. 'vv;)%
’ [ 2

s

——
A4

I

JC JC JVAC

AHMEDABAD

Working Paper

2% 7

- -
. B~
« o =



CONSISTENCY AND AN AXIOMATIC
CHARACTER!IZATION OF THE MARKET
EQUILIBRIUM SOLUTIONS
By

Somdeb Lahiri

W P No.133S5
October 15896

The main objective of the working paper series of the
{iIMA {8 to help faculty members to test out their
research findings at the pre-publication stage.

INDIAN INSTITUTE OF MANAGEMENT
" AHMEDABAD - 380 01S
INDIA




X
j Q’h/—ﬂ‘l&/ﬁf&'f‘fi\i‘!@[i‘

i Llicr

ACC ng,
VIKicapy S

.
RANg,,

LL
\‘.__

AHMblL/.n. 3

A~ B .-



Consistency and an Axiomatic Characterization
Of The Market Equilibrium Solutions

Somdeb Lahiri
Indian Institute of Management
Ahmedabad 380 015
India

September 1996



Abstract

In this paper, we present a unified theory for solutions to games of fair division, which are
ordinal in nature and appear as non-symmetric variants of the equal income market equilibrium
solution. We characterize the entire family of such solutions using consistency, converse-consistency,
local-independence, individual rationality and a weak efficiency condition. This is all done in a
variable population framework.

In the fixed population framework, we obtain an axiomatic characterization for the same family
using monotonicity, individual rationality, local-independence, non-discrimination and another weak
efficiency property.



Introduction:- Social choice in abstract spaces has been plagucd with impossibility results. MS
has largely been due to the fact, that in abstract set theoretic settings it is almost impossible
to impose enough structure on the problem, which would act as restrictions on the domain and
lead to anything meaningful. Beleagured by such negative conclusions, economists in recent
times have either given up social choice theory for lost or have chosen specific economic

domains to hone their skills and arrive at possibility results. The motivation behind this paper,
is of the latter category.

The economic domain most popular in recent social choice theory is one of allocating
a given bundle of resources among a finite number of agents. The study of such problems is

also known as games of fair division.

There arc basically two approaches to solving such problems. In one approach,
pioncercd by Nash (1950), we are interested in first choosing a vector of utilities for the
agents, and then choosing an allocation, comformable with the utility vector. There is of
course the underlying assumption of agents being equipped with utility functions, which
expresses their preferences for consumption bundles. This approach, surveyed rather
exiensively in Thomson and Lensberg (1989), is relentlessly cardinal in spirit The other
approach to the problem (which we pursue in this paper), proceeds by operating some variant
of the market mechanism from an initial distribution of income. This approach is inherelty
ordinal. The distribution of income is part of the process of resolving the problem. One such
mcthod is equal division of income, as discussed in Thomson and Varian (1985). Interesting-

possibilities, with regard to distortions of utility function in such a scenario, have been studied
in Lahin (1991).

Till now, there is no unified thecory, charactenizing the market mechanism type
solutions, for games of fair division. The equal-income method is treated as a district category
all by itself, which is not amenable to non-symmetric generalizations. This is true, atleast in
s0 far as the axiomatic theory of solutions to such problems go. Our purpose in this paper is
to obtain an axiomatic characterization for the entire class of solutions consisting of the equal
income market equilibrium solution as well as its non-symmetric variants. Our axiomatic
charact “rization closcly follows the axiomatic characterization of the Walras correspon: ence
provided by van den Nouweland, Peleg and Tijs [1996].



A problem with the approach to the axiomatic characterizations for the Walras
correspondence in the above cited paper, is that the correspondence may fail to be non-empty
valued except under very stringent conditions. Further, the conventional model of pure
exchange, though celebrated and venerated fails to lend itself to easy interpretation via
consistency axioms. There is the recurrent problem of ‘net indebtedness to the outside world’,
which crops up whenever we consider a reduction in the number of agents, with the departing
agents getting their share of the Walrasian allocation.

In this paper, we use the axioms of consistency and converse consistency to
characterize the market equilibrium solutions. Apart from the paper by van den Nouweland,
Peleg and Tijs [1996], the other notable characterization theorems in similar lines of research
can be found in Gevers [1986], Thomson [1988]. Thomson [1994], Nagahisa [1991], Nagahisa
[1992], Nagahisa [1994] and Nagahisa and Suh [1995].

The Model:- We consider economies with arbitrary finite number of agents. Let N be a non-
empty set of potential agents, whether finite or infinite (: if infinite N will be identified with

the set of natural numbers). An agent set M is any non-empty finite subset of N. By R we
denote the non-negative orthant of R and the strictly positive orthant of R is denoted

by R.. Fortwovectors x, y e R wedenote x2y, x>y and x>>y according as

—

x-yeR, x-yeR \[0} and x-y e R,. The inner product x.y of two vectors

x and yeR is defined by x.yzlf X, y,.
=]

An economy is a list E=<M; (u') ,,;@> where M is an agent set, ek, is the
total initial endowment of goods in the economy and u!:R-R is the utility function of

agent ieM. An economy such as this is referred to in the introauction as a game of fair

division. We will assume through-out the paper that the utility functions are continuous, quasi-



concave and weakly increasing: given E=<M; (u!),,; @ for ieM a utility function
ui:R-R is said to be weakly increasing
if Vx, yeR, xoy = ul(x)2uily).

The class of all economics with continuous, quasi-concave and weakly increasing utility

functions is denoted & .

Given Ea<M; (u'),,: o>e&, we define
A(E) = {(xi)u,, e (lf)"/iz xt = m}. A(E) is the set of
eM

feasible allocations for Ee&.

Let w=R!, ie. the set of all functions from Nto R .

Given E=<M; (uf),,; @ ¢ &, xeA(E) issaidtobea

w-market equilibrium for E is there exists

peR \ (0} with I w! =p.0,

1eN

suchthat VieM, x! solves the following programming

problem:-

u* (y)—> max
s.t.p.ysw!

yelE

In Lahiri [1995] we show that VEe® and all wew a w-market equilibrium exists



forE. If wew issuchthat w=w,V i,j e M, thena w-market equilibrium for E is also

called an equal income market equilibrium for E.

Given E=<M; (u'),,; 0> €&, an xeA(E) is said to be efficient if there does not

exist yeA(E) with wi(y?)2ut(x{) ViemM with at least one strict inequality. If x is

efficient in E, then it is also referred to as Pareto Optimal in E. Given Ee&, the set of

efficient allocations is non-empty since A(E) is compact and the utility functions are
continuous.

First Fundamental Theorem of Welfare Economics:- Given Ee® if x is a w - market

equilibrium for E with wew, then x is efficient.

Second Fundamental Theorem of Welfare Economics:- Given E=<M; (uf) ,,; o>e& if x

is efficient in E and

x* e R,V ienM thenthere exists wew such that x is a

w-market equilibrium for E. -

These results are established in Malinvaud [1993].

Easily verifiablc observation:- If E = <M; (u),,,; 0>¢ &, x is a w - market

equilibrium for E for some wew and peR \{0} is the associated price vector (in the
definition of a w - market equilibrium) then p.x'e«w!V ieM.

Given Ee& and weW, let G*(E) be the set of all w-market equilibrium for E; let

G(E) be the set of all equal income market equilibrium for E.



A domain is any non-empty subsct of & .

We now consider two specific domains:

E={<; (u); 0> el/VieM, vxeR!,, yeR!, u!(x) = ul(y) implies yeR:. }

Let £ = <M; (u®),,,; 0> ¢ &. E issaid to be smooth if

VieM,VxeR],, therc exists a vector peR;, (unique upto multiplication by a positive scalar) such

that p.y>p.x whenever u’(y)>u'(x) and yeR.

Let & ={Ec¢ &E is smooth}. Let &, = & NE,.

E=<M; (u’) ,,; w>e&, . Then, given

Proposition 1:- Let
xeR!, and yeR \R.. and ieM, u(x)>ui(y).

Proof:- Towards a contradiction assume u*(y)2u’ (x) .

-

Let eeR. be the vector with all co-ordinates equal to one.

By weak monotonicity u! (y+e)>u(y) .
Let z(t)=x+t(y+e-x),te[0,1].
z(t)eR. Vee (0,1).

u! (z(0)) = u'(x) € ul(y) < u(y+e) = u! (z(1) ).

Hence, by the intermediate value theorem for continuous functions, there exists te[0,1)



such that ui(z(t))=ui(y).

Since =z(t)eR. we must have yeR!,. This contradiction establishes the proposition.

QED.
Proposition 2:- Let E = <M; (u'),,; ® > ¢ & and x be a w-market

equilibrium for E for some wew. Then xieR VieM.

Proof:- Let E be as above and let x be a w-market equilibrium for E, wew. Since wi > 0, if

p e R\ {0} is the price vector
associated with x, then there exists z ¢ R, with p.z € wi. If

x! ¢ B \ R., then by proposition 1, u’(x*)<u’(z), contradicting

that x is a w-market equilibrium.

Thus, x! e R.V ieM.

Q.ED.

Let E=<M; (u'),,; 0>€¢&, x¢t A(E) and ¢ # ScM. The reduced
cconomy of E with respect 10 S and x, denoted E** is defined as

<S; (u), o~ I xp>, providled o - I x'eR..

ieM\s 1eM\S

If Ee& and x is a w-market equilibrium for E then E** is well defined whenever

éxscM. This is because for

x € A(E), x' ¢e K.V ieM(E), where M(E) is the agent set for E.



It is easy to see that given Ee&,, with agent set M, if x is a w-market equilibrium for E,

for some wew then given ¢#5cM, x* is a w-market equilibrium for E** .

We close this section with the definition of a solution and a proposition. A solution Fon &,

is a set valued mapping such that VEeZ,, ¢#F(E)CA(E).

Proposition 3:- Given
é #MC N, Mfinite, x¢ (R)", peR, ,0e B, , we w with
p.w=LX w and £ x!=w, thereexists E = <M; (u!),,.: o €&,

ieM JemM

such that, x is the unique w-market equilibrium for E (with associated price vector being p).
Proof:-Let o) =P x5 / w', i€eM, j=1,...,1.

For ieM, y' e R, let u' (y*) =[] (y')®. [sce Madden (1986)).

=1

It is easy to see that x is a w-market equilibrium for E=<M; (u') .; 0e&,

Let zeR! be any other w-market equilibrium for E with

associated price vector g.

.*.uj =g, z,‘/w“ ieM, §=1,...,1

If z#x, there 3 ieM, jell,...,1}, suchthat gj# x;. Without loss of generality assume

zi > xj .



Then q<p,.
Thus zj > x;V k € M.

LY zd> T xieo,.
kEN j xeM j J

Hence z is not feasible for E contradicting that z is a w-market equilibrium for E.
QED.

3. Characterizations of the Market Equilibfium Solutions:-

For wew, we define G* to be the w-market equilibrium solution,
where for each Ee&,, G¥(E) is the set of all w-market equilibria for E. We define G to be

the equal-income market equilibrium solution on &, in a similar fashion.

A solution F on &, is said to be consistent(CONS) if VEeZ,, ¢ #ScM(E) (:the

agent set for E) and XxeF(E) :

(i) E** g g(l
VIKRAM SARABPAI 11RRAR®
WIDIAN INST L. [ RN LR
(ii) X' EF (EME). VASIRAPUR, AHMEDABAD-340013

It is casy to see that G* is consistent Vwew

AsolutionFon &, is said to satisfy Converse Consisiency(COCONS) if forevery Ee&
with |M(E)|23 and for every xeA(E) that is efficient, if whenever ¢#SacM(E) we

have (a) E**e¢ & and (b) x* € F(E~*), then we also have xeF(E).

10



Lemma 1:- Given weW, G* iS converse consistent,

Proof:- Let E = <M; (u'),,,; 0> e & with |M 2 3.
Suppose xeA(E) be efficient and (a) E** e &,

() x* & G"(E**)VozSM. Clearly x!eR VieM. Bythcr;econd fundamental theorem
of welfare economics, there exists peR \ {0} such that p supports u! at x!,ieM. Since
EeZ,, this p is unique upto multiplication by a positive scalar. Now x!eG¥(EY-*)
implies that there exists p‘ eR \ {o} which is a scalar multiple of p such that p!
supports u® at x*. Clearly p'.x* = wi. We need 10 show pi=p’, Let

s={i,j). Thus (x',x? € G* ( E**) implies that there
exists p* eR \ {0} (which is a scalar multiple of p* and p? ) such that p* supports
u! at x* and u* at x?. Thus
p’.x*=w! and p*.x'=w). Thus p'=pl=p*. Let p’=p’, ieM. Thus
p . x'=w! VieM and p’ supports u' at x!, ieM. Thus,

X€EGY(E) .

Q.ED.

Remark:- In the definition of COCONS, |M(E) |22 (as is usually the case) will not do in
showing that G* is converse consistent. This is because G* (E) = {ow} ,

whenever Es<M; (u'),,,; o> with |M|=1, whatever weW.

11



The next condition is due to Nagahisa (1991).

A solution F on & is said to satisfy local independence (LI)
if VE=<M; (u*),,,; @, if xeF(E) with x'eR}, and

p’ e B, supports u! at x*, then xeF(E) where

E=<M; (v?),,; o>&&, issuchthat v'=u*V kzi and

p! supports v! at xi.
It is easily seen that G* satisfies LI on &,.

The next condition we invoke is a type of individual %tionality condition.

Given wew, asolution Fon &, is said to satisfy w-Individual Rationality (w-IR)

if

Zw‘

kem

VE = <M; (u'),,,;0>€e&, Vx¢eF(E, u (xi)2ul [ w! u)]V.i £ M.

In a similar context Young [1993] calls T':‘? ® agent i’s entitlement in E.

e

A solution F on &, is said to satisfy Individual Rationality from

IRED) if

VE=<M; (u?),,,; 0>e&,, V x & F(E),u! (x) 2 u? ( 'T%T )v ieM.

12



The final property we invoke is a mild efficiency condition as in van den Nouweland,
Peleg and Tijs [1996]. '

A solution F on &, is said to satisfy Pareto Optimality for Two Agent

Economies(PO(2)) if VE=<M; (u'),,;o>e&, with |M|=2,xeF(E) impliesxisefficient

in E.
We are now in a position to state and prove the main theorem of this paper.

Theorem 1:- The only solution on &, to satisfy PO(2), w-IR, LI, COCONS and CONS is
G".
As an easy consequence of this thcorem we have the following:

Theorem 2:- The only solution on &, to satisfy PO(2), IRED, LI, COCONS and CONS is

G.

We will now prove Theorem 1.

Proof of Theorem 1:- That G* satisfics the propertics listed in Theorem 1 is clear. Hence let

F be a solution on &, satisfying the listed propertics and let E=<M; (u') eM; o> € &.
v

We will show that F(E) =G¥(E) .

If |M =1, thenG” (E) ={ow!}=F(E).

If |M =2, letM={i,k}c Nand x¢ F(E). ByPOQ2),xis

efficient in E. Hence there exists p ¢ B \ {0}, which

supports u’ at x! and u* at x*; this follows from the second fundamental theorem of

welfare economics. By CONS, x‘ e F(E“*) and x* ¢ F(E***) with both
E-l.!),x and E(kl,l

13



being well defined. Thus x*, x* ¢ R, and p ¢ R, with p being

unique upto multiplication by a positive scalar. Choose p such that p.o « N*+W*. Letus
show that
L xi=W .x*=wW. B - IR 19y Syt w!
p.x and p.x y (w ) u(x‘)Zu [Wm] and

u* (x*) 2 u* [_;_‘i:_k. (D} By choosing E=<li, k}; (v, vY); o>e&,, with p
witw

supporting

v’ at x* and v* at x* but with the new indifference curves of

v! and v* through x* and x* being flatter than the

indifference curves of u! and u* through x* and x*, Wwe

ensure that _P-*_ o< p.x* and _.__Tp'". o € p.x*. For this we
wi+wk wi+w

need to appeal to LI and W-IR of F. Since

wi whe
x'4xF =z @ = + we must have
Witwr w’+w"

*. Thus

w!= .p.x! and wk = p.x

X€G¥(E) . So F(E)C G*(E) if |M|=2.

Now, let XEG*(E) with Ex<M ; (u')),,; &> ¢ & , |M|=2. Clearly

x‘, x* ¢ R, where M=li,k}. Now xeG*(E) implies there exists peR. with

such that p supports u! at x! and u* at x*. As in proposition 3, let

p.wawiswt,

E=<M; (vi,v*); o> ¢ & with G*(E)={ x}, and p the associated

14



price vector. Thus p supports v* at x! and v* at x*. Now

F(E) c G*(E),F(E)#¢ implies F(E)={x}. By LI, x € F(E).

Thus F(E)=G*(E) if M the agent set for E has two elements.

The rest of the proof is by induction on the number of elements in M(E), the agent set for E.

Suppose F(E)=G*(E) V E ¢ & with |M(E)|<n, n22. Let

E=<M; (u*) ;,,; &> € & with [M|=n+1. Let xeG*(E). Thusxis
efficient in Ewith x' ¢ R,V ieM. By CONS of

G, ¢ # SaM implies x°* & G* (ES*). By the induction

hypothesis, G* (%) = F{g*x ). By COCONSOfF, xeF(E)y. Thus G* (E) c F(E).

Now, let xerF(E). ByCONSof F, ¢ # s cc M, implics

X* e F(E**). Taking S = (i}, we get x‘eRl, V ieM.

Let p'‘eRl, be the unique vector with p’.x‘=w!, which

supports u' at x‘. Let 5§ ={i, k. x* ¢ F(e**) = 6" (E**), the latterequality following by the
induction hypothesis. Thus, there exists a unique peRl, with p.x’ = W, p.x* = #*, such that

p supports u‘ at x! and u* at x*. Thus p! = p = p*. Thus x ¢ G"(E).

QED.

15



Conclysion:- In the above two theorems we axiomatically characterize the entire family of
market equilibrium solutions.

It may be tempting to conjecture that the domain &, is a subset of
& and so & = &,. Thisis not in general true unless the utility functions are assumed to

be strictly increasing. In general, &, is a strict subset of both &, and &,.

In a recent paper, Dagan [1996] characterizes the Walrasian allocation correspondence,
in classes of exchange economics with smooth and convex preferences, by means of
consistency, converse - consistency, Parcto optimality, envy freeness and neutrality. In yet
another axiomatic characterization in the same-paper, the fact that the solution is a core
selection, atleast for two agent problems is used. However, as in Van den Nouweland, Peleg

and Tijs [1996], there is the problem of indebtcdness to the outside world, skilfully
circuamvented with the help of a "net trade vector”.

There may be other axiomatic characterizations of the family of market equilibrium
solutions. However, with our axiomatic characterization, a new begining has been made in the
study of ordinally invariant solutions to games of fair division. The equal income market
equilibrium solution is now viewed as a member of a larger family consisting of its non-

‘symmctric analogues as well.

16
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Appendix

Here we assume that the agent set M is fixed and obtain axiomatic characterizations of the
family of market equilibrium solutions.

Let ¢ # Mc N, with |M| 2 2. Throughout the appendix M remains the fixed agent set

under consideration.

Let &% ={Ec &/E = <M; (u'),.,; 0>},

Since M remains fixed here, whenever Ee &" we suppress M and

write E = <(u*),,,; w>. Clearly &*c &. Let

& ={E =< (u),,; ©> /3 pe K. such that

VieM, vui(x') =H (p.x!) Vx!eR, where H :R 5 R isastrictlyincreasing function}.
Let &' =(Ec &/ Ee®) =& NI

& =(Ec &/ Ee®) =2, N

We may call an economy in & N &, extra smooth. Finally let &' = &'U (&N E" }.

We postulate now the following property for a solution Fon &' called non-discrimination

of Pareto indifferent solutions:

Non-Discrimination of Pareto Indifferent Solutions (ND):-

VEe & ,Vx, ye A(E), x e F(E) and

ul(y!) = u'(x!) VieM withE = <(u'),,; 0> implies y € F(E).

19



The above property is discussed in Nagahisa (1991). It is easy to sec that G* satisfics
NDV we W.

Observe now, that since we are going to dispense with CONS and COCONS, the definition
of w outside M does not matter.

The following property due to Gevers [1986] is called Monotonicity:
Monotonicity (MON):- F is said to satisfy Monotonicity on '

& if VE =<(u),,,; @ and E* =< (v!),,,; o> both belonging
to 8, Vxe A(E') whenever Vie M, and y' e B, u'(x) 2 v'(yh
implies v' (x!)2vi(y"), then x ¢ F(E') implies x € F(E?) .

Lemma 1:-let Ee &, xe A(E), pe R.. If VieM p.x'2p ¥ o,
! w.)

JeM

then VieM, p.x* = %:‘_'i;m, where w e W.
w

jEM
Proof:- Obvious.

Lemma 2:- Suppose E = < (u'),,,; @>¢ &' and Fon &7 satisfics ND and w-IR. Then

F(E) =Y xeA(E) N’iel»f,p.x‘zp""J o where uf(x)=sp.x'V x' e R
! J
jtnw

ieM and pelk,.

Proof:- Suppose F is w-individually rational. Then

’ i
F(E)C) x€A(E) /VieM, p.x‘z%m
Jem

20



Now, let x€A(E) withp.x!2 %‘_:_ZNVJ'CM.

jen

g p.w‘ .
By Lemmal, p.x wm\hau.

jem

. . 1
Thus all allocations y € A(E) with p.y‘z% woVieM,

3

Since F(E) # ¢, xeF(E).

Hence the lemma.
.Promsition 1:- Let F be any solution on &7 which satisfies

G*(E)CF(E) V Ee&).

Proof:- Consider any E ¢ & and any x ¢ GY(E).

Thus p.x* = p.w

are Pareto indifferent,

Q.ED.

MON, W-IR and ND. Then

3 @ where peR., isthe w-market equilibrium price vector associated with

-—

jen

x (so that in panticular, p.w = L wi).

jem

Now, p.x!2 p.y!=ul(x!) 2 ul(y’) VieM since x € GY(E).

Let vi(z)) =p.2'VzieRk, ieMand E = <(vi), ;.

By lemma 2, xe F(E').

Hence, by monotonicity, x e F(E).

21



In order to obtain the converse inclusion, we need a weak version of Parcto Optimality:

Binary Efficiency:- A solution Fon &Y is said to satisfy Binary Efficiency (BE) if

VE=<c(ul), o> e’ VxeF(E), Vi,jeMm, the following is true:
there does not exist
yieR!, yIeR), yley?d « xtex?d, uf(y?) 2ui(x®),ui(yfH2 ul(x?) wih
atleast on¢ strict inequality.
Once again Binary Efficiency being a weaker version of Pareto Optimality is seen to be easily

satisfied by G¥, whenever we W.

Proposition 2:- If a solution F on & satisfies (BE), (MON), (N,D) (W-IR) and (LY) then

F(E)=GY(E) V EcZY.

P@f:- In view of proposition 1, we have to show that F(E)cG¥(E) V Ee&¥ and in vif‘::v of
Lemma 2, that too for EeZ"N &Y. Thuslet E= < (uf),eM o> and xeF(E). Since F
satisfies (w-IR)and Ee &N &", x ! eR!, V 1eM. By (BE) and the second fundamental theorem
of welfare economics, given i, jem, there exists peR!, such that p supports u?! at x? and

u’ at x?. If |M =2 thenthisisenough;if |M > 2, thenbytaking i1,keM, k » j, we

get p’eR!, suchthat p’ supports uf, at x! and u? act x?. Since all utility functions

are smooth, p’ must be a positive multiple of p. Thus we can choose peR!,, with

s4 4
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pws= l2: w! suchthatpsupports u! at x?, whatever jem. By (LI)and (w-IR) as applied
sN

to F in Theorem 1 (in the main body of the paper) we get p.xf =p.w!V ieM. Thus

xeG *(E) . This proves the proposition.

Q.ED.

This appendix which has been added mainly for completeness, reproduces results reported in
Gevers [1986] (i.e. Lemmas 1, 2 and Propositionl) and Nagahisa [1991] (i.e. Proposition 2) in our
context, without significant variation in the style of presentation.
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