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ARSTRACT

In this paper we consider a distribution economy which is
dictated by the conditions of the non-substitution theorea for
linear economic models of production. Although flexible prices in
the consumption section are perfectly compatible with the
conclusions of the non-substitution theorem, rigid prices are
likely if the production sector has sufficient say over the
economy. We study some existence and efficiency properties of
fixed-price equilibria in distribution economies.

Subsequently, we turn to an economy with a produced public
good and show that all voluntary and efficient allocations ftor
such an economy must be ratio equilibrium allocation, thus
establishing the inherent non-optimality of rationing schemes in
mixed economies. '

It 1is observed that the case for a distribution econoay
rests solely on the assumption of a numeraire good in terms of
which all value and costs can be measured, whereas the general
validity of the non-substitution theorem (and thus of wuniguely
defined fixed prices arising out of the production sector)
depends on additional mathematical structure of the cost
function. Thus, if the wunderlying conditions of production
invalidate the non-substitution theorem, fixed prices can bhe
considered as a policy instrument available to a social planner
in order to implement a desired distribution of resources in the

consumption sector.



1. Jntroduction :- Many justificaiions have been otfered for the
existence of price rigidities in an economy. A good exposition ot
the economic rationale behind price rigidities can be found in
Silvestre (1986). _

_ However, there is gne > justification for fix-price analysis,
rooted in the theory of linear economic models of production: the
non-substitution theorem of von Weizacker and Samuelson. Briefly
stated, the non-substitution theofem tellis us that the unit
prices of produced commodities, depend only on technological
considerations, under the conditions of constant returns ¢to
scale. Thus at any point of time, the consumption sector of the
economy inherits from the production sector a vector of commodity
prices and a consumption bundle, the latter being not necessarily
uniquely determined by the prices of production. Hence the
problem faced by the consumption sector is one of allocating this
consumption bundle amongst the consumers.

As a by-product of the producer prices and the vector of
commodities produced, we also get a distribution of income among
the consumers. Thus, we are confronted with what Malinvaud (1985)
describes as a distribution econoamy.

Now, the prices at which the produced commodities are to be
distributed among the consumers, need not be the prices at which
they are produced. Distribution of resources can take place at
any price. However, a departure from the producer prices would
necessitate the existence of a clearing house which collects the
payments made by the consumers, and reallocates {t among the
producers at producer prices, the value of each producer's
production. Hence, rigidity of prices in the consumption sector
is not implied by the non-substitution theorem per se.

In the event that the producers have a significant role in
determining prices, it is natural to expect that ¢the price
prevailing in the consumption sector is the same as the producer
prices. It is then that we are Jleft with fixed consumption prices
in a distribution economy.

In this paper we focus on fixed price analysis in a
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distribution economy (as opposed to a trading econonmy, uhiéh has
been studied by. Silvestre (1982)). We extend some conventional
fixed price equilibrium solutions to such an economy. The ones we
do are those of Dreze (1975), Younnes (1975), Dreze and Muller
(1880), Baltasko (1979), since they seem more appropriate in the
context under discussion. We modify the solution of Dreze and
MUller (1980) and show that this modified solution is equivalent
to the solution of Batlasko (1979). This also offers a method of
enforcing the solution that Balasko had proposed.

Amongst all the above solutions, the Dreze (1975) solution
and its adaptation to our context, is the only solution with
guantity constraints on the purchases of the consumer. However,
tts lack of efficiency is a disconcerting feature. We propose the
concept of a dual pricing equilibrium (which in one form or the
other has existed in the parlance of administrators and applied
economists) as an institutional remedy for this non-optimality.
We thereby do depart from orthodox fixed price analysis in order
to accommodate this solution.

Silvestre (1985) shows that in a pure trade economy, all net
trades which are voluntary and Pareto optimal must be Walrasian.
In the context of a distribution economy consisting solely of
private goods, the concept of voluntary net trades lack
credibility since no one is actually trading, unless of course we
consider a distribution economy to be ‘structurally iscmorphic’
to a pure trade economy with the initial endowments being
allocated proportionately to income. We, however, choose to avoid
such counter factual simulations and instead of considering an
economy consisting solely of private goods, we consider a two
good economy consisting of money and a public good. In such an
economy, voluntary allocations have a meaning, and we show (under
assumptions on preferences which are slightly more stringent thaw
in the rest of the paper) that all voluntary and Pareto optimal
allocations, must be ratio equilibrium allocations (a concept due
to Kaneko (1977)).

It may be worthwhile to point out that the case for a
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digtribution economy {s much stronger than the case for the
general validity of the non-substitution theorem. The concept of
a distribution economy rests on the existence of a numeraire good
in terms of which all value and costs can be measured. as for
instance in Dierker and Lenninghaus (1986). The non-substitution
theorem requires additional mathemétical structure on the cost
function for its general validity. Thus, if the conditions of
production invalidate the assumption of uniquely defined prices
arising out of the production sector, then the fixed prices that
we start out with can be considered to be a policy instrument
available to a social planner 1in order to implement a desired
distribution of resources in the consumption sector.
'.The Model :- To keep matters simple we will adopt the framework
of a distribution economy as proposed by Blad and Keiding (1990).
There are n-produced goods in the economy indexed by
jE{l,...,n} and m-consumers indexed by i€{i,...,m}. The commodity
space is the non-negative orthant of n-dimensional Euclidean
R", . Consumer 1i has preferences defined on consumption bundles
in l“, which are represented by a continuous, strictly
increasing, strictly quasi-concave utitity function u; l“,-)l
(tee. %, vER", L0y xey =ru ;i GO>up (V)x,yERY sxéy  =ruj(tx+(1-
tyy)>aintu;, (x),u;(¥v)}W €(o,1}), Each consumer i has in addition
a strictly positive income w; >0. This income which may be in the
form of paper money serves the purpose of a medium of exchange.
The economy is endowed with a strictly positive vector of

resources: éel“" = {xan. /xj >0V j €(i,...,n}}t ,
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A market egquilibrium is a pair (x,pP)ER “’) . x(l“,s(O)) whaere
x€(R" )" is an allocation EEI% v {0} a price vector such that :

S Eh s 6 eR" Vi€, .. m))

(ii) %! maximizes u;(x) on the set {x€ER",/F.xsw ;)

(ii)P.6=E Y, v,
The following theorem due to Malinvaud (1985) will be stated

for completeness:

Theorem 1 :- There exists a market equilibrium for the above

economy .

Let ﬁel““ be a vector of fixed prices such that $'6=K.hlw i

A Dreze-type equilibrium (D-equilibrium) is a triple

A A
(x,L, E@", ) " ®"x R" such that xR ) " is an allocation and
o n A n . . i A A
LeR , IER" are (gquantity) constraints with L ; >lj“=1.....n

satisfying:

‘ I T
(1) Lo x =6

. A P n . A .
(ii) x' maximizes u;(x) on the set (xER", /P x<w ir g <Ky

~
g,jVj=1.....n).
The following theorem and its proof establish the existence
of a3 D-equilibrium.
Theorem 2 :~- There exists a D-egquilibrium for the above economy.
Proof: Consider the set,
Q = (LER", /0L é}
Let x! (L) maximize u; (x) on the set {xel", /S.xéw i.nggp).

Clearly x'! :Qﬁ)l“,is a continugus function. Now consider the

function f:Q->Q defined as follows:



tmi TS e
fj (L)=mintmaxily - (B X (L4 .01, 8 5.
Cleariy, f is continuous., Thus by Brouwer’s fixed point
A ~ A
theorem, there exists LEQ such that f(L)=L.

N
Case 1 :- éj >Lj=fj (L)>»0

A
. Y=L..

T (<t i P
<Ly (Li=l X ](L)—6] j

1 i "

ALV X j (L)%j.
A A

Case 2 :- L. =fj(L)=éj .

Py x A
amax (- (B x 5 (L)-& 1,01 >0,
a i 0
=> E%yx ' (L)$; <0.
A e
Case 3 :- L. = f. (L)=0

A (v i 4

: "
= L t
=> D x i W-$; 20.

A i A
which contradicts Lj =0. Hence by Cases 1 and 2, E%=lx H(L)-é

<OVi =1,...,n, with E% x !

i
A X A . A _ .
j(L)%jlf L;%)- Since P-‘—X izt Wi
3 A
strict monotonicity of the preferences imply, z'le ‘j(L)qéj Vi
At il\ ~ N
=1,...,n. Let x' = x"(L) and 1=0. This proves the theorem.
Q.E.D.

We now define a Younnes-type eguilibrium (Y-equilibrium). A

Y-eguilibrium is an allocation ?e(l“‘) ¥ such that

. Ay
(i) X.izlx‘ = 6

A y
(ii) X' maximizes u,(x) on the set (x€R"/P.x<w ;, minix ;)

A

Af
x;: < max (x!
-— )

i 1),

)
It is trivial to observe that an allocation is a Y-
equilibrium if and only if it is a D-equilibrium.

We now proceed to the definition of a Dreze-Miller-type

equilibrium (DM-equilibrium).



- . A
A DM-equilibrium is an allocation price pair (x,a " )E(l“, y . x(l",

M0}) such that:
(i) %, xt= ¢

A

(ii) 1f x€ER", with P.x <w, and u; (x)>u ; (X

i ) then a .x>

i
A
a® X' Vi=t,...,m

A DM-equilibrium allocation is enforced by aliowing consumer

. A . o .. . 01
1 to purchase X! at prices p and giving him coupons worth a.x !

In the event that he wishes to purchase any other consumption
bundlie x which 1is affordable at his original income, he has to
obtain it by using the coupons he receives, the coupon-prices of
the commodities being given by the vector a® . The coupon-prices

are such that given the above scheme he has no definite incentive

to do so.

3. Efficiency Properties of equilibrium : It is easy to observe

that a D-equilibrium allocation (or for that matter a Y-
equilibrium allocation) is not Pareto optimal, where we define
Pareto optimal aillocations as follows:

An allocation x€(R") " with E'Fiii = is said to be Pareto’
gptimal if there is no other allocation x€(R") “with £%, «x )
satisfying wu; (x! You (x')M=1,...,m with at least one strict
inequality.

Given that with fixed prices ﬁ. Pareto optimality may be
difficult to achieve, one considers the alternative notion of

restricted Pareto optimality:

An allocation x€ (R" )" with &%, x! =% and P.x' <w



Yi=1,....m 1is said to satisfy restricted Pareto optimatlity if

there is no other allocation x€(R% ) "with L%, x '= & and Poxl
swiVisl,...,n satisfying u;(x ' )>u (X 1)Vi=1,...,m with at least
one strict inequality.

It turns out that a D-equilibrium need not even satisfy

restricted Pareto optimality as the following example reveals:

Example : m=2,n=2 (two person, two good case): A=(w.w))>0,w1 =W,
=w>0. Let $=(1,1) and Uy (x| 2% 4 )=xa v X g, Uy (x 1 Xy )=xy

2 x

R w w N w w w w
Then %! =] . ]|, ¥-= , , L= , ,1=200,0) is
2 2 2 2 2 2
W VA" 2w w
a D-equilibrium. However, let xt = . ,x2= . __|x 1+x2=
3 3 3 3
6.B.xl =$.$ =w and u (xtyru t(;l ),uz(x2 )?uz(g Zy,

On the other hand a DM-equilibrium allocation satisfies
restricted Pareto optimality.
Theorem 3 : Let (X,a® YeE®",,) "x (R", ~10}) be a DM-equilibrium.
Then x satisfies restricted Pareto optimality.
Proof : Suppose not. Then there exists x€(R")H " with &%, x !
=6, P.xt Wi Visthooomu o ozug (RWEEL,LLL,m with at least
one strict inequality.
Let uio(xi°)>u io (x1% ), Then a%x 1955 9% 10,

Suppose a, x i ﬁam-?i » for some i ¢ i « By strict quasi-
concavity, u; (tx +(1-0)% 1r>u, (k! )Ve€,1). Further, a ® rtx!

. : , .
+(1-)x! 1<a, XV t€0,1) and, pltx ! +C1-t)x ' lcw; WRECO, 1)



contradicting that (x,a% ) is a DM-equilibrium. Hence a x'2a

0.
X

' @ =, af o >L%.a° .xV =3 .4 which again is &

contradiction. Thus x satisfies restricted Pareto'optinality.
Q.E.D.

The converse of Theorem 3 is easy to establish i.e. that if
X satisfies restricted Pareto optimality, then there exists a®
€R", (0} such that (X,a%) is a DM-equilibrium.

Theorem 4 : Let X satisfy restricted Pareto optimality. Then
there exists a® Q“,\(O} such that (?.a°) is a DM-equilibrium.
Proof : Consider sets

u=Ex txt @, LBaxiawuiac e (R weR%and

v=6-NR,

Both U and V are non-empty since ¢ belongs to both. Since
the utility functions are strictly quasi-concave, U 1is convex.
Since x satisfies restricted Pareto optimality and the utility
functions are strictly increasing § is a boundary point of U. By
construction ¢ is a boundary point of V. Hence by the separating
hyperplane theorem, there exists al Q“,\ {0} exists such that
a® .z¢d .z2' VeV, z'Eu.

Now suppase x i dlﬂ\»{OJ with S.xiéw jand ujy (xi)>u i(Qi).
By strict monotonicity, continuity and restricted Pareto
optimality of ¥, x! +¥; x¥* € interior of u.

k))ﬂ o .K'kﬂ ?k =a° .6

i.e. a .xi>a° .?‘, thus completing the proof.

.‘.ao (x‘ +£u‘ :

Q.E.D.



i

The set (=%, x' /x' @, F.x e . uptx Huy @hv

is convex with empty interior since % satisfies restricted Pareto

optimality and P.=¢ £, w Hence it must be contained in an n-1

i
dimensional affine subspace of l“ .

This brings us to the question of whether a DM-equilibrium
exists. We now establish the existence of a DM-equilibrium. The
proof is a slight modification of the proof of the existence of a
market equilibrium due to Malinvaud (1985).

Theorem 5 : For the distribution economy given in section 1, a
DM-equilibrium exists.
Proof : Let A ).Fl be a set of m - strictly positive real

numbers.

Consider the set A={a€R", /a g:‘m A ;).

Let x' (a) maximize uy; (x) on the set {x€R", /ﬁ.xgw jr3.%x<A ; )} for
a€A and i=1,...,m. Define f : A->A as follows:

£, (a)=min{maxia +L ; x'; (@)-&; .01,E;A; 78

1 )

]
Clearly f is continuous. Thus, by Brouwer’s fixed point theorem,

there exists a? €A such that f(a%)=a ? .

. 0 i . I 0,_A.
Case 1 : O<a’j<E Ailéj. then I; xj (a) 61.
. 20 _pi . i 0
Case 2 : a’y =E Ailéj 3 then I; x;j (a )zéj.

tt £y xlj @® 1>é;, them a® ;! °)1>L; A; ., which is
impossible.
2 - i‘ ° = .
+Lp x75 @9 63.
: a0 = oyt J . A .
Case 3 : a’j =0 then L; x ' (a )-6j<=0(81 A7 d

1f K, x% (a°)<éi » then considering the above two cases,

:=0.

Sxi xica® )(3.6 and a°.xi x ! (a°)§ﬂi Aj with a°)

o :



Since preferences are strictly increasing, there exists some

consumer i€{1,...,m}, who could increase his consumption of good

i, satisfy both his constraints and stiil do better than at xi

'(a° ).

(a® ) contradicting the definition of «x
Thus we must have L; xij(a°) =éj.
Set x' (&0 )=l Yi=1l,...,m.

0 .Q‘gAi Vi=1,...,m, X' maximizes u ; (x) on the set

Since a
(x€R", /P.x<w; .,a° x¢a® X' Wi=1,....m. This establishes the
theorem. Q.E.D.

What happens if we modify a DM-equilibrium?

A modified DM-equilibrium is an allocation price pair

(X,a° YE@®, »*x(R", ~ (0} such that

(i) %, x; =6

Cii) 1t x€ER" with u; (x)>u (X ') then a° .x>a®. %1 .

Such an allocation is easier to enforce. Consumer i |is
allowed to purchase 2 at prices 3 in lieu of which he is given

coupons worth a’ .?i. Any further recontracting must take place

using the coupons at coupon prices a°. l1f x is a modified DM-

equilibrjium then no agent has any incentive to further

recontract.
VIKRAM SARABINA! LIBRARY
The following result is immediate. INDIAN INSTITUIE OF MANAGEMERY
VASTRAPUR, AHMEDABAD-300088

Theorem 6 : If (X,a% ) is a modified DM-equilibrium , then it is

a market equilibrium for the distribution economy where the
income of consumer i is a% .% , the preferences and initial
endowment of resources being the same as before.

Proof : Iimmediate.
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In addition we obtain the following result:

Corollary 1 : If (X,3a%) is a modified DM-equitibrium, then

X is Pareto optimat.

Proof : Follows from the first fundamental theorem of welfare
economics, which holds under our assumptions (see Blad and
Keiding (1880)).

This brings us to the concept of a budget constrained Pareto

Efficient (Optimal) (BCPE) allocation due to Balasko (1879).

An allocation QE(]“‘)' is said to be a BCPE allocation if:

(i) £t k=4

(i) Bl w Wist,...,m

(iii)x is Pareto optimat.

The following result is of some interest, and follows aimost
directly from our previous analysis.
Theorem 7 : x is a BCPE allocation if and only if there exists a®
€R"M0) such that (X,2° ) is modified DM-equilibrium.
Proof : If (x,a” ) is a modified DM-equilibrium, then it is a
BCPE allocation as a consequence of Corollary 1.

Conversely if x is a BCPE allocation, then since it is
Pareto optimal, it follows by the second fundamental theorem of
welfare economies (as in Blad and Keiding (1990)), that there

A

') implies a°x>a° X .

exists a’ " « {0}, such that u;(x)>u (x
Since Q.Qi ;wi\ﬁ=1,...,m, we have the proof.
Q.E.D.
This establishes the equivalence of the concept of a BCPE

allocation with the concept of a modified DM-equilibrium

11



allocation, the latter suggesting a mechanism through which the

solution can be entorced.

4. Dual Pricing in a distribution economy : In order to remedy

the possible inefficiency of a D-equilibrium, we now propose the
concept of a dual pricing (DP) egquilibrium.
A
A DP equilibrium is a four-tuple (x.v..,p" ]E(.l“, ) 8 x(l“, ‘i
n n A A . "
xR" xR, ~{0}, where x,y are allocations, L is a vector of
quantity constraints on the market with fixed prices Bel‘k,. and

p' is a price vector such that:

- A - .
(i) X' <LV i=t,...,m and E%, X' +2%, V6
(ii) Q.Qi +p'§i =wiand (Q i.§i ) maximizes ui(x+y) on the

set {(x,y)el“,xlﬂ,/xéa.ﬁ.x*p 'yéwi Wi=1,...,m.

Hence in a dual pricing equilibrium there are both fixed and
flexible prices, with quantity constraints on the purchases of a
consumer in the fixed price market.

Theorem 8 : A DP-equilibrium exist for our distribution economy.
Proof : Let ﬁ=0. X=0 and (?.p' ) be a market equilibrium for our
distribution economy, which exists by Theorem 1. This yields a
DP-equilibrium.

It is clear that the DP-equilibrium we obtain in our proof
is Pareto optimal. It is significant however that all DP-
equilibria are Pareto optimal, which is what we establish now.
Theorem 9 : Let tQ,?,t,p' 1 be a DP-equilibrium. Then it is

Pareto optimal.

Proof t Suppose not. Then because of our assumptions on

12.



preferences (i.e. that they are strictly increasing) we can find

that £%. z' =6 and u;(z} Rt

Du (R eP U wi=1, o0,

x 1

z€(R", )* such +
Thus clearly whatever (x! , yi)el“,xl“,with xig>ﬁ and +yi=zi

A .
we may choose we must have p.x !
4 *r‘.iﬂ g

that

spl.y ! >Ww;. Since L 'm z=4=¢ 'i‘-'l

it is possible to choose (x',¥y' ), i=l,...,m such

(i) x' Lyxtayt=zti=, L,

i 3 2 i _eon 2 i_pu A
(i1) Bl x7 =L75x Ly -

1

| |
'L Y

L

But then we get using w =$.Q +p .;ithat

ol

1

i
i

.
»

. N . o, :
¥ =PENg Xl p BNy eRn Yy o ep TNy 0E

which is a contradiction, thus establishing the theorem.
Q.E.D.

the

Hence the remedy for

is purely institutional: allow

with quantity rationing on ths

of view of a social planner

{(which may or may not be

Samuelson social welfare func

turn out to be superior to

different

equilibrium,.

5.

embodied

2

Fix Price Analysis in an economy with a public good

non-~-optimality of a D-equitibriunm,
for both fixed and flexible prices

fixed price market. From the point

with redistributional objectives

in an explicit Bergson-

tion), a DP-equilibrium may well

A

market equilibrium 1i.e. some L

from zero and a p' may be more equitable than a market

In the context of a pure-exchange private ownership economy,

Silvestre (1985) established that all Pareto

which have voluntary net

trades are Walrasian.

optimal allocations

This means (a)

13.



that a method of allocation which differs from the usual price
mechanism leading to Walras equilibrium, and which is at the same
time Pareto opti&ﬁl must be involuntary; (b)) rationing ié
inherently non optimal.

We would like to pose a similar question now, in an economy
with a public good. Resourcs alloca;ion in an economy consisting
of a publtiec good is receiving growing attention. The solution
concept which 1is wusually offered as a means to decentralize
resource allocation in a mixed economy is the concept of a ratio-
equilibrium, due to Kaneko [{19771. The main conclusion of this
section 1is that in such an economy, all Pareto optimal
allocations which are voluntary are ratio equilibrium
allocations, provided the techno-economic considerations for the
provision of the public good is summarized by a linear cost
function.

As in Lahiri (1993), we consider an economy with one public
good y20 producible from a single private good (money), x:z0.
Taking the latter as numeraire, the cost function for the
production of the public good is given by c:R, ->R, where
cly)=cyV¥y20 and c is a strictly positive real! number.

There are N consumers, each endowed with a strictly positive
amount of numeraire: Let w;>0 be agent i’s endowment of the
private good. The preferences of consumer i are described by a
utility function ui:lz' ->R which is assumed to be strictly
increasing, quasi-concave and differentiabie.

A state of the economy is a vector (x.y)El',x‘, . A state

14



(x,y) is feasible if cyﬂ:i (ui -x ;). A feasible state (x,y) is

Pareto Optimal if there 1is no other feasible state (x ‘,yl) such
|

that u; (xti,y ) 2u

i (x{ »y) for all i, with strict inequality for
at least one i.
A feasible state (x,y) is said to be yvoluntary if u;

(xy) 2w (w; +3 (x;-w ;),3y) VAELO,1). A state which is voluntary
is individuai{ly rational in the sense u i (xjy)zu ; (w; ,0) (put
A=0 above) Vi; however it conveys more information than just
that. It says, for instance, that given the option of contracting
both his payment as well as his choice of the pubtic good by the
same scale, a consumer would have no definite incentive to do so.

A feasible state (x,y) is said to be a ratio equilibrium
allocation if there exists a vector (t, ,....t“)elﬁ,such that

(i Nt =t

(ii) Vi=1,...,N,(xi »Y) solves

max u; (xi Y )

s. t. xli+ ti cylgw

1

i
xt->0 y 20

ie”’ =
We now prove that essentially any allocation which is voluntary
and is at the same time Pareto optimal, must be a ratio-

equilibrium allocation.

Theorem 10 Let (x,y) be a feasible state with x i
>OVWi=1,...,N,y>0. If (x,y) is Pareto optimal and voluntary, then

it is ratio equitibrium allocation.

Proof : Under our hypothesis (which also implies semi-strict

quasi-concavity of preferences i.e. u i(xli.yl)>u i(xlti,yl‘).(xli

15



yiosodl vyt H @, oupcex lra-ox ey ra-oy M ou oty

)WLECO,1) ) we get by Proposition 3 in Lahiri (1993), that there
exists a vector (t; ,...,t,)€RY such that

. K _

(i) ) 4 l=ltl = 1

(ii) Vi=t,...,N,(x; ,y) solves

max u; (xi Y )

Since Uy is strictly increasing for each i, we must have

t; »o0.

Suppose that x; +t;cy<w; for some i. Then there exists 1>€,
>0 such that for VE,GO <€E<1 wa have
U (w,+€(x; -w ),€y)2u; (x; ,¥),

contracting that the state is voluntary. Thus, x; +t;cyzw for

i i’

all i. However, xlktxi +cy§§lpg w ; and X“Fl t; =1 implies x;+t
cy=w; Vi, establishing our result.

It is worthwhile to comment on a restriction without which
the above result is not valid. This restriction is the assumption
of linear cost functions. Assuming differentiability of the cost

c(y)
functions, we would require c'(y)g _ _in order to obtain the
y

contradiction in the proof above. However, this would in the casse
of non-linearity imply a non-convex cost function, and then the
existence of the equilibrium prices in the first part of the
proof cannot be established. Thus a linear cost function is a

non-trivial requirement for the above analysis to hold. In any
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event, linearity of the cost function is not a ser%ous handicap
in equilibrium analysis with or without public goods.

The differentiability assumption on preferences is required
for the existence of the equilibrium prices. < This has been
discussed in Lahiri (1993). Even with differentiability, our set
of admissible economies is sufficiently large, to make the abave

result interesting.

5. Conclusion : In this section we clarify some as yet unanswered
questions that this paper may have posed.

First of all, in most of our analysis quasi-concavity of
preferences would suffice. In Theorem 1, for instance, we would
then have to appeal to the Kakutani fixed point theorem with a
slightly modified correspondence to which it would apply. If
preferences are strictly increasing and continuous, then a slight
modification of the proof of Theorem 3 would validate the result
under weaker assumptions on preferences. Thus, technically our
assumptions are not very restrictive.

Turning now to the underlying economics, the question may be
asked as to how a distribution economy takes care of the labor-
leisure choice made by the individual consumer. To answer this
question we must take note of the fact that, if we assume the
wage rate of ‘standard’ labor to be one, i.e. labor as the
numeraire good in terms of which all costs are measured, w ; for a
wage-earner would be the units of ‘standard’ labor he is endowed

with. In our framework, aggregate leisure (measured in ‘standard’

17



units) is an output of the production process as well. In order

to be within his budget set, each consumer i has to consume an

amount of leisure which is less than or equal to w j - Hence there

is not conflict between the construct of a distribution economy

and actual problems of rescurce allocation, with or without fixed

prices for the consumption sector.

18



Append{ix
In this appeﬁdix we prove the existence of some equilibria
discussed in the paper, when the agents’' preferences are semi-
strictly quasi-concave. We therefore assume .a distribution
economy with aggregate endowment being GEI"“ . There are m-

consumers with initial income v >0 for the ith consumer and the

preferences of the ith consumer being represented by a utility
tunction u; :R", ->R which is
(i) continuous and strictly increasing;

(ii) semi-strictly quasi-concave : x,yel“,,ui (x)é¢ ui(y) =>

u; (tx+1-L)y)>min{u; (x),uy (y)IVte(o, 1).

Let C=(xeR", /x; <b;+1¥=1,...,n)
Lemma A :- If x!@ maximizes u;(x) on the set (xE€C:pxiw ; } where
PER", ~ 10} and Qi <, then %! maximizes u; (x) on the set (x€R LA

p.xﬁwi ).

Proof :- Suppose there exists Y GEI“,:p.yi éy j and uy (yi)>ui

A 3 .
(x1). Then y‘Glﬂ~(L Thus there exists t€(0,1) such that ty '+(1-

t)?iec, since ¥ <é . By semi-strict quasi-concavity u (tyif(l-

i

41 - Al i Al . .
tix )2y (x° ) and further p.(ty +(1-t)x )<w; . This contradicts:

the definition of x' and proves the lemma.
Q.E.D.

Let mC={mx/x€EC), where m is the number of consumers. mC is a

compact, convex subset of R", .

é

Let P={peR" /p. =
peER’, /p 1)
Lhav

P is a compact convex subset of R, .
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Theorem B t- There exists a market equilibrium tor the
distribution ecoﬁomy defined above.
Proof :- For each pEP, let x (p)={x€&C/x maximizes wu;(y) subject
to p.yéwi yYEC}.

The correspondence z.hl xV(.): P-»>->mC is convex valued,
non-empty valued and has a closed graph. Consider the

correspondence, f:PxmC->-> PxmC, defined as follows :

Py ﬂnax{zj -61,0} n .
fip,2z) = x 3'14" ' (p)
¢,
1+(£"_, max{z-&,,0} )
=t . ]
j 3! Ehav i / ja

Clearly f is well defined, non-empty valued, convex-valued
and has a closad graph. Thus by Kakutani's fixed point theorem

there exists (p' ,2' JEPxmC such that (pl .z')Ef(p Lzt

p'jﬂnax(z 'j“j , 0}

Thus) p'j= Vi=1l,....n.
X
1+£nj=l max{z ‘j “ j vO}
Lo
' ' ‘1 '
or sznjﬂ max{z; -6;,0) — = max (z 4-6é;,0}.
=1 i

Since z' ", x! (¢, pl2t<e Y. oW =8

.0 é :n.’:l P.j (Z‘j -éj)ilnk“ max (Z‘j “1.0}

maxlz'!-éj ,0}.
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4 2’y <8 Vi1, .o,

Given that ¢the preferences are strictly increasing and z*

€®.,x; (p' ), we gat z'=4, thus proving the theorem.
Q.E.D.

Let Sel“N be a vector of fixed prices such that F.é=I%,w ;.
Theorem C :- There exists a D-equilibrium for the above economy.
Proof :- Consider the set Q as defined in theorem 2 and let x i
(L)={xel“*/p.x§wi .Oéx;b and x maximizes u;(y) subject to p.y
__«_'-w j»0%ysld.

The correspondence I, «x 1 (.):Q->R%is non-empty valued,
convex valued and has a closed graph. Consider the correspondence
f:QxmC->->WAxmC defined thus:

f(L,z)=(mintmax{l; -(z;-8;),00,8 ;1) "5y xZ x { (W

f is well defined, non-empty valued, convex valued and has a
closed graph. Hence there exists (t,ﬁ)eaxmc such thaf
(L.;)EY(E.E). The proof now proceeds as in the proof of Theorem

. ray | i 7
Z, once we note that z€L".,x " (L).

Q.E.D.
Theorem D :- For the distribution economy defined above there

exists a DM-equilibrium.

Broot :- Let {(A; )", and A be defined as in the proof of Theorem
5.

For each a€A, let x; (a)={x@&", /ﬁ.xgyi »a.xSA | and  x
maximizes u; (y)subject to $.yéwi.a.y§Ai ,yeR"® ).

The correspondence x.Hd X i(.):A-)l", is non-empty wvalued,

convex-valued and has a closed graph. Further Va€aA, 2'p1 X

21.



(a)EmC.
Define the corresﬁondence f:AxmC->AxmC as follows:

= (mi - n ]
fa,z)=(minlmax{a; +z -4 ;,0), ;A /6’}) XK ey Xj (30

The correspondence f is non-empty valued, coﬁvex-valued. and
has a closed graph. Thus by Kakutani’s fixed point theorem there
exists (a® ,2°)€AxmC such that (a® ,2z® (€f(a®,z% ). Note 2 €rty,

LI (a® ). Now the proof proceeds exactly as in the proof of

Theorem 5, establishing the result.

Q.E.D.
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