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Abstract

Two appeating independence properties have been used by us
to characterize the egalitarian, wutilitarian and relative

egalitarian choice tunctions.



1. introduction :- In Thomson (torthcoming) can be tound an
independence property tor multiattribute choice problems catlled
"expansion independence". The purpose ot this note. 1s to show
that along with efticiency and symmetry, this property uniquely
characterizes the egalitarian choice function., and this property
along with shift invariance characterizes the utilitarian choice
function. A variant of this property characterizes the relative

egalitarian choice function.

&. NMuttiattribute Choice FProblems :- A multiattribute choice
rroblem is an ordered pair (S.c) where OEScR" and cé€R " for some
NEN (the set ot natura!l numbers). The set § is called the set of
teasible attribute vectors and the point c is called a target
point.

We shall consider the tollowing <class £ of admissible

multiattribute choice problems: (S.cl)€f if and only if

viy S is cocmpact and convex
(i1 S satisties minimal transtferability: x€S5. x i »0=3v€Es
with v, ~ % and Y5 ;ij ioe 1,

£

tiiiy S 18 comprehensive: xE, C:wywx =. y&S,
= =
(Here tor x,veER" . X:v means x; vV i€, ..., n}
X2y means X2V but x # yi: x,,vy means x iéyiVi=1,....n1.
A domain 1s any subset D of Q.

A tmultiattribute) choice runction on D(g@) is a2 runction

F:U - R" such that Vi¢5.ci€EDL. FLS.cI€5.
Let F:D - B" be 3 choice tunction. Three important
properties orten required of a choice function are the following:

(F. 1) Efficiency :- V(S.c)EDL, x€S,x:F(S,ci=,x=F(S.cJ.

(F.2) Symmetry :- If V¥V permutation ¢:N- N, ¢6¢(35)=5 and cics=c.

then F; (S.,c)=F;(S,c)V i,j€ll,...n). Here for x€R",

c(x) is the wvector in l“,whose ith coordinate is X (i

and o(S)={c(x):xES}.



(F.3) Scale Independence :- Y(S.CIED, aelnﬂ ,(ax.S.a.c)€ED =

Fx.S.x.cr=ax.FtS5.¢c),
Here l“H = {xdn, /x1 »OV i=l,....nkt & x=lxy X ,....rxnxn)Eln,
for x€R", and &.S5={x.x/x€ES).

An important domain, studied traditionally 1In axiomatic
bargaining (and where our analvsis) will be restricted |is the
tollowing:

Qu = {(5.c)E@ /c=uls) where y (Sr=maxix ; /x€3})

Problems (S.c)eﬂu will be denoted simply by §S.

Let F: Qu —;l“be a choice function. Two properties that we
shatl investigate separateiy are:

CE L 49 Lxpansion independence t- VS.TEQu . T,

FISIEP(TI={xETry2sx =2 y=x} =2 F1Ts=F15),
This property is due to Thomson (forthcoming).

(F.5S) kestricted Expansion !Independence :- VS.TEQU .

utS)=u(T), SgT, F(S)EP(T! =,F(T)=F(S5).
In investigating the above two properties, we shall be

characteric:ng the following two choice functions:

—+

ta) Fp o £ —»R'ﬂ cziled the egzlitarian choice tunction and
detined as
FE VS =ie. where I=maxd;_;0:19€5}, e being the vector ink"
with al!l coordinates being equai to one.
(b Fpp ot £y -fRn+called the retstive egslitarisn choics function
and detined as
Fep (81 =-A—.ut5». where _)—.=max{)é0/k_n.5)653.
The two solutions have been discussed in Moulin 1988 for

instance.

3. Characterization of the egalitarian choice function :-
Theorem 1 t- The only solution on Qu to ssBtisfy efficiency,
symmetry and expansion independence is the egalitarian choice
function.
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Froot :- 1t 1s easy to verify that FE satisties the above
conditions. Conversely ESuppose F:Qu -?l“,be any choice tunction
gatistving the given properties. If S=10)}, then F(S)=0=F (5). 5o
assume S ¢ {10). Then i=Sup(1£O/l.eES})0 and A.e€EF(5). By minimal

transferability Vi€ti,....n}, 3 v'!€es such that v'iki. v*j>i it 3

¢ i. Let a=min vi

e Clearly oA Detine tor i€{1,...,n},
131 # iin

alﬁﬂ“, such that a% =o tor i @ i. ali=0 a ! éle i and hence by

comprehensiveness, ai €S. Let T=convex hull {O.a}....a'1
ie)ieEPtT) and hence by symmetry, FkT)=I.e€P(S). Thus by
expanslon independence. F(S)53.9=FE (5),

Q.E.D

We are thus able toc charascterize the choice function FE
without Nash's Independance of Irrelevant AlternatiQes
Assumption, which goes as follows:

VS.Te@, . T. FLTIES =- Fi51=F(T),

Vari1ants ot this assumption have been severely criticized in

the literature as for instance in Sen (1993:.

4, Characterization of the utilitarian choice function :-
A in Lahiri (1993: we consider the domaln
fu = {SEQ; + x,vEF(S), tEvg. )= tx+vl-t;y € FeS1},

On such domains we may define the utilitarisan choice function F

ut
0
Y -oR" a5 tollows:
< = [y ul
Fut t&7 3TE WaxXx ‘L i Xy
X ES

It 1s easy to see that this choice function is wel!l derined.
In Lahiri (1993, along with HNash's Independence of Irrelevant
Alternatives, etficiency, symmetry and a property called "shift
invarnance", we unigquely characterized the utilitarian choice
function. In this section we do the same by just replacing Nash's
Independence of Irrelevant Alternatives by expansion
independence,

Let F: Q% —;l“‘be 3 choice function

tF.6) Shift Ilnvariance :- VY SEQou.V mzk'ﬂ, 3

(ol C o
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tal) A ln') = F(S)-a.

Theorem_ < :~ The only choice tunction on Q°u to satisty
etticiency, syvmmetry, shift-invariance and expansion independence
is the utilitarian solution,

Froot :- That Fut satisties the above properties 1is clear. it
§={0t. then F, (S)=F1S)=U. Hence assume S5 ¢ (0} and F:e°% ->R",
satisties the above properties. Let x' =Fu (S and-i=sup{X£O/x'—
20€R", 1. Let a=x'-%1e and T=i5-ta)) AR", . Clearly F, (Ti=2e.
Let U be the largest symmetric set in £°“. which is contained in
T. Ev erriciency and symmetry and since ieEP(U) we have FtU)=Ie.
But ieEPkT) and by expansion independencs F(T)=Ae. By shift

]

invariance F(Si=zx =%t ¢

|34}

i .
Q.E.D.
5. Characterization of the relative egalitarian choice function:-

Theorem 3 :- The only choice function on @ to gsatisty
u

erficiency. svmmetry. scale independence and restricted expansion
independence is the relative egalitarian solution.
Frgof :- That FRE satisties the above mentioned properties is
once again easy to verify.

Thus. let F:f -R", be a cncice function satisfving the
above properties. lt S=1{0}1, then FxS)=O=FRE(S). Hence. suppose 5

¥ {01}, By scale invariance, we may assume u(Sjl=e. Let F RE

(S)=R.e. Clearty R:U. Consider the set T=convex hull {0,
IR N A8} where e; 15 the ith (unit) cogordinate vector in
B". TS, u(Tr=utSi=e. By symmetry and efficiency F(T)= .e€EFP(S).

Evy restricteg expansion inderpendence. FtS)=F(T)=FRELS)‘

Q.E.D.
5. Conclusion :- Two appealing independence properties, which
exist in the litersature, have 1in this paper been wused to
characterize, three different but well-known choice functions.

More recent (yet ditferent) characterizations of two ot the above
choice functions can be tound 1in Livne (198%9). The earliest
known analysis of the expansion independence property can be

found in Thomson and Myerson (1%80).
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