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Abstract

Here we wi=w r3atidgninz 33 an instrument 3available in the

hanas of a social planner to 2rtact a acr=2 eqguitable distribution
of 2oods. We introduca a separata currency viike a3 coupan)
alongside monsy. and both money as well as this auxiliary

of commodities, [t is precisaly

currancy are used in the purchase
.

in this framewnork that wa 3
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1. introduction :- KRationing as a device tor attaining tair
allocations ot resources, has 3 long standing: Dt regute both 1n
theary as well a3 1n practice. tt could be an explicit guuntity
constraint, as tor instance in equoal division ot some or a3ll of
the avaitlable goods amongst the individuals (Lahiry (1993b})) or
the introduction o1 an auxiliary currency  which olens with mengy
torms  the unit ot purchase ot commodities. This litter mode of
rationing has been studied by Dreze and Muller (193, Eaumol
{1986), Folterovich (1993) and Lahiri (1993a). Except tor Baumol,
the other endeavours have been 3 contribution to reconciling

market clearing with transactions at disequilibrium prices.

Here we view rationing as an instrument vailakle 111 the
hatids ot a social planner to etiect a more equltable distribution
of goods. Hence our view is similar to that ot Esumsocie In Lahiri

0
(1993h) tor i1nstance, we were concerned with equal division of

same goods. Hence, nc one would envy the ccnsumption of the
raticned goods ot any cther agent. In this paper, we introduce a

separate currency (like a ccupcn:! alengside money, snd beth mone;

~

e 2. =z YTIF OEUNLILEIN TUTIAETTS are uvEeas irn tno purchase ot
cemmoagities., It 1¢ precisely in This freamswort ThET we study
=xXlstence. =nd ftairness of slternative rationing scremes.

2. The Model :- Our mcode! consists of | goods and N consumers.

The aggregate initial endowment of the goods are summarized in a

N
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i war  altsrnztive conzumption

pbundies are summar1zedin a vtility tu
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/x 3 20 Vj=1.....l;. Throughout our snalyziz we wiil &sszume that
t1 uy is continuouss: (11) Y 15 strongly monotonic iJ/e. X v. X ¢

~pl C .

Yox, YERY, =2uy (xroup (v tiiis w13 quasi-concave 1.s.
_pl o

Y x.yeR . Ve LT, 1), u

thrrtl=-rry e mintutx:,u s vy, Tozsther the
i = i i 2
Apowve assumpticns impily, Uy 1= semi-stri1thly qQuazi-zTaoncave i.e.
. ml ,
VK.YCR .vt‘;_((_),l].\_}il)(),“_)i (f,'):,-\_}iltx{(l--t;\./).-Lx 1 Ty,

LetRgtt.....1) be a cubset ot commodities with rixed prices
(P Jip suth  that p: 20 V¥V J€R and Lo Pis L%, w . =w. (lo nake
j J€R CRREN 8 L i 2 ) = . . }ER P’ i i=t Y . ' S N
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. Lo . A
the analysis non-trivial we will assume Lig P
h

i Pl - =y -
Q ‘w). Lat x=w }:]Q
‘pi d . x is ths 3gzragats monay income that

is sp=3nt on the
flaxible pricae markets. A flexible price vector (ta ©be realizad
on the market without fixed prices) is a vector (pj; ERE stch that
Pj 20V €K and L jeepy @ =a. Lot & (be the sat of flaxible price

vectors.

Let us aszume that each consumer is endaowed with v 20 units
of coupons, which have to be used alongside money for all
transactions. A vector of coupans prices ot the commndities is a
vector (aiéq such that a ; 9 Y j€{t,...,1} and leI 3 kg “Flv
Sv,Q. Let a; be the set of coupons price vectaors.

A coupon's equilibrium is a triplte (p% , a%,x? €A % &)

X LR‘,)“ such that

(ii) Y i=1....,n, x°isolves
U (K T UmAX
5.%. ":‘jE& ﬁj bt ]-1 +E;e§pcj K3 li _(: W
:l_jz{ 5\0!- :cJ]— _<-;l

xi 20 Wisl, ..., L.
We consider the alternative possibility of agsnts being ablae
to sall their coupons at market determined prices i.e. something

like a bilack market for coupans.

A  coupor’s aquilibrium with sales is a four-tuple (p %al

¢ @ ,sr€ al szl, xt.ll‘ ) such that

. n s _
(1) E'.Plx i =Q
(ii) ¥ i=1.....n.x"i salveaes

U‘ \Kl)"max

a j 9 } q
£, a i ‘.('i»k ‘('\.'»1§3 i
?«"1 o Wt L.t

. wz( = n ~ o - < Q - =
CL11) 5305, )7,y Satisr1as s; 2-vyand L5 =V



2. Existence and fairness of a coupon’s Equtlubriuq r- We-'bagin
with &miﬁﬂnu&ng lamma whose proor is 3 simple consequancag  or the

semi-strict quasi coneavity of each u, .
, .

Lemma 1 :- if in<<ﬂ

1. : -
Jl. tXlJ m3x

. 5, i
s-t. Lyeg Pyx 7y *CiefPy x'j 4wy

z{j:ga.j xli f_:/'\ .xli;OVj=1....,l (#)

gy =1l

i
then x'; sclves

- ~ A 3, CCm . j - AKRAM SAKABMHAI LIERARY
5.t Lygg Fyjx Yy tLyefPy x7y ¥ ~UIAN INSILIULE OF MANAGEMEN:

i KJi <=vi 'xJi 20 Y j=t, ..., 1 / &Nl RAPUR, AHMEDABAD-33008
where pEAL and aEAJ.

Progof :- Appeal to the semistrict quasi-concavity of u
\

i
and 3%a ‘st z (p.a)=(x€li‘/x solvas v4) and

zkp.a!—ﬁnﬁlzitp.a:. Tha ~<orrespondencs ::Al xAZ-)-:R h is non-

For each pEa

empty valued, canvax valued, UPERTr32M1ICONLINUCUS 3na compact-

valuad (322 MNikaido (loo?r), Further z(p.a)gd VYi(p.a)Ea 1‘.’4 th-are

Thegrem L :- Under the abgve assumptions 3 coupons cequilibrium
axists. 4
Proof :- Deafina the functions f: A’xa%(Q-;-‘Aland g A"kasz;—‘AZ as

ftollows:

pj +max\0.§ -Q i)

fj (p.3a,z7 = ~. , jER®
: , , Q)
L+L sgflmax o, zi-Q ) ),
x
a; +max\0,z’-ﬂ j)
gy (P, = N £ T |
al
1'2|j=1[1n3'ul).: } -Q‘ y 1.
v

Lot A: A’m@xﬁ-s-»g‘xé&ﬂ be dafingd as rtollows:



Atp,3,z)=(ttp,a,2)ixfglp,a.z))xzip.a)

A i3 a non-empty valuad, campact valued, convex valuad and
uppersemicontinuous correspondence. Thus by Kakutani’s fixed
point  theorem, I3p%%z% AraZa such  that (p%a%z%ea
(p°,aﬁz°:. 1t is masy to check now that (p?a ?zo ) 15 a3 coupon's
aquilibrium.

Q.E.D.
Coratlary to Theorem 1 :- If «p%a2x% i3 a coupon’s eguilibrium
then

9. =y. Wi=l,...,n

- A 0j c.0
(1) Ejp Pjx i+ Eyjeg P j X g =W

°j )(oji ='v'i V i=i,...,0
]
Proof :- Follows easily by observing that p'EAland a A
QIE.D'
We say that an allocation xe(ll,j "is Pareta efficjent if
. n -
(1) L54%X; <2

[
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-
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viir 3 }E=Rl')" with E%:ly (S oand agey a0 Vo R )
a 2as

with t | t one strict in=quaiity.

Tne rolilowing 2xampie reveals fhat a3 coupon’s aguilionrium
need nat be Pareto efficient:

Exampla :- n=2, 1=2, uy (x.y)=x“2y, u 2(x.y)=xyln s WIL2,2), Wy

|84

. W =2. Let g=fixed price of x=1/2; p°=flaxibla pricea af
y=3/2. Let a°l=3/2. |°y=1/2 ba the raspective prices of x and y
on thea coupon’s market and v, =v, =i, Let (xol.y°1 )=\x°2.

v®% o=d1, 0. Then «p%alax O v o ey Ly % 0y is & coupans
equitibrium. How=sver the allocatian wherg agent 1 geats 2/3 units
or good x and 4s3 units of good y and agent 2 gets the rest makes
baoth agents better off. Hence the coupon’s equilibrium alltacation

1s not Fareto efficiant. '

Wa now coma to a concept of fairness, which is ultimately
why such rationing schamas ara introduced. The concept is due ta
Fazner  and  Scnmaeirdliarc (L3747 and s detined  as tallaws:  An
alloczation - price pair kx°.a9€\ll)'&ﬁ ; 13 said to be couponly
income taip it Tl x % a% =k ', ha V¥ L.ketl, . iundy

4



lt v, =v, = Y i.k€{l,...,n}, thean a coupon’s squiligcium
k

is coupons income-tfair. Henca, in some currancy such  an

aquiliobrium allocation is income-fair and has the merits normally

associated with an income fair ailocation.

3. Existence, Efficiency and Fairness of a Coupons Equilibrius
with Sales :- Suppose now that a markat for coupnns is introduced
with ane unit of coupon costing ‘¢’ units of money with <»0. Than
the budget constraint of agent i becomes

A i T i Loy s w ) .
Ligr Py ¥ ' *LgfPj ¥y +E tca joxquy +ovy

1
where kpj)ﬁfe a ., 3and ta ) j:LE a; . .
Let a3 =ity 'y /4520 V 3ELL, ... 1} 3nd € gy a) 2xecn,

For ()Y =4, tat x; (ERY Y& G it and only if x; solwes

Uity it omax
=+ AL L o o e .
ERRE Lo Pj/ +0 ]:1$] Y f_;wi*.-»'l LA )
yl da ¥ 1=t o

The following lemma is immediate:

Lemma 2 :- {f X i <! salvas (##%) than Xy solvas

Ui (yJl=-:*max

n . \ .
s‘.t. njER B Y LIS jq“Yy] gwii'cvi -~
vl 20V j§=L,...,1.

Proot :- Follows from the semi-strict quasi concavity of

Ui'i=1|.n-|n-

Q.E.D.

Lot dego =R 4 G, tor$€ a4y . Than d: a3~ -:d
i3 a non-~ampty  valuad, convax vatuad, compact valuad,

upparsamicontinuous corraspondencae.



Theacem .. :- Under the above azsumptions there exists a coupan’s
equilibrium with sales

‘Proot :- Let £: Ajxl-’a3be detined as foilows:

= , =3 _ql
fj (G. 2/ CYJ tmax(0, = Q) i-1 1

Q)

t+nly tmaxco,z 3 -al i1,
X+CV

where ¢>Q is a fixed real number. Let h(@,ziz(f(c&,z;}xdaéy)V(qa,;)e
Ast. The range of h is Axd. h is non-empty valued, convex
valued, compact valued and uppersemicontinuous. Thus by
Kakutani’s fixed point theorem, there exists (g% zfe 4 %Q such
that ( 4% z%h( 4° zf. Now consider the system of linsar
squations:

By veay =9y Vi

Py *cay =¢’) VIR ©

Pi ieg® Ay a3y €A
The total numoer 31 equatiaons are |+Z, ot which | ars2 tinzarly
independent. The total number or unknowns are where l*|R9| where
|R¥l= cardinality of R®. Hance the system of aquations has at
‘least one solution. In fact carrespaonding to each (p % ) EEE a
with Fiiqfoj V i€ER® , one can find a uniqua a\“EAZ . Hance
(p% ac.=2% is a coupan's aequilibrium with salas (by Lamma 2).

- Q..E.I?.

The folilowing theorem asserts the Paretoc efficiency of a

caoupan’'s equitlibrium with sates.

Theorem 3 - A caoupan's equilibrium with sales is Pareto

atticiant.
Proot :- Supposse kp° a%,c%,x% is a cgupaon’'s aquilibrium with
satles which is not Pareto efficlient. Then., there exiats ?E(ll,)“

s3ush that
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(ii) ui&?{ZUi(x%) A4 i=L,...,n with at la3st ana

inequatity.

. = 0 a =3 ! a= |
{f lJi (X?>u I(X 1), then EJER P]x l+): J€Rc FO]X i tE 1:13. r( i >w‘
+C ¢ Vi .

1t ui(§g=ui(x°g. then it is measy %o sa4 that

8 0 =j i
Lgg P X'y *Lyg” Py Xy ¥ By Ty xy

= Al 0 i t o i L T 0 .
Thu.: ZBER Pj Q +23£Pj Q +E i=1 a i Q )Z ‘=1 Lw: .+tC Y, }u whlch
is a contradiction.

Hence x~ is Pareto afficient.

d.E.D.

x4

In some senses a coupon’'s equilibrium with sales is superior

to a coupan’s equilibrium:

Theorem 4 :- Let tpu.aac %Y ba a coupon's azuilibrium with
3 4 4 . - . g

sales and (p ,3a,x 4 b2 a3 coup3n’s 3gquilibrium. Than BRI gZui

% VisL, oo, n

Proof :- Since x ;is feasible for the ith agent’'s probiam with S i

=0 R 0. . ..

G, Uy tx; )%u‘(x i 7o

Q.E.D.

Hence avery agent finds a coupon's equilibrium with sales,
superiar to a coupan’s equilibrium (without sales). Howaver, we
can makea a much stronger statement abgg} a coupon's equilibrium
with sales when < and vi»i=l,...,n are suitably chosan.

Following Baumol (1985), we say that an allocation ?E(l‘) n
such that L%, ¥ <0 in fair if ¥V i,k€L,... 0}, u 1(32’{?_\; ({Xy). The
following theorem is thus significant:

Theorem 5 :- [t c?® »0 and vi.i=f...‘. are such that w l+c°v i 3
+c°w Vi.k€il,....n}, a coupan's aquilibrium with salss i35 fair.
Proot :- tr p® @ ,c? ,x° ba ths corresponding coupon's
equilibrium with sales, then V i, k€(l,...,n)



!

kL Pi"ojk ezl e’af x Bemwy vetry 2w e Sv g

)]
0 o
J)ui(x K e

A 0
Lieg P X
Hence, uy (x%
Q.E.D.

DObsarve we do not need to redistribute incomes in order to
obtain a rtair allocation. All that we need to do is5 to distributs
cgupans ameong the 3agents in such a way that the aggregate money
income with caupans being saieabls 15 the same for atl agents,
This 15 a significant result, because it dectares a coupon's
equilibrium with sales as superior to a coupan’s equilibrium
without sales both on grounds of efficiency and distributive
justice. [t is also much easier to impliement than an squal incaome
market equilibrium. We do not confiscate wealth from the wealthy.
We simply compensate the peor with additional coupgns, 50 that
thgy <an acquire the same wealth as the rich afteft trading the

coupons an the market.

4, Conclusion :- The special case with R={1,...,!}, caoarresponds

-~
a
W

Cr2z2-ruller 2quilicriurg with and without saias 51 coupans.

Hance 3ur solutions 3ra a

LN

2naralization of =sarlier solution
zdnc2pts.

fn sum, we agbserve that a coupon’s equilibrium with sales is
both fair and efficient. Further its easy implementability makes

it a more popular egatitarian device than income transfers.
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