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Abstract

In this paper we study the responsiveness af choice

functions to shifts in multiatiribute choice pProbtems.



1. Introduotion :- In this paper we study the responsiveness of
chojce tunctions to shifts in multiattribute choice problems.

A multiattribute choice problem is5s a feasible set of
attribute vectors contained in the nonnegative orthant ot a
tinite dimensional Euclidean space, together with a target point
which is also contained in the same orthant. A choice tunction
defined on @ set of multiattribute choice problems, assigns to
each problem a feasible attribute vector, A chift in a
multiattribute choice problem moves the choice problem inwarde in
a specified direction. The theory of multiattribute choice
Froblems has its origin in a series of papers by Chun (1988),
Chun and Thomson (1992)., Chun and Feters (18989), Bossert

The first property we study in this paper is monotonicity
(of cheoice functions) with respect to unilateral chifts. This
adapts to our chosen domain the concept of monotoniecity with
respect to the disagreement point due to Thomson (1987). oOn
domains similar to those studied by Thomson (1987), we obtain
Bimilar results with slightly modified proofs. On a somewhat
extended domain studied in Lahiri (1893a.b,¢} we cbtain the
resuit  that the egus! loss choice function and the choice
fuﬁction which selects the unigue efficient Point on the straight
line connecting the origin to the target point both satisfy
monctonicity with respect to unilateral shifts,

Subseguently, we proceed to a stqu of a2 property caltied
concavity with respect to shift. which adapts to cur framework 3
céncept dus to Chun and Thomson (12203,b). We show that concavity

with respect tc shifts imply 8 certain stability property of the
choice function.

2. MNMultiattridbute Choice Problems :- A nmultiattribute choice
problem is an ordered pair (S,c) where OEScR", and c€R"™, for some
NEN (the set of natural numbers). S is called the fessible set of
attribute vectors and o is cailed the target point. We shat}l

consider the following class @ of admissible choice problems:
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(S,c)EQ if and onty if

i S is nonempty, compact and convex;

(ii) ] satisfies minimal transferability : VxES
Yie(y,...,n}, if x; 20, thers sxists y€8 with v x

i 7 Viei,

(iii) 5 15 comprehensive: QLy<x&€S =:y€S,

iand

Y

A domain is any subset of £.

Let D be a domain. A (multiattribute) choice function 1is a
function F:D->R™ such that F(S,c)€8 V (3,¢) 6D,

We shall consider two important domains apart from @ itself
in the subseguent analysis.

ﬂu = {(5,c)el /fc=ul(8) where Y (3)=max {x,; /xEG}}.
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The domain Qu is referred to in the litaerature as tha ola

“n
1]

2% bargaining problems. We shall refer to £° a5 the «=lass of
proper multiattribute choice problems. |t is easy to verifvy *that
£4C. in the above for x,yER® .xéy<=>xi;y iVi:l,...,n:ix;yazfg;y

—
-—

and x # y;x>oy<=ox .y YVi=l, .., m.
On Qu wa considar the following two choice functions:
.@h . . . )
(ty Fy 1@, ~»R%, is catled the Nash choice function and definsd
as

Fy tS) = arg max (= HEEEE.
x5

(2> Fg  :gy ->R", is called the Rgalitarian choice function and
defined as -
Fe (S) = A2 where i=max{3,};0/ﬁ.aes}.

On €° we consider the following choice function

. Q . . . .

(3) F“ : £ —;R“* 15 called the retative sgalitarian choics
function and definaed as
Fee (S.c) = e where A=max {A30/Az€S).

To define our final choics function we consider a subdaomaln
e of £ :

- ~ oy eend . im .
@ = (5,22€@? /e-tnin C{ 195} whare & is the vactor
i



in BY with atl coordinates equal to 1.
(4)  Fg f-—)ln,is called the equal loss choice function and
defined as

Fg, (S.¢) = le-(min ¢ Jel+k (min o )e
i i

where 1 = max{320/[c-(min <y )a+i(min Cy )eES},
- i i

Let D be a domain and (S.c)ED. 1f given a€R ", (S¢5),c-aeDp
where S(ar={x-a/x€5:M", then we say that (S(a),{c-3)) is a
shift of (S,c¢reD.

Let F:D ->R™be a choice function. We 53y that F satisfies
monotonicity with respect to unilateral shifts It ¥V ieit,..,.n1V
*£; ;O.a=qia.{S.ci.aSia}.c-a?ED implies F i(S(a}.c-a}+ai§F i(S,c}.
Ma say that F satisfies strict Manotonicity with respect +o
unilateral shifts if V iEil,....n}Vhi }D.a=aﬁf8.c),{S(a}.c—a)ED
impiies F! (S!a).c-aﬁ+qi}Fl (S,ci.

We say that F:D -> R" i3 concave with respect to shifts if
V(S.c1ED, (Stat.c-ay, t8ta’r.c-a’),5¢0tat “l-tia’e-tadi-
t)a’)EDVEELO0. 1] implies F(S(ta+£1—t>s’}.:—ta—f1-t)a’33tF{5{a).c—

ayr+(1-tryFi(sS(a’;,c-a”’)

3. Monotonicity with respect to untilateral shifts on Q':-

A choice function F:D  -» R, is said to be srficient if
V(S.cJED.ng(S.cJ.xES =+ x=F(3.2), It i3 said tg bha scala
independent  if (S,¢)ED, ta.S5,a.c)ED  for s€R ", implies

Fla.S,a.¢)=a.F(S,c). (Here for eR" ,vR" PXAYELX Y Y veaaLx yn')
and  for SQRY, x.S=(x.y/ves), R", =(xeR" /xp 20Wi=l....,n1.) A
choice tfunction F:D -3 R"* is said to satisfy strict individual
raticnality if V(5,c)ED, F(S.c)>»>0.

. N n 3 A
Theorem 1 Both Fy :Qu -> R'%nd F E* Qu -2 R",satxsty
monotonicity with respect to unilateral shifts, In fact they do
50 strictly,

Froot - FN satisfias gtficiency, scale independencs and strict
individuai rationality, Let Segu S e {0}, 3Txy @, x4 DOS(a)GQU.

By scatle independence we may assume. FN (S)=a,



Since a-aES(a), g 31 {#Hq X j Since x+a€s, (% +ax )Rjii X

<l1. By strict
- (xi +’xi) "njzl X; 4x; . Similarly (l-a 2 (x Pt )

n
{(xi +«i}n j=1 X

T T
131 ‘xl

This

individual rationality, x. >Q, if Sta) # {Q}.

3

) 1
i Thus X ?(1—ai)(x i+“i}' Thus x i 7% | TE X
implies since & 20, x ; +x; »1. If S¢a)={0}, then

t-a; €0 i.8. o +0>1 and hence F 'W(S(all+x >F 'y (S},

i
Now

SEQ].ai}O,

let

a'r_xi

us consider F; :¢ .- R" . F iz officient. Lat

9.5(a)€Q, . Suppose F'p (S(a))+x;iF (5. Thus Fl

(S(a)4F g (S)-a; <Flp (8). Sinee FJp(S5(31)=F L(gtar) Vi=1,....n.
Fi (S5)=F 5(5) ¥V j=t....,n and Fg (S)-a€5(a), wa gat Fy (5)-

a+Fp (S¢31), contradicting tha efficisncy of Fg o

4.E.D.

4. Monotomicity with respect Lo unitateral shifts on other

domains

Theorem 2

Proct -

= (i) On 2° .F“ satisfies monotonicity with respact
o unilateral shifts, In Zs32t%, F Esatisfles
strict manctonicity with respect to

(i

unilateral shifts
(iiy On @. FELsatisfies monotonicity with respsct

to unilateral shifts.
FRE satisfies scale independenca and =fficiency.
Let (0} & (S.c)E0°% be such that c=a. Wa can  da
this by scale invariance. Let FRE (S.c)=Ie. i}O.
Let & 20, a=x;e. (S(a’,c-a)EL° and Fg (Sta),c-
a)=ul(c-a). Assume towards a contradiction that «
*i(l-x; 'A. Since the point x with X = A~ {rx= A
¥ i # i belongs to Sta), we must have that ﬁii
otherwise we would be contradicting the efficiency
of F e (Sta),c-a)., But then [(i-« i 130, Since
W2A>0. we must have {2 L. But o 2 1 contradicts
i VA

and FM 35atizfias strict monotonicity with respact

c-a’*C i.8. (Stat,.c-a)eEL’ . Hance X tnil-o

to unilateral shifts.



(1i) Let (S.c)Ef, «; »0, 3= 8. Lt is =asy
FELsatisfias the follgwing propsrty discuss
Lahiri (1993c¢c):

c~Shift invariance :~ V (S.c)EQ V bER ", 5uch that bic-Imintc { *1a,

F{5(b),z-b»=F{5.c)-b.
Hanca FELsatisfias monotonicity with reaspect to wunilateral
shifts,

5. Concavity With Respect fto 3JShifts :- Let D be a domain such
that if (S,e)ED, (Sial,c-ai.{3¢a’).c-3” 15D for some 2.32°'¢R ", .,

then (S(ta+(1-t)a’).c-ta-(l-t)a')em Y te(D,.11.

Thegrem 3 :- Let F:D->R™Mbe an afficiant choiece function, which
satisties F{5.<c:ic. Then if F satisfias concavity with respect to
shitts., then given (S,c)ED VY z=tF{S.c), telo, 11, FiSiay,a-
a)=F(5,c1-a
Proot :- L2t a’=F(S,¢r and b=90,
Then (S¢a’), c-a’)=({0},ec-a’), so that F(S{(a*r.c-a”}=0.
{(S(h},c-B)=(5,c},
. - Thus
| F(S(ta’).c-ta’)>(1-t)F(S.e) V tE00.1] (which fallows from
concavity). The etfficiency of (l1-t)F(5,¢c) in St(ta’,c-ta’)

implies F(S(ta’),c-ta’)=(1-t)F(S,c) ¥ te[0D.11

i.e. F(St(ar.c-a)=F(S,c)-a ¥ a=tF(S,c). tE[Dzll'

Q.E.D.
Note :- The assumption that F:D->R%satisfy F(S.c){c implins a
domain restriction. Thus for instance an (S,c)E@ with x€S such

that x>c would automatically be excluded. However the domain is

larga enough to include bargaining problems as a strict subsaet,

Conclusion :- As discussed in the introduction this paper adapts
and extends axisting concepts in axiomatic bargaining to
multiattribute choics problems. The proof of Theorem 1 is almost

identical to ths corresponding thsorem in Thomson (1987). it has
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been provided primarily for completeness and for whatever

ingenuity there exists in the first half of the procft.,
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