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Abstract

In this paper we establish that a family of well-known

normed compromise soluticonsfor twoe-person ciaims Froblems respond

appropriately to changes in the claims point.



1. Introduction ;- In this paper we shall be primarily interested in
intraoduction par I

establiching that some well-known compromise solutions for claims

problems respond appropriately to'changes in the claims puint. We

shal) confine our discussion Primarily to the twe-person case.

ir

o Yu (187355, Friemer and Yu (1975) and

~}

Following Young (158
more resentiv Thomson_tforthcoming) we define & two-person claims
rroblem in the tollcwing fashion :

Let SEAmE be compact and Tonvex: let PO(S)I=E (xe g5, ¥ ve S

Ivox =2 (yex1: dencte the zet of Fareto-cptimal points of 5:; and

let cém? be such that there exists x €S for which c>rx. Then the
ordered pair (S,c) will be called a claims problemn. Let 2l denote
the class or claims problems as defined abové. Richter 11982)

considers a similar class of claims proablems.

A compromise sclution onZ is a function F:3 -5 R such that

'V(S.c}(-g. Fieg, coe

I¥i

~
Y (1973), Friemer and Yu (1976} and Richter (15872) consider

W

the foliowing class of compramise solutione:

Let p& [1,00 73, Foliowing Thomson {ftorthcoming) we define YP; 2 —?lkzas

(%3 )

fTuS,ors aremin {ig, -x )p+«cm—x¢;p/xx XS PE SN vo, 121, 2)
= 1 1 - T 1 PSR 1="1
far i<pien,
--M_\ N . -— . ~
Y (5,83 aremin tmaxlic, - x e CamxX-1/(x .quE-b.x-éc-.1=1;2}.
= 1 1 P < 1 < 1="1

These are cenventionally referred to a2 the Yu-p solutions

and the equal lges soluticon respectively,

1}

Thomson (1387, studies, the appropriate responsiveness of
the HNash (1950, Kalai—Smorodins'y (1597%) and the Egalitarian
(Kalai L1877y sclutions to certain unilaterai changes in  the

disagreement Boint., for afixed tfeasible set. Qur Burpose in  this



paper is to establich simiiar results for the family {YP: pe 11,9])

under unilateral changes In the claims point.

2. The Results :- We start by formulating our condition of

menctonicity with respect to the claims point:

[&4]

C-mongtonicity (tc-mony : For all «S,cs, (S',c'), far all i.

it 8'=5. ¢j.c; and c%=ci for atl 1§ 4 1, then FiiS".c?zF (S.co.

It may be observed-that in the two-person case if F(S,c)
GPDLS;V#S.C:GES. then (e-mony {s equivalent to the following
property:

Strong s-monotonigity ¢st. c-mons : For all (S.ci. (§',c'),

for all i, 1f S°=8. c!-c, abd cl=c, for all i # i, then Fi(S‘.c')é

Betore we proceed to the main results of this pmper. let us
gather toggther some important conciusions available with regard
to the family (YP: pe (1,00 13.

Thecsrem 1 :- tas For lipia , YF:3 - "R is well-defined
{b) For p=1.¥’.Yp:g.—> R? is well-defined where

2. ((S,0,65 /5 is strictly convex}.

Pf ¢~ Froperty 4.5 of Yu (1&8E5),

Thegrem Z :- (21 For lep<es N (S, coeXx ,YF(S,cie POLS)
tb) For psi.ee ,YFP(5,cieF0(Ss ¥ (é.c}eii.
The foilocwing rproperty iz sgignificant for subseguent
analvesis,.
Continuity tconts @ Lf Sﬁ - 5 tin the Haysdorsf topology: and
c& Sooc o vin the Fuziidean torpclcey. then FfSﬁ,cﬁ; -+ FizZ.2os where
ttﬁﬁ.c¥ ig &n oasbhitrary seguence o c¢laims gproblems.



Thetrem 3 :-_(a) For 1<p(¢f.Yp=Z -3 m? satisfies continuity.
{(b) For p=1.u’.Yp:Ei->lRZ satisfies continuity.
Froof :- The proof follows immediately from the definition of
{YP; Pée€lp.ool} and the maximum theorem (see Berge (1962) gr
Lahiri (199035,
In the sequel we well require the toliowing subdomain of

Z ( e Thomson (16813,

L1y}

Given p iﬁ l'R:- f el denctes \pil +lp2] .
AE{pc-[RE/ Mell=11.
Given Sglfa which 1= compaet and convex and x in S,
WiS,x: = {pemE/VyeS. PeYosp.xtl,
Note that for all x in the interior of S, WiS,x) =@ and
fof all xe FOCS), WS, x) #gﬂbv the separation theorem for convex
sets k;ee Rockafellar (1972)). Detine,

S.crCE s¥xePO(S), WS, xJ contains atmost one point!
A

Lemma 1 :- For fop<os, Yp=iijif - W? satisfies  c-mon.
Prooft :—. Let (S.c)@idif. Then_qﬁ.i'ém and @:0x.X] ->MR such that
FO(S: = {ixl.KEJG!szxzf'¢ix1). Xxs€ [x,x1},

Further ¢ is differentiable. @' O¥ x;€ (x.%) andg’:[x,x1-»MR
i a non-increasing function.

Naw, &8,cie zﬁif and YP(S.C)=(KI.XEJGS implies by Thecrem 2,

Fam

= ?{xIJ and by the definition of YP,

i=1,273.

P ® . o P -
Xy DR )E A omax sy M 4 ~ X X )& 85, S Lo
R Y Omax {[Ll ¥ ) Ec2 Xz ] {XqeXo) €5 Xj &5

Appealing to Theorems i1 and < we can assert that

*
X g Soives

[ci—xllp*ic-_‘-cf(xl)lp -> min VIORAM SARANMA} UERARY
, _ WIBIAN INSTITU £ OF MANABEMNY
S.t. ox, G xR WTRANR, AHMEDARAD-S30US



The flrst crder necessary and sufficient condition for x; to

solve the sbove problem is that

-1
e, -xT i
1 1
= - ?'(xz)
T
c- ?Lxl)
Now suppose. (S.c' e Zfif where c&?ol and cé=c2.

For 1;1.‘?(;13} to be eaqual to YP(s, e 1t is necessary and

sufficient that

c17%y ) Vo~
- = - ? (xl).
G- ?txl)

= ] 5 ry Al . " .
Suppose towards a contradiction xlaxr. Since q’«o. we have

Cf’t.i'ij > ﬁécfo.

. Som ?{?&, oeo- ?Lx;J
Alsio Li—gl cl—x:.
ci—i& i cl—xf P
. ,
"t eo- ?Lxl) S ?(x?)

— -
i.e. ' Yo 'y ]
e ? X4 ? ) ;
contradicting ?' is = nen-increasing functien and Proving
the jemma.
Q.E.D.-

AS B conzequence of Lemma 1 and Theorenm 3, we have the
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Fr :- Let «3.2) ana (S,e' ¢ ang let - <.
, . L ) . J o . .
There exists sequences L0 «S)ty oy and {‘b'-Q')}%gl of claims
LD . . 4 . w .
problems in zﬁif such that 8% -» 3 is the Haysdorff topologyv.

Ty o«

Ey Lemma 1. ‘r‘p(S‘&.c‘J > “r’F(Sﬁ.cJ“‘f’-—::l



By Thecrem 3,

}*im thsﬁ,c’) = YP(g, oy
> oo

Him Ypes“e‘,c) = YP(s, e,

¥ oo

Combining the two results we get,
Feg. & > vPre

Y.‘(.J,C) :-: Y1 (._r_.C)

which proves the theorem.
Q-E-D.

The two remaining cases for which c-mon  requires to be
proved are p=1 and p=e . For p=1, the c-monotonicity Is  gbvigus,
since the sclution is independent of the claims point,

This may be summarized in the following theorem:

Theorem 5 :- Yi:z -> R 2 satisfies c-mon,

Proof :- Direct.

The only case that remains to be tackled is the case when p=oe

In this case the Froof is znzlogous to the Frootf of Thecrem 3 in

Thomson (1087, Let m(Sj=(m1(S),m2(S)J,mf(S)=min{xi/sz}¥'(S,c)éz: .
Ny ] M —— r—

Theorem 6 :- Y 1 2> RS satisfles c-mon, where S._ ={S,cre2.

m(SI<y<x, x€ 5 =3 YeE 51,

Proof :- Suppoce by Way of contradiction, that for gome (Z,¢0) and

—
LI . 1. .
(S,c" €2 _with ¢y sy« and c£=c2, we have Yy (S,c)a?l (8, ¢

From the definiticn of Y“it toliocws that

ov . , &0
ey - Y (8,¢ry = €p - Y5 (E,c7)
o0
cq - Yl(S.c) I Yg‘ff.cd
* o0 oo
<0 Yo (S, e =Y (S, ey oy (5,2'))-leaYo (3, c)1
» , OO - ]
=Lc;—¥1 fb,é)]—[cl-Yi {8,c)1



[ =]
c - Y2 (5.0YF (8, and thus YOS, )3y S, &,

contradicting the Pareto optimality of vy,

Remark : We could have slternatively defined,
Y78, 0) = o-[e(S,6), (S, )1 ¥ (8, )€ S
where,
Zi=ts,00eR/5(Sriycx, x€S s> yes)
and X (S,c) = min {X:0/c-18 A )E g},
oo
[t ls easy to check that Y s  enunciated here s well

defined and for =11 (S.c)GELq Y’%S,c} iz a weakly Pareto optimal

o0
oint of £ (i.e. there does not exist x€ S zuch that x > 5 ¥ (S,ci).
p

00 )
Further the analog of Theorem & would read : Y ;X _-> R2 satisfies

c-movi. The ©proof of this aesertion {s identical to that of

Theorem & in the paper, adapted tc the appropriste demain.

Conclusion In this paper, we have succeeded in showing that a
¢lase  of  well-known sclutions for twa-person  claims . probilems
satisfy c-monctonicity, The fzct that thece soclutions catisfy
what may be considered an intuitively desirable property,
reinforces their importance. If we bear in mind; the use of thecge
solutions in the study of noermative taxation poiicies, the

implication of c-monotonicity becomes clear.
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