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ABSTRACT

In this paper we propose restricted expansion independence
as a criterion which may be satisfied by desirable choice
functions and axiomatically characterize the proportional
solution by using this criterion. We also show that the
proportional solution satisfies an improvement sensitivity
proparty on a reasonable domain. The theory of solutions
to choice problems is used in the paper to define solutions

for coalitional bargaining problems.
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{. INTRODUCTION :

In recent vears, considerable work has been
done in axiomatically characterising solutions to choice
problems in Euclidean Epaces. Briefly, a choice problem is an
ordered pair of a set of alternatives in a finite dimensional
Euclidean space (from which a choice has to be made) and a
vectar in the same space tvariously refarred tO as a claims
paint, target point) which affects the choice. It is
difficult to pinpoint the exact genesis of the analvtical
study of choice problems. However, Chun and Feters (19887,
Bozgert (1922}, Bossert (1957: are some egrly studies in this
airachion, foilowed by  Lanir: (12%4  a.b) where alsno some
recent aviomatic characterizations of sclutions to choice
progleme arz  available. in an gariiz2r paper, Lahiri (19915,
an 1nteresting monotonicity property of solufions to such
problems proposed in a related contexrt by Yu (1973 fiﬁds
expression. The line of approach adopted 1n all but the last
work has 1ts roots in the study of bargaining pcoblems. which

by now hasz been surveyed exhaustively by several authors.

In Lahiri (19%4a; we provide an axiomatic
charaterization of what 1is known in the literature as the
proportional solution, This =olution associates with =ach
choice problem, the point on the efficient frontier of the
feasible set which liese on the line jyoining the origin to the
target point. This solution closely gensralizes the ralative

agalitarain solution dus to Kalai and —
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3 Smoraodinsky (1975), a8 do w0 many others
including the solution proposed in Lahiri (1994 b). A crucial
assumption used in this axiomatic characterization is
restricted monotonicity, i.2. if two choice problems have the
same ¥arget point, and one feasible sat ie contained in the
other, then no co-ordinate of the solution to the smaller
problem can exceed the coresponding co~ordinate ot the

golution to the larger problem.

We have nothing whatsoever against the above
axiom. However, it would be desirable to find out {f a weaker
axiomatization could do the job. Buch an axiomatization 1s
nDasically what 13 proposed 1n this paper. Some what modifying
2 =zimilar axiom for bargaining problems zuggested in Lahiei
(1995) we have an axiom called restricted expansion
independence which now replacss restricted monotonicity. It
18 1nstructive to note that restricted monoataonicity along
with efficiency (a property common to both axiomatizations)
implies rastricted expansion independence, s0 that now we
have a proot which warks for 2ither akiomatic
characterization, The proof itself is an adaptation of a
proof which appears in Moulin (1988), which was earlier used
in characterizing the egalitarian solution. The interesting
thing £o note here is that although the proportional solution
generalizes the relative egalitarian solution, identical
techniques do not hold for the axiomatic characterization of

the latter.



It has been argued in sevetral placea, that
axiomatic choice theory i85 a theory of concensus and breaks
dawn as soon asz one admits coalitions to form as in
coalitional bargaining games, Hence independent axiomatic
characterization of solution to coalitional barganing games
have been provided, where the solution to the gama is only
ramotely (if at all) connected with any underlying choice

problems,

Dur atand point in this paper is zomewhat
different, We faal that when a coalition has to decide on a
solution, 1t would treat the problem as one of solving a
choice problem. In effect the coalition should view_itself as
a given entity and whatzsver coalition tormation 1t should
guard against, should be appropriately summarized in a target
payoff for each members of the coalition. Assuming this
position,we provide a method of obtaining a solution to a
coalitional bargaining game. In order to exhibit the
desirability of wusing the proportional solution for the
purpose of obtaining a value allocation for a coalitional
bargaining problem by our iterative method, we show that it
zatizfies an improvement sensitivity propertsy in the final

section of the paper.
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Let M, a finite subset of the natural numbers
denaote an index set. Lat R™+ be the set of all functions trom

M to R+ (the set of non—negative reals). If x € "™+ and i €



M, then =(i) is written simply as x¢. A choice problem for M

is an ordered pair (S,c} such that

(i) £ € R+ with ©4 » OVi € M
(ii)8 is a non—-empty, compact, convex subset of [R’:_
(iii} 5 is strictly comprehensive, 4.e. (a) y € &, wheraver y
€ R+ and y 2 X for some «x € 8, (b) %,y € By « & y, %
is not equal to y ====> 2 € 5 with Z, > x( I € M.

Let & (M denote the set of all choice problem for M.

A solution on ﬁ (M) is any function F 3 ﬂ
(M) -3 R™+ such that F (S,c) € 8 ¥ (8.2) € £ an
The proportional solution F 1@ L (M) ~—- R™M

is dafined as follows @
F (8,c) = ¢t (S,e) ¢

anere t (S,c) = max {t € R+ / tc € Sy and (S,c € { (M.

An axiomatic characterization of the proportional solution is
available in Lahari (1994). It 1is easy to see that the

proportional solution satisfies the following axioms 1

Axiom 1 (Efficiency) : *(S,cy € § (M), y € B, y & F (5,2}

-

Axiom 2 ( Scale invariance ) : % (8, c)} € £ Uy, a € R,
F (a8, acy = a F (8,c)
(Here for x € R™,, @ € RM,, (axiy = a4 w4y ¥ i € My for § €

RM,., a5 =2 {ax / x € a3}



Axiom T (Anonymity! 1 (S,c) € £ M) #i,j €M, 1f (T,d) arises
from (5,¢) by interchanging the ith and § th co ordinates of
the points of & and of ¢, we have Fy (8,c) = Fy (T,d}, F,

(S,c) = Fy (T,d) and Fy (8,¢) = F, (T,d) ¥k # i,J.

Axiom 4 (Regtricted Expansion Independencea) If (B,c), (T,c) €
§ M, scTandy €T, yrF (S,c) implies y = F (S,c) then

F(S8yc) = F (T,c?.

I. A characterjzation of the Froportional Solution 1
Theoram t : The only solution on ‘(H) to satisfy Axioms 1 to

4 is P.

FProof : Let (S,cy € 6 (M. If S = ¢3), there 13 nothing tco .
prova. Hence assume 5 $# (o). Thus there exists a strictly
positive wvector in S. Hence Py (S,c) - O, % i € M. By Axiom
2 azsume €y = B,4i,J € M, Thus P4 (S,c) = P4 (8§,c) = 5 » 0
“ 1,3 € M, Let e € R+ bea such that~q: = { ¥ 1 €M, Clearly
¥ i € M, there exists a vector ai € S with ag* < u  and az* >
m if f i. Let x = aén a;*. Clearly « » u. Let V* € RM,
with Vet = a0 it 3§ i, vyg* = 0, Then V4 ¢ at and by

comprehensiveness of S5, vt € 3, VY Le M.

Let T = Convex hull 0, [tver, i€ M],n €3. Thus T ¢ S. By
Axiom 3, Fy (Tyecy = F; (Tycr %4, € M, where F is any
solution satizfying Axioms 1 to 4. By Axiom 1y F({T,c) = p e=
F (S,c) . ESince F zatisfies Axiomn 1. y € 3, v = F(T.c)

===» y = F (T,c)., By Axiom 4, F (S,c) = F (T,c) = F (8§,2).



4. A Theory of Value For Coalitional Bargaining Gamez : The

solution method discussed above lzads to a theory of value
for coalitional bargaining games. Let wus firzst define a

coalitional bargaining game,

Lat N be a finite s2¢t of players. N is caliled the player set.
A4 coalitional bargaining game 1is a s2t valued function V
defined on all non-empty subsets of N such that % M g N, M #
Bg. VMg RM.. (A non- =2mpty subset of N is called a
coalitiony. WNe shall consider cpalitional barganing games &
which satisfy the following property @ (a3 V ({ili= {(p)

i € N

Y vm.;_m,mfa.

M'£'2) Y4 1s compact, conver, strictly
comprehensive and  VI(M; f {0), Let {adenote the above set of
coalitional bpargaining games (here after referred to simply

as games;.

A domain is any subset D of Qf

A solution on D is any function 6 ¢ D ——=>» RN, such that 8
Yy & Yty % Vv € D,

We are interested basically 1n finding a method of
implementing a snlution on D by a collection of solutiens to

choice problems. We thus define a method B = (Fu)

]

=4
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i
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1 2
ag & collection of solution to choice problzms where fach Fe

15 a2 solution on ﬂ My, satisfying Fu (T3 2 O T € 6 (MY,

T # o).



For ™M o N MF @ M= 2, let B™ = Fuo, (VM) w (VU3

vihara

14 (M (M = { oMy with u™y = max., %4 ¥ 1 € M. (VMDY 1e

xes
called the utopia point of V(M:.
1
lat P2y = ———e————— T e
(n-17 Mpi
For M o M, It f S. MU i s 2ylet BT = Fe Vi, BT
1
=ﬂfj c‘tM| et E: t*“
|N' - k% Msi.
(N: - 1

Tha mathod g\lmpiementa fhe sojution G on D 3 f

(W = Fag 1V MY, Be'm -ty e By

Alternatively, the method ¥ defines the solution G on D if
B AV = Py (MM, By TNt =Yg D..

In the above w2 hava 1n the process of defining the vectors

Cimi=t, M ¢ Ny ™ # B, azzumsd that =zach

I

saant 1 zan wmith

egqual probabiiity assoriate with any Zoalition of tne same
coardinality and @€:'"'-i is the =2xpectes pavoff to player 1,
1f he 15 to Join 3 coalivion of size iMi-1. When the payoffs
for an  agen® in a coalition is determired, :t iz r2aszcnable

to  assuwn:a (a) that the formastion of the Coslition is an

acceptad facty and (br eupected payotifs from sub coalitions



of smaller size affect the payoffs to the agents belonging to
the coalition. A solution to a choicz2 problzm would then
assign a "fair" outcome to the coalition, based on the above

considerations.

(]

Example 11— Let M = { 1,2,337 Let V ({13 = {G) < 1 € N,
Vo1, Jd) = { gy tgd € Rat3+92 /g + 1y 2 v ({iy33))
o 1.3 £ K

V({2,323 = { x € Ry$3-3+33 v w3+ xg ¥+ xg & v ({1,2.333)

-~

‘Let Fu be the groportional solution = M €M, M # o iny = =.

v (,{.}-..J:i;‘

o e e i, = K
v (Lig33) FEEE Y .
€2, = —mme——m———e 4 e for iyd.k & My ifk, JFikFL.
3 a
2:,
BT = e w01, 2,30 < i € H.

Mow, 82, + Big + 825 =1 [v ({1,337 + v (LiJkdy + v (Dj,kd) 1]

Hence 4T & M mee e e e e e e e e VER S TS FIEAY
ol SR
Clearly I3 ., 83y =V ({1,Z,30)

Now suppose v (D1,33Fr = b % 1,3 ¢ {1,2,33.

Theretfora €3, = 172 v ({1,2.33)



If & ({1,2,3)) &£ I/2 b, then ( &¥%,, &3..833x} belongs to the
core of the game V.

It is pertinent to mention at this staae,
that the aggregation procedure used for finding the points,

et*‘ 1 e N‘ t

-3

«ueey iNt - 1 can be considerably

fl

generalized. Let Ly (t) be the coalitions of sizte ¢t
zontaining 1. Let Xa(£) =2 TT € c1<¢vs RMed ke may define
an aggreagation rule for i at stage t, to be a function t%; &
Xy (&) ——> Roo sch that o € Xg (£3y d € Wa (23, ™y = 4™ &
M € Citt) implies fFe4(cy = £*=,(d) i.e. the aggreaation rule
for 1 a% any stage i3 independsnt of what athers in any
soalition  Icontaining 1 s asisinlna. Thls o 1s r@Eally not e
WY ZErious rsstoisl L on, - Yet annther arxamdle of sucnh 2
rulea could be fFe.c) = omax (@7, M E Cidty 3, % i € Ny,
This assumption sharpens the underlving theory considerably.
KWa nhave however, chosen a specific agaregation rule at 2ach
3taga i1n order tgo focus on the solution conczpt rather than

an the aggr=gation procedute,

5. Improvement Sensitivity Property of the Froportional

Solution :

In this section we =xtend the definition of
impovemaent sensitivity for bargaining problems as stated for

instance in Faters [19921 to exhibit the

it

ame proparty on o

Subdaomain of g (M.



Let D = £iS,cr € 4(M) + ¢ € R™n3). D is the
st of choice problems in e(M) for which the targ=t point is

not attainable,

Ltet C* (S,¢r = { k ¢ [Q,a* (B,c)] -—> R, /

L(G) = G, k 16 concave, continuous and increasing)

for 1 € M.Here for i € H, at (5,c) = max {Cge Mxy (513

Whera wy (8) = max x,

zeS
For S.e) & D, 1 €mn ke € CtSio), ler k1 (S) . Ki(zi) be
defined as follows :
oz 2 R, owith REY ioy o= oo W f e RALuzy o= R oI
[ 4 _lu": - -F:'I.F‘Q ¥ }= 3 ..Jl: =f 1, ¥ 4 = 3y 17w IES
Cimarly (k{5 Wr {3y € Do

We shall now show  that & 1 %(Hb - RM
satisfies the following property ¥ (8,06 € Do k? (Pg(S,c¥) &

Fyg (B2 (S), k3 (i) whenever 1 & M and k* € CL(5,c
Infact by Axiom 2, we may aszume kt* (L, = €4
Suppose towards a contradiction k¥ (F(S,ec1) @ Py (kP (5F,z3

Now P, (S,c) < of and R* (cg) = Cg, kl(ay, = () and k* concaye

implias kd (Fy (S,cr)y L By (5,Cr.
.Therefare

Filktins,cl Kt (R (B.o) Fi (B¢t

. ———— ——— T —— - o ——— — i —— . A L —— - - — - - ——



Pstier (S),c) Py (S,c)
- - ¥ ¢ i

=

Hence P, (k*(5), <) » F, (S,c) vidi.
But k3 increasing implies (kt) —* (Fg(k*(S),c)) > Py (8,cC).

Further ((kf)—=* (F(k*(S), <)1), g (k*(5),c)) € S,

This contradicts the fact that P satisfies efficiency.

Hence k3 (F {S.cx}y & Py (E*(S), <

satisties what many be called

solution
. g2

the proportipnal
res¢rictsd and

Thus
ansitivity on 2 Fomeshat

9t

LaproYenent

reaszonable sub~domain o 6 o
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