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ABSTRACT

In this paper we sstablish links between
desirable properties satisfied by familiar

solutions to bergaining games with a

variable population and the Nash equilibrium

concept for threat bargaining games.



1. Introduction :- 1In the classical formulation of the bargaining
problem , which was posed for the first time by Nash (1950), it is
assumcd that a fixed number of agents are involved, However, both

in real sitvations as well as in thefry, it is necesSary tc accommo-
date the possibility of a variable number of players., A series of
papers by Lensbarg {1987, 1998}, Thomson (1982, 1983a, 1983b)}, Thomson
and Lensberg (1983 and Lahiri (1988a) havs dwelt on this problem of
an adequate representation of bargaining games with a variable popul~
ation. The conventional view of this problem focuses an the beha-
viour of agents in circumstances where new agents come in without
their entry being accompanied by an expansion of opportunities.

Lahiri (1988a) takes a view somewhat different from the conventional
one. There the focus is on the behaviour of agénts udder cirumstances
where some agents breakaway from the bargaining pnrocess, leaving the
rast to share the existing opportunities among themselves. It turns
out that this approach is somewhat more relevant to the kind of

analysis we visualize in this paper.

On yet ancther lire of approach to the barqaining problem, there is
a modest litsrature on variable threat games which for ot ious
reagons is referred to in thés paper as threat bargaining games (See
e.g. Owen (1982); Lahiri (1988b), Lahiri (1988¢c). Our objective in
this paper is to analyse desirable properties of threat bargaining

problems with a variable population,



In an n-person classicael bargaining game the n players have to choose
a payoff vector from a compact, cornvex set 5 of possible payoff
vectors called the payoff space of the game. The cheoice must be

by unanimous agreement of all n players. If they cannot reach

unanimous agreement, then they obtain conflict payoffs d ,....,dn.

1
The payoff uactor.d = (d1,.....,dn) € 5 is called the threat point

(or disagreement point) of the game,

There are two ways in which the above framework cén be generalized,
One is by considering the number of agents to be a vaiiable. The
other is to allow the threat point to be a uariable. The two have
been studied independently. The first mode of genefalizaticn

allows for such concepts as stability of bargaining solutions and
monotonicity of bargaining solutions with respect to changes in the
numbar of agents. The second mode of generalization leads paturally
to the domain of non—-cooperative solution concepts once the choice
of threat points is permitted to proceed without the premise of
binding agreements, In this paper we propse a theory which allows a
bargaining game to be generalized along both thesa directions simuyl-

taneously-hence the name threat bargesining games with a variable

population.
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The Model: We assume that there is an infinite population I

of agents, indexed by the positive integers. Arbitrary finite

subsets of ! may be confronted by a problem. The family of these

subsets is danotedﬁ). Given Pep, ZPis the class of problems
that the group P may conceivably face. Each (s5,d)¢ Z?is a pair
where $ is a subset of IR’i (The nonnegative portion of the”’{-.
dimensional BHcliden space with coordinates indexed by the members
of P) and d€ S, Each point of S represents the von Neumann~-Morgen-
stern utilities achievable by the members of p through soms joint
gction., It is assumed that |

1 S is & compact subset of Iﬂi containing at least

one strictly positive vector;
2 S is corwvex; ,

3 5 is comprehensive (i.e., if x, y IRi, Ae S, and xD vy,

then ye€ S).

From some characterizations of the bargaining problem we often
require in addition

4 #(S,d)e‘ZP,B x € § such that d>x,

5 If x, ye 5 and x2y, then there exists z¢ S with z> vy,
These assumpt ions are gquite standard in the litersture on bargaining
games. Condition 5 is a non-level set assumption for the undominated
boundary of S. |
The set of all lpl- person bargaining games satisfying 1,2 and 3 is
denoted Z:P. The set qi all P - person bargaining games satisfying
1,2,3 end 5 is denotijIt The set of all 1Pl- person bargaining

. ot oP &P Z'P
games satisfying 1,2,3 and 4 is denoted L -Z"Z is denoted L. 4 .
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Finally, we set
P = ' NP — < 1
- J ) ST = ) V /L =2

z g@z’ L @F y Lo ?LG}Z N 2

)
A solution is function F @ 24 — K_/ I and associating for each
Pe P

1

L
Te

P
P GED and to each (S,d)EZZ: , 8 unique point F(S,d)¢ S called the
olution outcome of (S,d).
So far the threat ooinf has been considered to be fixed, We now allow
the threst point to be a variable and then look at the possible impli-
cations of such a generalization., For the sake of simplicity we

assume a scenario as follows: -

Consider a bargaining situation amongst agents indexed by the set P,
Confronted witha set S of feasible alternatives, each ;éant must

choose a disagreement outcome d,, i¢#, such that d = (di) fep belongs
to a prespecified set D (5)C S. We could have allowed for strategies
resulting in conflict outcomes; however for the present purcose thers
is no loss of generality in assuming that each agent directly

announces his disagreement outcome without resorting to the device of

, canﬁunicating in some other language. To make the analysis consistent

with the above framework, we assume that

6. ¥pelf, ¥sc IR‘i where S is compact, convex, comprehansive

and has at least one strictly positive outcome, D(S) €

%x € 8/ 3 ye Swith y)x}-



h pair (5,0(8) satisfying Condition 6 is called a ]D]— person threat
bargaining game indexed by member of P.

. P
th..c. be the set of all lpl - person threat bargaining games indexed

by members of P.
~p f
Let _C_ - i(S,D(S))é.C‘./ S Satisfies (5)}

o’ {(s 05}/ 5 astisties ()]
AT

o 007

We define, N _ _ _ - p _\ O
() gUQP ngyﬂr,ﬂ= /(1 3'()'* 'F\(ng

Pe & ) Pe P .

A ‘PI - person threat bargaining game (S,D{S))QQ equipped with

& sclution F:Z%U]RPis an ordered triplot <S, D%S), r>.
Ped

An equilibrium threat strategy f‘or(S,D(S), !'5 is a point d¥e D{S) such

the ¥ 1¢9,
P
ri(s,d')?ri(s,u:i]di) *(ﬁ:i]di)g o(s) where (s,0(s)) e (] .

* th
Nere (d_1| dx) is the element of D(S) whose ) coordinate for j # 4,

*
JeP is dJ and whose 1th coordinate is di'

Jur definition of an equilibrium threat strategy corresponds to the Nash

equilibrium of the resulting non-cooperative game. In sum we require
the equilibrium threat strategy to be self-enforceable in the sanse that
noc agent stands to gain by unilaterally devisting from his component of

the eguilibrium threst strategy.



Wes conclude this section by introducing some additional motstion. Given

G

P, 0 1n(Puith Bcd, v a point of IR, and T, 8 subset of IRG, yp and Tp

designate the projections on 1R° of vy and T, respectively,
Given (S,D(‘})E'Qq , and 6 € D(5), we shall be primarily interested in
the following sets:
T ¢ d ’} .
={'X. S/xQ__p= el

o(T1) =id € D($)/9g , = %ae p} P.

whare PC Q.

The following result f{s immediate
R

Theorem | 1- (&) If (S,D(S)‘)EQQ\ then (T,0{T}) as defined above

T
belongs to ﬁ - ~p
(b} 1t l(&.“».ti(s})t-'ﬁ63 then (T,0{T)) € QO

{c) 1f (s.o(s))e,(-lg‘ then (T,O(T))éhf,

P
(a) 1F (s,o(s))eﬁi then (T,0(T)) e L) 4

proof ¢ It Is easy to verify thes results by noting that the respective

imequalities are sstisfied.

VIERAT: “XRALMAT .
GERLAN 1 UTE G R ANAC EMEN.
VARTRAFUR. AHMALUALAL-US



3. Steble Equilibrium Threat Strategies t The question we would like

to answer in this paper is about what happens when a group of

bargainers break sway from bargaining. Clearly the set of feasible
« - alternstives reduce ir dimension, But, does the equilibrium

threat stretegy for the remaining barvairers remain the Same as

in the original game? Consider a situation where an impartisl

arbitretor decides on the final outcome given the feasikble set of
LA

-
s Tl

_ slternatives once the players announce their disacreemant payoff,
;}_]n this situation, if the equilibrium threat strategies remain
"‘the samé as before for the bargainers Qho remain, any further

disclosure of information on the part of the agents will be pre-
Qented. A. second qﬁestion that arises is whether after some
players leave, do the final outcome for the refaining players
improve given that in the original as well as in the new situation
the players ennounce their equilibrium threat stratsegies., A third
.Hadiation may be nosed in a shomewhat differemt context. Suppose in

a bargaining game, a certain subset of the players are given
their solution payoffs resultirg from equilibrium threat strategies
and then the remaining players start bargaining among themselves.
Oo the esquilibrium threat strategies of the remaininn players
remain the same? A host of such questions may be posed in this

framework, but for the present let us formalize the conepts we

have outlined above,
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» 8
An squilibriun threst strateoy d for S, D(8), Fyé{l" 1s sate
*
to be stretegically stable ifr¥ PC3, d 5 fe an equilibrium threat

strategy for(T, o{T), F> ‘where
» »*
T x€5S/ x = d } (T de¢ ) = \
-fxes/ x =0T, ()={ oSy/e, = b

» 8
An  equilibrium threst strategy d for<5,D(‘), F\GQ is said tc be

’i_:ﬁrggjg_qlly monot one with respect to changes in the numbter of anents

» .
ir:d s strategically stable for <5, o(§), F>gQQ and ¥ PC 3,

*
F(T,a* ) 2 F [S,a*) uhere T ={ x€5/% 0= 9 a-p} P’

, &
An.equilibrium threat strategy d* for <S.D($), F>€.Q is said to be

.&g-ﬁagicallv cometant if ¥ pcQ, d.p is an equilibrium threat
’

stretegy for <U, o{u), bwhexe

U c{xg S/XQ_\D = FQ\ p (S,d‘)} b

and D{U) :{dE D(§)/dy , = * Q~p} .

In this section we have introduced a battery of new concepts.

We shall now briefly interpret these concepts.

Strstegic stability means that if some agents break-away from the
bargaining came, then the original equilibrium threst strategies

of the surviving players remain as equilibrium threst strastegies

in the modj fied bargaining game. An equilibrium threast strateaqy
is said to be strategically monotone with respect to changes in
the number of agents if it is strategically stable and further

the payoffs to the surviving players in the modified game iA at
least as much as the payoffs accruing to them in the eriginal

game. Strateqic constancy means that if some agents break away



from the bargaining game with theit arbitrated outcome resvlting from
an equilibrium threat strateqy ensemble, then the components of the
equilibrium threat strategy ensemble corresponding to tre surviving

members uill_still#a their equilibrium threzt strategy.

Stapility Preperties of Solutions sstisfying monotonicity with

tespect to the disagreemert point ¢

In this section we first formulate a definition of monotonicity with
respect tc the disanreemsnt point anc then show that solution satisfying
this property yield equilibrium threat strategles which are strategically

st able.

: , _
Monotonicity With Respect To The Disagreement Point (moN-d)s For all

P
Pe | wS,d)ED, , (S‘,d')GZP , for all 1€P, if 8' =S, d}> d, end

d'. =d, for j ¥ i, Je P, then Fi(S',d')) F&(S,d).

3 )
A variation of this property has been applied for the resolution of two
perscn threat bargaining games in Lahiri (1988b, 1988c)., Since the
property is self explanatory we shall content oyrselves by stating
that many familiar bargaining soluticns satisfy this property on
suitable feasible sets.
e :

Theorem 2 ¢ Let F :Z\—-) ‘R satisfy monotonidty with respect to

Pey ]
the disagreement point., Let Q¢ , (S,D(s)){j:l and let d* be an

equilibrium threst strategy for (5,0(8)). Then d* is =~  strategically

stabls.
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Proof: Let (5,0(8))¢ QQ\ and let d* be an sguilibrium threat
strategy for (5,0($)). Let PC Q anc suppose towards a contradi-
ction that d*p fs not an equilibrium threat strategy for (T,D(T))}

where

T= 3 %

{xea/x&-p’ D-p)§p
T) =3d € D(5)/d,_ = d* }
D(){f()/a\p a~p) p

Hence there exists i€ P and ((6*p)_1/di) ¢ B(T) such that
FTaary_ 9> FT, o)

®
where di # odi.

By monotonicity with respect to the disagreement point, di> d*i.

Consider the strategy (d*_i‘ d;) ¢ 0(S). (By the definition of

p{T), this condition is satisfied).

Cnce again, by monotonicity with respect to the disagreemsnt point,

Fo(s,(a*_y ] d,)) > F(S,a%).

This contradicts that d*® is an equilibrium threat strategy for

(5,2(S)) and proves the theoram,
J.E'D.

1t is worth noting that the Kalai-Smorodinsky (1975) solution
and the Kalai (1977) solution satisfies (mon-d) on Z: . The
Nas~ (1950) solution satisfies {MON-d) on the subset of

comsisting of games with smooth Pareto-optimal individually
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Jrationai boundaries.

§trategic Monotonicity With Respect To Changes in_The Number of Agents:

§op far we have established conditions which guarantee that th: equili-
brium threat strategies of a bargaining game are strategiczlly stabls.
We shall now try to find conditions which guarantee that equilibrium
#hreat strategies satisfy monctonicity with respect to changes in

the number of agents. One obvious condition which in cocnjunction
with monotonicity with respect to the disagreement point leads to

the desired result is the following:

Heotricted Monotonicity With Respect to changes in the numbar of

agente (R.MCN):- For all P, qePuith Pca, for a1l (s, d*) ¢ Z
8
(T.d)EZ : 'Y if S =iX€T/XQ\p = Q\p}?, ‘ d* = dp’

then F(S,d') ) Fp(T.d).

Theorem 3 : Let F :Z-—-)U 1RP satisfy (MCN=d) and (R.MON).

Pe® &
Then if d* is an equilibrium threat strategy for (s, D(S))t_fw .
ﬁ* is strategically momotone with respect to changas in the

number of agents.
proof: Obvious.

In Lahiri (1988a) it is shown that a class of solutions defined
with respect to a reference function on the set of bargaining games
Z‘* satisfies (R.MON) under certain additional conditions. This
class includes well known solutions like those of Kalai-Smorodinsky

(1979).
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Strategic Constancy and Bargaining Gemes :-

The third criteria we have in mind is the strategic constancy of
squilibrium threat strategies, Our objective in this gection is
to show that this property is satisfied by goluticns which obey a

multilsteral stability property enunciated by Lensberg (1987, 1988 ),

_nultuateral Stability of Bargaining Solutions (m, STAR):~ Ffor all

Q ] F |
N Q{-_fa)\llith Pc @, for all (T,d)éz ’ (b,d')é"z: with gd' = dp ard

S ={x€ 'l'/xa\‘:J = Fﬂw-p ('I',t:!)}f>

F(S,d') = F (7,9)
P

Our next theorem proves that if F is a solution ’satisfying M, STAE
and if d* is an equilibrium threat strategy, then d* satisfies

.cstrategic constancy.

+
“Theorem 4 ¢~ Let F :Zl—‘*k)m satisfy (M.STAB) and lest d* be

‘ Tep 8
“an equilibrium threat strategy for (T,D(T))E'Q . Then d* is

strategically constant.

Proof: Suppose ntharuiise. Then there exists Pc 1,
= |
5= {xé T/ %3 = FouolTHd )}p
o{s) ={d€ (T )'/dQ\p = d*Q\p:& D, and
(e ) 1]ui)u:t(s) for some 1€ P with

Foisallan )y | 0> Fi(s,e ).
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Coneider the strategy (d*_i‘di)e D{T). It does so by the definition

of 0(S)., Since d* is an eguilibrium threat stratecy,
»
F AT, (d _igdi)):{ FAT,a).

But F satisfies M. STAB. Hence,
FAHC N CRNESACHCINER S

Fi(T,d*) = rl{s, d*p).

However, (d*_il di)p = ((d*p)_il di)'

SFT ) FUTer e ) = r(s e ) a0 File,en)

wvhich contradicts what we have just obtained above.
Hence d®* §e strateqically constant. R

G.E.o.

Lensberg {1967, 1988) shows that the Nash (1950} solution satisfies
M.5TAB on E: « Hence equilibrium threst strategles with respect

to the Nash bargaining game satisfies strategic constancy,

Conclusion: In this paper we have established links between decirable
properties satisifed by familiar solutions to bargeibing games with e
variable population and the Nash equilibrium concept for threat barg-
aining games. The concept of a threat bargaining gzme with a varigble
population has been developed, and welcome Features of the resciting
eguilivrium threat strategies have been shown to follow from the con-
ventional properties reguired of threat bargsinirg games. This haelps

tc establish a connection between the literaturs on informaticn disse~
miration in bargaiding and the literature aor alilocaticn of a fixed supply

of resources among a variable pooulation,
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