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ABSTRACT

In this paper we represent bargaining
solutions by meang of a metric which is
defined on games, whereby the solutions
;»_ggtssﬁfﬁis&ly those payaffs which afo
ICIOSOst to being unanimously higheste
Subgequently we study the properties of
i;hélfarevdﬁilmni rules™ and rationalizability
of bargaining solutions by symmetric

matricse This latter condition leads to
-an_mymaus bargaining solutionsg mhich

satiefy "metric respect for unanimity.®



1.

Introduc: ion: In this paper, we consider N—person bargeinin

oames (n2 2), that is, pairs (S,d) where

(1) The space 5 of feasible utility payoffs is a compact and

corwex subset of IRn.

(2) The disagreement outcome d is an element of S,

Furthermore, for mathematical corwenience, we will alsc assume
that

(3) x2>d for all x€S

= A A
_(4) There is an x € S with xi>di for each ie N = {1,2,....!1}

(5) Ffor all y¢ IR" with d {y< x for some xe’S/, we have yé S,

Such pames (S,d) correspond to situatinns involving n bargainers
(playsrs) 1,24.4..,n, who may cooperate and agree upon choosing a

point s& 5, which has utility s, for player i, or who may not

i
cooperate. In the latter case, the outcome is the point d,
which has utility di for player i€ N. The family of all such

bargaining games, satisfying (1) thro:gh (5), is denoted Z .

~ Following Kanexo C.4 ] we call a multifunction g: 2—9 1R"

which assigns to each game (S,d)cZ a nonempty subset B(S,d)

of 5 an n—person bargaininao solution.

We restrict ourselves to solutions @ which satisfy the followinag

properties:



(1c0)s For each (S,d)c 5,  and each transformation A3 IR"> IR"

of the fora -\(xv.....xn) = (x1 + b peceny X+ bn) for all

) ¥4 IR“, where b1'b2"“'"’bn are redl numbersy

g(a(s), A(d)) =nA(@(5,d)) (independence with respect to |

choice of origin). Here for TCIR", A(T) = {(Alx)/xe 5. .

(IR) s For esch (5,d)e & , for each xe H(S,d), x> d, ¥ i€N

(individual rationality)e

Since we only consider solutions which ocbey ICO, we may without
lass of generality restrict our attention here to n-nerson
bargaining games with disagreement outcome 0. from now on, we

assuma that svary (s.d)ez’ R beai&oa (1) through (5), satisfies

(6) ¢ = O,

and we will write 5 instead of (S,d).

Our purpose in thic paper is to represent bargaining solutions as
defined above by maang of a metric which is dafinod on bargaining
problems, whereby the solutiong are precisely thoge payoffs which
are clogest to being unanimously highest. In general, the purpose
of a metric 1s to define distance end the metric generated by a

bargaining solution captures the notion of a solution being close

to awarding the highast payoff to all the playerse.



If some payoff vector awards the high:-st payoff to all the players
then surely {t should be declared the consansus solution. This is
the unanimity principle which is naturally ve;y apnealing and which
fs satisfied by the Nash [_4] solution aS_ue!.l as by the Kalai-
Smorod insky [3] solution to bargaining problems. Of course, for
'most' bargaining problems, a unanimously preferred payoff vector

| anérall'y does not exist, in as ‘much as ‘Mt»PQis.t,'e*mimg prob-
lems are nct representable as the COmréhensive, corwex hull of

a single p;yoff ‘vector. A significant problem then {8 to find
out in what precise sense different bargaining solutions attempt
"(if at all) .toA ip;;roximat'e or respect the ideal of uwsing the

unanimity rule.

—y ; . n
‘Mptrizable Bargaining Solutions: Let x= (x1,..,.....xn) € IRH:
let us agree to denote {y’ e IRﬂ_._/yi £ xi, v ie N} by S(x),T Such

games are called unanimity gamas,

Definition 1 s-— A bargaining solution @ is Paretian if v x € IRL,
B(s(x)) ={x}.
Let & be a metric;onz (Z is metrizable as for instance by the

Hausdor ff metric (see Goffman and Pedrick [1] Yo Let s, = .5\{0}

end S_ = Sn IR%N.

Definition 2 ¢ The metric 8 on Z is a ratfonalization according

to unanimity (henceforth a rationalization) for the bargaining solu-
tion g, if « Sez s B(S) 'ixe §_'_/ §(5,5(x)) < § (5,5(y)) v.ye SH}'



—

Tﬁ_it i- the metric ((rationinzu # according to the unanimity
.critorion whenever for 4ny bargaining game S, the solution congigts
of payoff vectors whose convex comprehensive hull for each such
vector is the unaninity game "nearest™ to the given game and each
such payoff vectar belongs to Se The characterization of the family
of bargaining solutiong having such a metric rationalization is

provided by the followings

Theorem 13 A bargaining solution § hag a metric rationalization

if and only if it is Paretian,

Proof s (i) It is easy to verify that if & rationalizes #,

then § 'ic Rarstiane.

(14) 5uppouﬂifi 7 is ﬁautian. nlefino. zao followss
TRV |
0iftS =T
1iFS AT, H(S)AN(T) A4
2ir S AT, F(S)AH(T) = g

(j(. (5,7T) =

T 1s obviously symmetric, non-negative, and { (857) =08 TS,

It algo gpatigfies the triangle inequality and 80 cf is a ntric.
Let us conclude the proof by showing that the metric cf is 4 ratio-
nalization for g. Define @ s} ->IR as follows:t v S¢¥

P (s) -{xe sﬁ/.r(s,s(x))L J(s.s.(y)) v yes & We now show
that # = F. If S = 3(x) for some xc IR) , then & (5,5(x)) = 0.
Hence x¢ P(S). Also F (S(x)) = (%} since ¢ ie Parstian. So @(s(x))
g? (s(x)) v x¢ IR:’. It y % x, then y* ¥(s(x)) since

5(x) % 5(y) tapiien d (5(x), 5(y)) > 0 = F(S(x)s5(x))e F(5(x) =
{f}- #(s(x))e Supposa s & S(x), v x¢ IRL- Then v yes |
d(ss5(y)) A 0. 1¢ xef(s), then J(5,5(x)) = 1. Hence B(s) ~
CH(8(x) A He But f (s(x) = {x]} since & 1is Raretian. so



x€B(S) Lo, P(S) C A(S). Mow suppose x€ B(S). Hence x¢ A(S)n A(S(x)).

Hence 3 (S,S(x).) = 1., Hence xé€ -‘(S) i.0. ﬂ(S)f_ o(s)..

2.£.D.

- Before we conclude this section, let us note that a reasonable assum—

'pticim for most baroaining solutions is that they satisfy weak Pareto

._ _o'pt imality.

.(gp.O) Fi;r each SGZ , for sach xe€ g#(S), ye IR:, y_i> Xy for all {e N
implies vé s

- ; n:
Let w(3) x{xe S/y € IR+, yi) xi » i¢ Ngy{ 5}'.
A solution mz_)m: satisfying (wP0), (I:cH) and ( IR) is called

a clgssggg_l barqaining soclution.

Y

For classiccl bargaining solutions we have the following metric chara-

cterizations:

Claim 1 :- A classical bargaining solution # has a metric raticnalization
: -

L

-

if and only if it is Paretian,
Proof : The proof is the same as that of Theorem 1, except that

E (s) ={xew(s)nm‘+‘+/ Z (s5,S(x)) € Z(S,S(y))-v yew(S)‘n IRL}‘is the

modified définition of & .
Q.E,D.

The Nash [4] and Kalai-Smorodinsky [3] solutions are Paretiah and hence
are metric ratiomalizable. Note, however, that the KalaiIZ] solution is

not Paretisn and hence not metric rationalizable,



5« Monotonic Metric Rationalizationgt The metric used in the proofs of

Theorem i, st,f), is induced by the specific bargaining solution
under consideration. That is, loosely speaking, the metric is based
on what the bargaining games do, rather than what the games actually
are, The lack of dependence on the internal structure of the bar-
gaining games suggests that some bargaining solutions may be ratio-

. nalized by metrics which do not satisfy some intuitively desirable

criteria.

Definition 3: A metric‘g on Z is monctonic (strongly monotonic) if

v S€) and v X, YE S e Xy Y v ieND ¢ (5,5(x)) £ § (5,5(y)),

(p X, Y€ g.....' x>y, xpkymp S(S,S(x)) < 8(5.5(7)))-

Qefinition 4: A bargaining solution § is a welfare optimal rule if

there exists a function Fs IR] ~—> IR such that
(1) F is integrable on compact subsets of IR: .

(11) vx,ye'IR:‘_,;gy.; jrdx 2 \ Fdd

S(x) NOBE
(iit) g(s) = {xe S/deA. 2 erx v ye€ SJ .
Sk S(9) 3 .
where k is the 'lsbesgue measure on IR™, AN msnsv?::'(:‘mz“m
VARIRANR, AHMEDARAD-800u38

R bargaining solution @ is a strongly welfare optimal rule if there

exists a function F:IR:—? IR+ such that (1) and ( 11) above hold and

in addition we have
' n
(14) v x, ye XR_'_.x_}_y,x;‘y, Fda Fdx ,

st $(%)



In the above definition F is assumad to be integrable on compact subsets

of IR:. formally, this means that Fe€ L‘(K; IR.'_ ‘) where K {8 a compact
n
subssat of IR_':_'

Theorem 23 I1f a bargaining solution is a welfare optimal rule, then

it is rationalizable by a monotonic metric onZ .

~ Prooft Let F be as in definition 4. Define a metric £ on Z as follows:

£ (s,T) = ngi +I FdA .
: _ ST R, :
Observe that §(5,T) = 0 4f and only 4f § = T (if x€ 5~T then there

exists a neighbourhood of x (in the topelogy imduced on §) balonginy to
" §NT)s _Algo since for every :
- §,T,U€ Z y (S:T) (T 8) € (S~u)v (UsS)v (TrU)w (UST),

1(s,1) < S(s,0) + § (u,T).

That the metric & is symmetric is also easily seen,
| Let ; (s) ={xe S/Z(S,S(x)) < z (5,5(y)) ~ ye S}.

Let xé ;(S).

..n X"-dl .<_ erl L y 5.

Sas  Saskd)
QSFM - \Fax < | Faa -gf’d) v ye §,,since s(y)e 5 ~ ye Sy

S&# 5“17 54,‘ &g‘?)
Q.[FdAz Fd w» yeS;,.

OS¢

'Since P 1s welfare optimal with respect to F, x ¢ #(S)



Hence ;(S) < ¢(S').

Comversely suppose x€ B(S).

j FdA :
16 )

Iraa > | Fda v yes
Ssi0 5587
. oxe gs).

FdA v y€ S

v

Hance B(3) = ;(5).
Q. ECD.
iElaim 2 ¢ If a bargaining solution is a stronoly welfare optimal

rule, then it is rationalizable by a strongly monoctonic metric onZ ..

proof: Similar to the above, except that now we have S(.S,S(x)))S(S,S(y))

if x _)_ y and x £ y.
Q.E.‘Dl

The converse of the above results are valid when a certain additional

condition is satisfied.

Proposition jdf a bargaining solution is rationalizable by a monotonic

matric 6 on Z which obeys the additional condition



thers exists 4 continuocus function fs IR:—7 Il'\"‘_‘r auch that
ror a11 5¢f , 4 (5,500)) = | Far  uhenever x¢ S,

Sea™ 5,0
then, @ is a welfare optimal rule.

Proofs Since F is continuous, F satisfies (1)
" since F is monotonic, F satisfies (i1)

-

Since @ is rationalizable by e , F satisgfies (1ii)
QetdDe

Res@rk: (i) Once again if disa strongly monotonic metric rationa~

lization of @, then § is strongly welfare optimal.

(41) The Nagh solution is welfare optimal, in fact, strongly
welfare optismal. The Kalai-Smorodinsky solution ig not. Hence the
httu golution is not rationalizable by & monotone metric whereas

_ tho: former is. (

(1i1) In cage a solution § s & -)R" gdtigfies the otténga: invariance
' conditions -

(IEUR) s For each (5,8)¢ )] ind edch tianafotmati’on_A: A">R" of the
form A(x,’,....xn) = (31x1+b1....,anxn-obn) for all x¢R", where
b1.oco.bn are redl numbers and 01....',an are poduvo redl numbers,
0(A(s), A(d)) =A(§(5,0)) ( independence with respect to squivalent
utility representations)s

then the class of strongly welfare optimal rules coincides with the

family of genetalized Nash bargaining solutionas.

(iv) The sssential features of a metric used in our analysie ig that
it ie non-negative, symmetric end 5 (S,T) =0 4f and only if S = T,
Hence we are really interested in quagi-metric rationalizations uhere

the triangle inequality plays no rolee
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G metric Metric Rationalizationg and Respact for Unanimitys-

An interesting property satisfied by many bargaining solutions
1s anonymity |

(A) LetseX and YT 3 {1,...,n} - {1,...0} be any permutatione

For xcR) x = (xyoe09x ) lot xe R" be defined as

n
Xx: (xo’,.... X (n) )and%t_-{x_’é: R/x&S ¢ Then

[ § (S’t) = (g (S)%C (i.es nothing is affected by renaming the players).

In this section we find condltion. that a mctr.lzable bargaining

oolution needs to sdtisfy in order to he anonynoue.

Let J be a metric on§ « We say that (.ria a symmetric metric
if for all permutation s N ->N and for all games S,

Tel J(SOT) -C{\(s’t ’ T‘)‘(" .
We now define the concept aof rationalization by a gymmetric

metric.

Qefinition 5 3 A bargaining solution [ X > R" is rationalizable
by @ gymmetric metric if there exists a symmetric metric d on 2 |
such that for any .

Se) ,f (3) = {_xc—- ] / c((s(x).s) L J(s(y).s) for any y¢ S }

1.0 the symmetric metric on gamee rationalizes @ according to the
undnimity criterion whenever, for any gaho S, the solution set of §
is glven by the payoffs x such that the unanimity game S5(x) is

closest to S with respect to the given metric.



L

We also introduce the notion of metric respect for unanimity,

pefinition6s A bargaining solution ¢ ¢ Py »->R" has a metric

- Eegpect for unanimity it thers exists a metric d on 2y and a metric
m on R" such that for any games S¢ ), and vectors x, y¢ S e?
S(s,s(x)) L g(s.s(y)) implies that a (@(s),x)d min m (z,x) ¢

ze g(s)
nin m (2,y)z ® (#(s).y}
~ze @(S)

Notice that if § hag a metric respsct for undanimity, then it is
Paratian. The appedl of this property of proximity preservation lies
in it offorin'g a natural and consistent conception of a bargaining
solution ag a mechdnigm attempting to approximate or respect the

social ideal of using the unanimity rule.

Jheorem 33 If a bargaining solution f 3 Z' 2R ia rationalizaple
‘by @ symmetric metric, then it eatisfies the anonymity property, and

it has a metric respect for unanimity.

Proof ¢ Let g be retionalizable by a symmetric maetriceThen there
exists a metric J‘ on Z’ such that for all s.TeE ’ cﬂ.s,T) -
d(g. T ) and for a1l SC T

7 (s) m{xes, /d(s00 82 §s()s8) vves, ]

Hence (ﬂ(s))x - {xxe (sﬂ,g /cf{s,,_. (t“)’ sﬂ} £ (5, (yx) .i} v
Y& (S.H_)n}.

= fxetg ) /8l 0y 52 dls, s ) vye(g,)

=#(s) ‘

Hence # ia anonymouse
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To show thdt,ﬂ has a metric respect for unanimity, let us

' n
define the metric on R" as followss for any x, yeR

m(x,y) = )0 if x=y

14f x by

Now consider a game § in )’ and two alternatives x,z in
S,, such that d"{__s,s(x)_} ch{s,s(z)} o Here there are two

posseibilitiess

(WXEF (3), zfF (S) in uhich case

3

d(s.s(x)) & cr(s.s(z)), since v{rationanzu '}
 In turn

m (#(5), X) am (x,x) =0Lm (#(5),2) =1

(11) xgd (s), z#rl (s)

Here m (#(5),x) = m (#(5),2) = 1

In both cises, we obtain that m (ﬂ(s)d,)‘t)ém (#(s),z)

.

Remark 3

We know for ingtance that the family of non-gymmetric Nash
bargaining solutions as defined by Harsanyi and Selten (1972)
or Kalai (1977 b) are not anonymouse For more on this ses
Peters (1988). Hence they are not rationalizable by a symmetric
metric. However, non-symmetric Nagh solutions are Paretian and

are therefore amenable to metric rationalizabluty.'



5«  Conclugions

Let us briefly recaputulate what we have aéhinvld in thig paper.
Here uo. deal with solutions to bargaining games. Our point of
| departure in thig analysis hag been that unanimity wherever possible
is of fundamental importance in social dccision making. Based on
this premise we hive attemoted to characterize solutions to
lbargaining games. The approach we 4dopt is to first define a
'Paratiaﬁ" solution ind then define the concept of rationalizability
of a hargaining éolutian by @ metric. The idea bshind the second
concept is to locate féasinle outcomes whose comprehensive convex
hull is closest to the given game and declare these outcomas to be
the solution set. Our firat major result eatablishes the squivalence
of thesse two conceptg. Th;s, 4 wide class of solutions is "rationali-

zable™ in terms of a metrice

Subsequently, we restrict aur solution to'bo a welfare
optimal rule and observe that after this reﬁfriction'rationalizability
in terms‘of a "monotonic® metric is possible. Undsr our present
asaumptions the family of non-gymmetric Nash bitgalning eclutions

a1l belong to the set of welfare optimal rulaes.

To extend our andalysis we then 1ﬁvoko the notion of ratio-
nalizability by ¢ symmetric metric and show that solutions satisfying
- this property alsoc eitisefy annhymity and metric respsct for unanimity.
This lagt concept is st;ongor than the concept of a "Paretian®
solution and implies the existence of a metric on the spice of
outcomes (not merely a metric on the space of games), which once again
regpects the s0cial idesl of implementing the unanimity rule if

" situations permit,
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