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ABSTRACT

rizations of

I

In this paper we propose alternative charact
the Independence of Irrelevant Alternatives (11A)Y assumption, as
concelved in bargaining theory. We provide two distinct
enargcterizations, which, allows us to view both the defictencies

as weil as the advantages of the I11A axiom from a8 nhew angle.



1. Intreduction : In this paper we Propose alternative

characterizations of the Independence of Irrelevant Alternatives
(I1A) assumption, as conceived in bargaining theory. We provide
two dfstinct characterizations, which, allows us to view both the
detficiencies as well ze the zdvantages gf the T'lA axiem from &

new angle.



2. The Model :- An n-person bargsining probiem,” ar

S

point in £, such that (1) S is convex and closed, (2)

comprehensive, i.e. for all x€ S and for all ¥e- R

n
.

then y &S, and (4) there exicts XS with x»>d,

& is the feasikle set. Ezch point x of § is

(S,

if

a

simply &

problem. is a pair (85,d), where S is a subset of “fland d i 3

d) is d-

feacible

alternative. The coordinates of X are the utility levels,

‘measured in some van Neumann-Mc. genstern scales,

attained by +the n agents indexed by-1 € {1,,..,n}

through the

choice of some joint action. The point d is  the diségreegent
§

point. The intended interpretation of (S,d)

agents can achieve

;HQWpoint of S if they unanimousiy

is as follows : the

agree on

it. If they do not agree on any point, they end up at d. Let ="
be the class of a1} n-person proolems,

A golution is a funection F im” oD such that for ali (5,47

gp. F{3.,d) € §,F(c,d:, the value taken by the soalution F when

applied to the problem (S5.d4), is= called the sclution outcome of

(S,dy.
3. L1A and WARP :- [n this section we are

satisfving either one of the two following axiome

~dndepswndence of Irrelevant Alternatives

_.Weak Axiom of Revealed Preference (WARP)

(1iA> 1t (s,dre 3P,
Feg,d>
I'f «s,ave =P, (T.4re

s, and F(T,d) €S, then F(S,8)¢ T provided F(S,d) ¥ FiT.d:.

The definition of 114 is gtandard., The definition of WARP is

~an  easy extension of the conventional

2

definition

in

demand



anoiyeis and says that for two different bargaining problems with
the same dissgreement point if the solution outcome of the second
problem is feasible for the first problem, then the solution
outcomes for the first problem ig infeasible for the second.

We now establish the main concluzion of this section
Theorem 1 :- F : x° -» m? satisfies 1A if and only if it satisfies
WARP.
Froof :- (WARP) => (IIA) : Let the conditions of [1A be satisfied
where (S,d)e =, (T.d)EZP. T¢S and F(%.d)éT. Suppose F(T.d) #
'F(S.d). Then since F(T,d)eTgS., by WARP, Fis,d)é T which i{is =&
contradiction,

(11A)Y => (WARP} : Let (§,d)eg' and ('f_.d)ez,“. Then by
conditions (Z2) and (3) of the definition of a bargaining problem,
(S~ T,dyec 2. Suppoce F(T,d)es, F(T,d) # F(S,d) &nd towards =

contradiction that FiS,deT.

F(T.d)eSnT implies by IIA that F(SAT.d) = Fi{(T,d> and
FI(S,d)C8nT implies by 11A that F(SwT,d) = F(5,d).
However, F(E£,dy F F(T.d; leads to a contradiction and

cempletes the proot.

m
w
=
M
[}
iy

4. 11A and 11T :- In this secticn we z2gszume for the

gimplicity thst n = £, Let HEF

Fer (5,diel, we dencte by P (Z) the Pareto Optimal Subcet of

fta

sl
e
16

‘xeS/for all ve8, if y » x then yv = x}, and by P

(8. dy= {neF(s)r : x 2 d} the individuslly ratignal Fareto QOptimal

;set “of (S,d). Further SdE{xGS: ¥ dl, and W{(SY E {(x€S/y =

-

(yyv¥od. vyexge 1 = 1.2 implies ny}.

3



For reascne which &are primarily technical we make the
following blaniket assumption:
Assumption : - ¥ (S,d)eB, and x = (xl.xz)GF(S.d}. if there exists
(pl,pz) = pGRE. py t Pp T 1 such that py¥xy * PzXp 3 PyYq * PoYoe
= (yl.yz)ES. then py ? 0 and po - 0.
Nash (1350) proposed the following properties for & solution
F on B.

WPD t(Weak Pareto Optimaility) = F (S,dr1ieWis) for every (8.d)eB

>

IR (Iﬁdividual Rationality) @ Fy (S.d)y 2> dy. i = 1,2 for every
4
{(5.d)e8

1AUT (lndependence of positive gffiné utility transformations):

-
For all a. beR“ with a0 and every (S.d)eB, we have

Wi

F¢aS + b, ad + B) = a FiS,dy + b. Here ax (aixi. azxz)

for xC-R‘?. and aT={ax: xeT] fc‘.r-'TcRE.

SYM (Symmetry) : 1f (S.,d)eB is symmetric., 1.e. dy = d2 and
§ = {(Xp.%Xy) xeS), then Fy (8,dy = Fp {(s.d).

"I1A (lndependence of lrreievant Alternatives! : For atl (S.d).

(T,d)€B with ScT and E(T.deS, we hsve T(T,d)= Feg.d).
Nash (1950) proved the following thecrem.

Theorem 2 :~ The Nash sclution M o+ B - EZ j& the unique soluticn

| {N(5,d) = é?gmax(x1-d1}gx2.d2))
xi; dii i=‘l,2 ’ xes

The IIA-property 1= the most debzted property in the

with the properties WFC, TAUT, &Y™ snd 114,

literature on the Nash bargzining solution (se¢ &.€. Kalai and
Smorcdinsky  {(18753). What the 1A propesriy S8VS ije that if the
‘get of underlying alternatives shrinike while the ocriginal

solution alternative ie still svailable, then the new solution

alternative should he the ocriginzsily available solution
VIKRAM SARABHA) LIBRART
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alternative. Two other properties for s soluticn f on B are
defined as follows :

SIR (Strong Individual Rationality) : F (8,dy>>d for every (S,d)eB

PO (Pareto Optimality) : F t5,d)1€P(S) for every (5,d)¢B

A bargzaining problem can be viewed as a decision problem in

which the decision maker consists of the two bargainers ag =a
- group, and 1In which the decision cor compromise is the point
‘assigned by some solution F. In this context one might expect
that the "decision maker" would magimiée certain "preferences;"
formally, we say that the binary Aelat@onz,on R2 represents F {f

for every game (5,d) there i=s a unique point z with 232 x for =all

A RS T

x in &, and z = F(5,d)., In light of this we may =tate as in

Peters and Wakker (1£87).

Theprem 3 :- There exicsts a binary reiaticnzlen RZ representing f
1f and only if f satisfies [}]A.

This brings out the significance of the 114 axicm. However,

the unrezgonableness of the 11A a2xiom hacs given rise to & spate
of alternative axicome znd the tormulation we chail propose in

this parer ie one such, which st the same time highlights the
gimpie geometry of the I1A axiom. Cur formulation is= motivated by

the work of Shapley (19692), where he suggests method of

m

selecting a set of self-justifying

¥
2
£
m
1+
Lir]
o
-+
n
kot
[n)
.

& generalized
utilitarian sccial welfare functicn. This method also underiies
the definition of the "mcdified Sheplev value."

The property we suggest both sc a geometric characterization
of llA as well as an alternative to it rests on the supporting

hyperplane theorem (see Rockafellar (1970), Section 11, by which



L

Lor]
if F(5.d)eR and x€F(S) then there exists pGRi. Py * Pp * 1. such

[t

iz assumed t be

that p. x > p.y for all yveS. This holdes since

compact and conveyx for all (S,d)eB.

Glven PGRj;. Fy * Po = L, ¥ ¢ R and defs with p.d < p. X, we
denote S (p. x, ﬁ)E{yeRZIp. ¥ o p. X oand y & dl.
Hence (5 (p.x,d}),d) is a game in B.

We shall now mention the property which we propose in this

m
n

section as an alternative * to, as well
a partial characterization of I[TA.

T (Independence of Jlrreievant Transfers) :- Glven (S5,d)€RB, and

xeF(S5), if f(Sfﬁ;x?dglddés for some peﬁf*, Py t pp = 1, then
£(8,d) = f(S(p,x.d),d).

The Intuition behind 1IT is clear. Consider the weights p =
(pl.pz) which pizy the role of conversion rates that transform
individual utilities into some universal unit. in particular,

these welghts &act alsc as rates of transformation or rates of

gxchange bBetween individual utititles. Every choice of weightes p
= (pgys Pp) defings a svetem of transferable utility between the

individuaizs where the ratio of the weights determine the rate at

which utility side pazvments between the individuals are to  be
made. Cree wtllity g transferable we can  construct from  the

given game <(5,d), a simpler game (Sip,x,d),dy and apply our
goluticn concept fto this zame. In general the solution will not
be feasible for the underlying game. In such a case p = {(pyspo)

fails to justify itself. in the sense that these rates of utility

‘transfers, do  nct correctly reflect the realities of the
underlying situstion 2zt xeF(S). Therefore, & new set cof rates for

utility transfer must be examined and the process must be

o



repeated until a set of weights, savy ﬁ = (ﬁj.pga. is found having
‘the property that the solution to the associated eimpiified game
is feasible for the game (S5,d). Such welghts are self justifying,
ﬁnd the alternatives in the simplified game which do not colnelds
with the -=solution are irrelevant from cur stand point. Let us
make the following assumption about ocur bargaining solutian.

ACONT. ) (Continuity) : The solution F : B -» R< is continveous

ko o, 2@
. d )}k=1 of games belonging

l.e. if there exiczsts a seguence {(S

te B such that 1

\
%

Iim Sk = SC.R2 in the Hausdorft topology and lim dk = d‘ER2 and
k>0 R
(S,d) B, then 1 pPts%,ak) = F(s,q).
‘ R oo
It iz easily establiched by appealing to Brouwer's fixed

point theorem, that if F: B -3 RZ satisfies (P.0). (1R) ang
t(CDNT}, then there exists x"ep(2) p"eRi. Py + p% = 1 such that
f(S(p,x.d};d) = x*es. In view of this we can =tate and prove the
following main thecrem of this section:

Theorem 4 :- Let F: B -> RZ be a solution satisfving PO, IR and
CONT. Then 1A implies and ie implied by IIT.

Proof :- Suppose F satisfles ITA. Then IIT is immediate.

1

Conversely, suppose F satisfies PO, 1R, CONT and 11IT.
Let (8,ay and (T.d) be two games belonging to B and F(T,2) S,
We have to chow that Fi&,dy = F(T,4d),
By PO, IR and CONT.., there exists ¥ € B(T) ant pﬂ;Ri+.
- ¥

pI * Pz = 1 such that »° = FiS.p*.x*,d).d)GT

By 11T, F(T.d) = F(s(p*,x*.d).d)eT

But f(T.d)€S implies x™¥ = F(S(p*,x*.d).dres.
x’€¢P(T) and SCT implies x'ep:(s)
Hence by 11T, x* = F(T,d) = F(s(p*,x".d1.d) = F¢s,d)



The above thecrem provides a simple geometric explanation of
the T1A axiom whenever a solution gsatisfies PO, IR and CONT. It
says that consider the supporting hyperplanes to & game at each
Fareto optimal point and apply the given =oluticn to the
simplified game described earlier. If for some such simplfied
game the Fareto cptimal! point generating it coincides with the
solution to the simplified game then it is the solution to the

original game. It turns out that this iz what 114 iz all about.

5. Conclusion :- In this paper we provide two different
characterizations of the 1A axiom which ‘are Cintuitively

appealing and geometrically reasonable. 1t is hoped that these

tw

o

characterizations will help to put the 1A axiom in its proper

perspective,
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