoff



product maximizer, it violates at lsast ons of the four conditions. First,
lat u* be the weighted payoff product waximizer for the game (Hyo0). Tranaform
! I ' 2 u*x
(H,0) into the game (H , o) by letting H = y& TR /y1 = 21 sndy, =X
u'
« 1
for (x1,x2)¢i H;% . Tous, the wei_hted product maximnizer in (H’, o) is

»
(u;, u;). from (H', o), we obtain a third game (1”7, ©) by adding points to Hs

Let 7
’ a<2 *»(1 ‘1‘ o1 oL 2,
H = {{:FR /y Y, 4u and \y,' \-f- max,(iu1 \ +\ u,

u €H

(6)

The upper right boundary of S{E ’ y2 /(y ,yz)GEH-:Zis a line of slopa =1

through (u'°(1, u;°(2) and HY contains H'; therefors, by Conditien 3,

(u ’ u ) is the solution of (H , ©); by Condition 4, indepandence of irre-
lavent alternatives, (u y u2) is also the solution of (H', o}3 and by
* O

Concition 2,kaxA U = (u1, u2) is the solution of (H, 0)e Thus u fails to

*
satisfy condition 1 to 4 and orly u , the weighted product maximizer, can be

the sclution of the games

WeCaDe



Characterization of (X A ) Mash Solutions with respsct to a raference pointt-
SN | il

wa o~

P purr

In the game (H, d), the thrsat point, d, plays the role of refesrence point for
the nash sclution. The concept of reference peint can be formulatad abstractly.
following Thomson (1981). Llet g(H,d), be an elemsnt of H that is not in the
Pareto set of H (ie. there is sume y H such that y ZralH,d)). The referenca
point is required to obey tws concitions that are obviously satisfied by d.
Wwith two otnsr conditions imposed on the soclution scheres Thomsen shows that
the @sggltad payoff productéast maximizer

ax (( (He0))( (H,d})
(u1Tu2)€:H u,=9,\H.d)JlU,"9,

is the only candidate available which satisfiss the required conditions.
Qur result can be sasily extanded to cover solutions with respact to refaerence

point, Conditions anelogous to thoss suggested in Thomson{1981), paves the

way for an extension of the above resulte.



FUOT _MOTE

Max Woodbury had suggested a modification of the Nesh Solution along
the above lines, which takss into eccount different bargaining abili=-
ties.(Ses, Martin Shubik(1960) & "Strategy And Market Structurs;
Competition, Oligopoly, and the Theory of Games," John Wiley & Sons,

Inc., Now York).
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