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Abstract

In this paper we prove the existence of a market equilibria in distribution economies,
without using any fixed-point theorems. Our method makes essential use of theorems in

advanced calculus to establish the desired result.



1. Introduction:

In a series of papers written over a period of two years, Smale laid the foundations for
the calculus approach to equilibrium analysis in a pure-trade economy. The entire work has
‘been surveyed in Smale [1984]. Basically the paper uses two important theorems of advanced
calculus, - the imi)licit function theorem and Sard’s theorem to develop proofs of existence of
Walrasian equilibria in a pure-trade economy.

It has been argued elsewhere (see Lahiri [1993]), that in some contexts, what is more
relevant for economic analysis, is the concept of a distribution economy due to Malinvaud
{1972). This kind of economy forms the basis of the welfare economics of Dierker and
Lenninghaus [1986] and fix-price analysis of Lahiri [1993]. A distribution economy is a multi-
agent economy, with an aggregate initial endowment of consumption goods, which needs to be

distrioutea among the agents. Each agent begins with an income, which for the purpose of our
analysis, may be considered to be in the form of paper money (but is otherwise a payment from
the production sector, in lieu of a numéraire commodity which the agents supply to the
producers for the production of the bundle of consumption goods comprising the aggregate initial
endowment). Each agent pays for his purchases with his income. As in all of economic theory,
we assume that each agent maximizes his preferences subject to a budget constraint, so as to
make his consumption choice. A market equilibrium occurs, when the vector of prices
determining the budget constraints of the consumer, are such that all markets clear. Malinvaud
[1972], uses the Brouwer’s fixed point theorem to establish the existence of a market
equilibrium. He also proceeds to provide proofs of the first and second fundamental theorems

of welfare economics for a distribution economy.



In this paper we adopt the approach developed in Smale [1984] and proceed to provids
proofs of the existence of a market equilibrium in a distribution economy, without appealing to
| any iixed pbint theorem argument. This, it is hoped, would further clarify the theoretical

validity of a distribution economy and of a market equilibrium, in the contexts where it is

obviously applicable.

2. Mathematics background:

In this section we reproduce from Smale [1984], the relevant theorems in calculus which
are required in the rest of the paper. To begin with we have the following terminology:

Let f: U - R" be a function where U is some open subset of a Cartesian space R, k and
‘n being natural numbers. We will say that f is C" if its r* derivatives exist and are continuous.
(Here 1 is a natural number.) For x in U, the derivative Df(x) (i.e. matrix of partial derivatives)
is a linear map from R* to R*. Then x is called a singular point if this derivative is not surjective

("onto™). The singular values are simply the images under f of all the singular points; and y in

R’ is a regular value if it is not singular i.e. f*'(y) does not contain a singular point.

Theorem 1: (Implicit Function Theorem) If y € R” is a regular value of a C' map f: U — R®,
U open in R, then either f(y) is empty or it is a submanifold V of U of dimension k-n.

Proof: See Spivak [1968].

Here V is a submanifold of U of dimension m = k-n if given x ¢ V, one can find a

differentiable map h: N(x) - o with the following properties:



(@) h has a differentiable inverse.
() N(x) is an open neighborhood of x in U.
(¢) o is an open set containing O in RY.

(d hN®X) N V) = ¢ N C where C is an affine subspace of R* of dimension m.

Theorem 2: (Sard’s Theorem) Iff: U - R®, U € R*is a differentiable of class C, r > 0 and
r > k-n, then the set of singular values has measure zero.
Proof: See Spivak [1968].

Smale [1984] uses theorems 1 and 2 to prove:

Theorem 3: Let f: D'— R' be a continuous map satisfying the boundary condition:
(By) if x € 8D, then f(x) is not of the form ux for any p > 0.

Then there is x° e D' with f(x") = 0.
HereD' = {x e R' /|| x]] < 1}and 8D' = {x e D'/ | x| = 1}.

Theorem 3 is used by Smale [1984] to prove:

Theorem 4: let ¢: a; = 4, be a continuous map satisfying the boundary condition:
(B) ¢(p) 1s not of the form u(p-p.), 0 > O for p € éa,.
Then there is p° € a, with ¢(p’) = 0.
Here s, = {peRL/Zp' =1}, 6a, ={pea,/somep, =0}, a = {zeR/EZ = 0}.
Notation: Given vectors x, y e R' let xxy denote the vector (X;y;, X¥5, .-, Xi¥i, ---, XY € R

Letge R}, = {xeR'/x,>0vVvi=1,..,1}. Define



s(@ ={peRi/praea}, 8a(Q = {pea(qg)/somep; = 0}.

We have the following theorem:

Theorem 5: Let ¢: a;(q) = a, be a continuous map satisfying the boundary condition
(B’) ¢(p) is not of the form u(p-s) , pu > O for p € da,(Q) where s = (s, ..., S), & =

vi=1,..1

Then there exists p* € a,(q) with ¢(p°) = 0.
Proof: Define ¢: a, —> 4, as follows:
@) = $6(®) V/Ppea(@
It is easy to see that ¢ is well defined and that the boundary condition (B’) is implied and is
implied by the boundary condition (B). Hence there exists p* € 4,(q) such that

0 = ¢(p’+q) = ()
Q.E.D.

We need to state and prove one more result before we close this section.
Let Z: a, (@ {0} = R' be a function satisfying

®  p-Z() =0 Vpea(@-{0}.
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We shall call such functions excess demand functions.

Theorem 6: If an excess demand function Z: a,(q)~{0} — R'is continuous, then there exists
P € adq {0} such that Z(p") = 0.

Proof: Define a map @ A,(qQ) > A, by



q

- 1
@) = [_zi_(P] - [;@](ptq)
i1 \0

Observe Zi:‘si(P) = 0 | since pxq € &, V P € 4,(Q).

- . — YA ,
Further ¢ is continuous. If p € 8a,(q), p' = 0 and so ¢'(p) = —? 2 0. Thus (B') of

theorem (5) is satisfied since s, > O Vi € {1, ..., 1}. Hence by Theorem 5 there is p" € ,(Q)

with ¢(p") = 0 or
i ey )1 .
4G ). i i
Take dot product on both sides with L g ] to obtain using condition (i) of the
i /i1
. . Zip9Y .
definition of an excess demand function that _‘L— = 0 or that Z(p") = O since q ¢
i Ji=1
R!,. This proves the theorem.
Q.E.D.
3. Existence of market equilibria in a distribution economy:

We assume that there are 1 perfectly divisible goods in the economy, the aggregate initial
endowment of which is given by a vector w ¢ R},. We further assume that there are ‘m’
consumers in the economy, where m is a natural number and that the consumers are indexed by
i€ {i, ..., m} = M. Each consumer i begins with a strictly positive income w; > 0. Consumer
i’s preferences over consumption bundles are represented by a utility function u: R} - R which

is assumed to be continuous, strictly increasing and strictly quasi-concave (i.e. x, y e R{, x =



6
y, X # y=u®x) > u@y); x, y e R}, x # y=u(x + (1-t)y) > min {u(x), u(y)} ¥ te (0,1)).

Anr allocation for this economy is a vector x e (R})™. An allocation x is said to be a feasible

= m . . .
allocation if Lx' = w(x' e Rl vieM).
i=1
An allocation price pair (x,p) € (RL)™ x (R} +{0}) is said to be a market equilibrium if
(i)  x is a feasible allocation.

(i) X maximizes y(x)ontheset xe R /p-x <w}Vvi=1,..,m

m
i) po=Xw,
i=1
LetV = {xeR!/x < (+m)w}.
An allocation price pair (x,p) ¢ (R1)™ @11 {0}) is said to be a V constrained market
equilibrium if
(i)  x is a feasible allocation.

(i)  x' maximizes y;(x) on the set {x e V/ p-x < w}.
(iii) prw=Xw.
Notel + m = 2, since 1 and n are both natural numbers. Hence we have the following

theorem:

Theorem 7: (x,p) is a market equilibrium if and only if it is a V-constrained market
equilibrium.

Proof: It is obvious from the definitions, that if (x,p) is a market equilibrium it is a V-
constrained market equilibrium. Thus suppose (x,p) is a V-constrained market equilibrium, but

not a market equilibrium. Thus there exists i ¢ M and x > (I+m)w with p-x < w; and u;(x)



m
> u(x’). Since L&' = 0k < . Further (I--m)o >> w since w € R}, and 1+m = 2.

i=1

Hence there exists t € (0,1) such that I4+m)w = tx -- (1-t)x' and by strict quasi-concavity uy(tx
+ (1-9%) > y(x). Further p-(tx + (1-)x’) < w,, contradicting that (x,p) is a V-constrained
market equilibrium and proving the theorem.

Q.E.D.

Let q € m—l-(w); q € R.,. Define x': A(q) {0} = R! as follows: x'(p) maximizes
Tw,

i=1
u(x) on the set {x e V / p-x < wl.
By the assumptions on our preferences, x' is well defined V i ¢ M, continuous and satisfies
px{p) = w; VieM, Vpea(g {0}
Define Z: a,(qQ) {0} = R'as follows:
Zp)= Tx'() - W
iem

Clearly Z is continuous and since p € a,(@)\ {0}, p-Z(p) = 0. Further if p; = 0 for
some P € a(q) « {0}, then since preferences are increasing, xi{(p) = (I+m)w; Vie M. .. Z(p)
= ml+m)w, - w; = (ml+m>1)w; > Osince ml + m? > 1.

Thus Z as defined above is an excess demand function. By Theorem 6 above, there

exists p € a,(qQ) ~ {0} such that Z(p) = 0. Letx' = x'(p) Vi e M. We thus have:

Theorem 8: For the distribution economy defined above there exists a market equilibrium.
Proof: (x,p) obtained above is a V-constrained market equilibrium. Thus by Theorem 7, (x,p)
is a market equilibrium.

Q.E.D.
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Remark 1: We have obtained the above theorem under the strong assumption that utility
functions of the consumers are strictly quasi-concave. In most of economic theory however,
results are validated under the assumption that the utility functions are semi-strictly quasi-
concave i.e. Vie MV x, y € RL, u(x) # u(y) = y(tx + (1-t)y) > min {u(x), u(y)} Vte
(0,1). In this case, V i e {1, ..., M}, the x"’s obtained above are not continuous functions but
are convex-valued correspondences from a,(q)* {0} to R} with closed graphs. Thus Z as defined
in this section turns out to be a convex-valued correspondence from a,(q) ~ {0} to R! with a
closed graph. In this case we need to appeal to Lemmas A IV-2 and A IV -3 of Hildenbrand
and Kirman [1988] to obtain an approximating sequence of continuous ‘excess demand functions’
and then appeal to the compactness of a,(q) to obtain a zero of Z which belongs to a,(q)™ {0}.
It is easily seen that Theorem 7 continues to hold if strict quasi-concavity is replaced by semi-
strict quasi-concavity. The following Lemma leads to a possible further weakening of our

assumptions.

Lemma 1: Let f: R. - R be continuous, strictly increasing and quasi-concave i.e. x, y ¢ R
= f(tx + (1-t)y) = min {f(x), f(y)} V t € [0,1]. Then f is semi-strictly quasi-concave.

Proof: Suppose not. Then there exists x, y € R} with f(x) > f(y) and f(tx + (1-t%y) = f(y)
for some t° € [0,1]. Let ¢ = (ey, ..., €) € RIn{0} such that f(x) > f(x-¢) > f(y). This is
possible by continuity of f and the fact that f is strictly increasing. By quasi-concavity f(t°(x-¢)
+ (1-€)y) = f(y). On the other hand ’(x-¢) + (1-t%y) < t% + (1-t%y and hence since f is
strictly increasing f(t°(x-¢) + (1-t%y) < f(t% + (1-t%y) = f(y) which contradicts what we have

obtained above and proves the lemma.
Q.E.D.
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Remark 2: Our analysis above does not explicitly recognize the fact that all income held by
consumers is in the form ¢f a numéraire e.g. the units of ‘standard labour’ a consumer is
“endowed with. However, once we recognize the fact that for a certain level of production of

produced consumption goods, ‘aggregate leisure’ is an output of the production process (say L),

w
then we can define q as Y w. —f,) and obtain prices as above such that the market for
1
ieM

produced consumption goods clear. As an easy consequence of this, we will obtain the simple

fact that the labour market clears as well. Hence there is no loss of generality in our analysis

above solong as L < X w,
ieM

4. Conclusion:

In the above analysis, we have proved the existence of a market equilibrium for a
distribution economy, without using any fixed point theorem argument, but by resorting to a
simple calculus approach. The framework of a distribution economy rests on the existence of
a unique commodity in terms of which all costs and values are measured e.g. a labor theory of
value. In the process of proving our result we have appealed to four significant, yet simple
mathematical results, which already exist in the literature. Thus the contribution of this analysis
to extending the mathematical frontiers of economics is at best marginal. What however is
significant, is that these results can be used to establish the existence of market equilibria in
distribution economies - a framework of analysis which is thus robust and often more realistic,

than what exists in the literature.
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