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ASSTRACT

Given a finite number of agents with utilities who wish to divicde
a finite number of commodities, consider the non-cooperative

game with strategies consisting of concave, increasing utility
functions and whose outcomes ars coalitionelly fair solutions
to the underlying equity problem determined by the strategies
used. It is shown that for such e game any gqual-{income comne-
titive equilibrium allocaticn for the true utilities is a Nash

equilibrium outcome for thre non—cooperative game,
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Introduction:- The concept of coalitional fairness for an eguity

problem (as defined in Pazner and Schmeidler (1978)) originated in
te work of Schmejdler and Vind {(1572). It was subsequently
refined and developed unon by Varian (1574), Jaskold-Gaszé,?iez
(1975) end Svenslon (1983), in possibly different directions.

The central idea is the allocation of a fixed supply of goods

fairly amongst a population of fixed size.

In many economic or game - theoretical models predictirns are

based on informaticn th-t is not observable. For examnle, Nash's
(1950) theory of bargaining determines an outcome that denends

on the barcgainers' von Meumann-Moroenstern utility functions.

Kurz (1977,1980) introduced a techrique for analysing such mode's
that yields predictions about the outcome of 3 game without relying
on wmobserved infogmation. The technique of Kurz has been adopted
by Crauford and Varian (1579) and Sobel {(1981) to analyse the
outcomes of the Nash Bargaining solutiore over the divieion of
commodities. Thomson (1979a and b) studies the Nash equilibrie

for the distortion game derived from a class of perfo mance

correspondences thuot yield indivioually setional and Pareto-—

ef ficient cutcomes., Kalai and Rosenthal (1978) consider an
arbitration modsl under ignorance, where a cooperative two-player
bi-matrix game is transformed into a non-coopeestive game by an
arbitratory Players are asked to gepbrt sumixed strategy {4hreat)

and two psyoff matrices, The arbitrator then determines an out come



using a procedure that generalizes Nash's (1953) extended
bargaining solution if the players reoort the same payoff
matrices. If the players report different payoff matrices
then they recejve the threat outcomes. Assuming that the
players know the underlying cooperative gams and that the
arbitrator knows only the dimensiors of its payoff matrices,
Kalai and Rosenthal show that reporting the true psyoff mat-
rices and appropriate mixed strategies forms a Nash Bquili~
prium for tre arbitration games, Moreover, the equilibrium
outcome is Pareto efficient and indivicdually rational.
-Lahiri (1988) considers a distortion game with fixed initial
supply of resources where an impartial arbitrator allocates
fair allocations amonost sgents Genadd ao geenike. There it
is shown that if a normalized price vector is an egual-income
competitive equilibrium with respect to true preferences,

then it is & Nash ecuilibrium for the utility distortion

Qame,

The problem considered in this paper may be viewed as an
arbitratior problem under ignorance. in erbitrator is sssigned
the task of determining a 'coaliticonally fair' outcome to an
equity oroblem. A possible technique for the arbitrator would
be tc ask the players to report their utility functions and
then determine an outcome to the resulting equity problem

according to the ‘coalition fairness' criterion. If the
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arbitrator has ho knowledge about the players' true utilities
except that they belong to a certain prespecified sat, then
the agents will be playing the distortion game we study

here., We, however, assume that agents have perfect infor-

mation about the game situation they are facing.

In section 2 of this paper we define the distortion game.

In section 3 we sstablish the main results,

The Concept of Coslitional Fairness And The Oistortion Games-

We consider an economy with 1 commodities indexed by k, k = 1,..,1

and n traders, ihdexed by i, 1 = 1,...,n. The commodity space

is IR1+. For each trader i, we ascsume the existence of a true
vtility function ui: IRl-—-) IR, which {s continuous, concave

and monotonic (i.e. x)y, xg ygIR]'+ implies ui(x)) ui(y)). Lat

1 =(1,000y1)¢ IRI+ be the initial aggregate endowment of the
comnodities, We adopt the corwention to danote the vecter (a,..,a)é
IR1+ by a. An allocation 11an n-tuple x = ()-:1 ,....,xn) of

vectors in 1F¢1+ verifying Z‘xi = 1. The equity prcblem is

the assignment of an llloca%Ton tc svery economy specified by

bid o
[ui] 11’ For the sake of convenience we will agree to denote
14

the set of all allocaticna by



The n players report utilities that are restricted tc lie in
the class'U,’whsre'u, concists of trose functions Ui T—,[U,‘\]

such that

(a) U is continuous, strictly increasino and
concave in T3

(b) U is normalized so that u(g) = 0 and U(1) =

The class of admissible utilities should include those functions
that are credible representatjions of the trus prefe.rencas of the
players, Condition (a) is s regularity assumtion on the range
of potential clayers. Concition (b) though inessertial,

greatly facilitates the presentation.

The distortion game for the equity orcblem is played by each
agent rewealing a utility function in' W . Given thtese renorts,
Ui. for player i, a set of outcomes G(U ,....,U ) is selected,
G(u reseesl ) is the set of coalitionally fair outcomes (te

be defined below) for the renorted econcmy [ i] =1 °

Let [UJ =1 be a set of reports., An sllocation x is @ coalitional-
ly fair (and thereby belongs to G(U1.....Un)) if and only if there

exists no 51,52§{1....,n} with 151\3\52‘ and y ¢ T, such thet

Ui(,i) > Ui(xi) for i€ S1

P

ieS‘ ie$,

and



lntuitively, an allocation x would not be coalitionally fair if
and only if there would exist two coalitions 51 and 52 with 51
at least as large as 52, such that :".1 could benafit from achie-
ving the agagregate allocation of Sz under x. Setting 51 = S2
= {1,.....,:1} , it can easily be seen that any coalitionally
fair allocation is Pareto-efficient, (i.e. x¢ T is Parsto af fi-
cient if and only if yeT and 4 1c{1,......n}5 ' ui(yi))/ui(xi)
implies ui(yi) = ui(xi) + 16{1,.....,3\} o The continuity of

preferences is crucizl in establishing this result,

In what follows, we shall require th- following definition

of an equal-income competitive equilifbrium (E1ce).

Definition :- An equal-income competitive equilibrium (EICE)

is an ordered (n+1)- tuple, (p*;x'{, N x*n) where

1
a) prelrt, o fo0, ) l°1=\

kst
b) x* = (x1*,.....,x'n)€T
@i Rlie/
c) x*_ solves VASIRA ... RRRTP¥ § B 1T e

i
1

max u,(x,) subject to pt.x ¢ 1 p*.1 =1, xe€IR .,

it - R - 4 +

The vector x* will be referred to as the competitive allocation.
On bccasion, a vector p = (91"""'91) will be used to refer to

the linear function from IRI* to IR, where

"y
p{x) = p.x :Zpixi

No confusicn should arise. b=l
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b d

Proportion 1:- Let (p*; x®) be an EICE for [u;} {21 Then

x® £ G(u1.....,un).

proof: Assumc that (p*; x*) is an EICE and K*ff“th.-...,un).

Then there exists S1 and Sz. ‘52‘§'51|, and y¢ T such that

ui(y1)> ui(x*i), ie 51, and

21’1 " szi'

i€S, 1¢S,
1
Now ui(yi)> lti(xil‘) for all 1€ 51? p.yi> - for all 1651

A ATOR

5= 6. )
= p. x. (the last eguality being

lésL

valid by montonicity of preferences).

This contradicts that Ezyi € 21 X,
ies, 1£SL
Hence x* G-G(u1,.....un).

o.E.D,

In the above proof the only pro-erty of preferences which we

effactively used was its montonicity.

Finally, we introduce the notion of a Nash equilibrium for the

distortion game defined above,
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Definition s— The strategies (U’.‘,......U'n)c'w corstitute a
Nesh equilibrium for the distortion game determined by G ir

and only if there exists ;CG(U'1,....,U’n) so that for ell
it%,...,ng , ii solves
max ui(xi)

subject to x €G(U™, eere, U, Uy, U, qoeeol® ), Ve U
and X = (x1|-o-oo|xi'ootoo’xn)o

The désirability of such an equilibrium strategy follows from the

self enforceability of the Nash non-cooperative solution concent,

Main Results i~ The main theorem can now be stated.

Theorem 1 :—= If {p*; x"‘1,.....,x*n) {s an EICE for true

preferences, then (p*,....,p*) is a Nash equilibrium for the

distortion game.

Proof :- The proof proceeas by a sequence of lemmas,

Lomma 13= If X € G(P®yeeessp®y Uy p*ye-a,yp*), then ph.x, = p'.xj

& i| J€i1'----'m"1, m+1.-..-,n} and p'. xm\(pi.xi for 311
i(sl1,.....m—1,m+1,.....n} s whare U is the strategy of
play:r @@ 'm'.

'.
Further, p xm\( %



Proof : Suppose, p*. X )p'.x1 for some 16511,....,m—1,m+1,

Define, y{ T as follows:

= X for i, m
yi = xm
ym = Ki

EES R T of

Clearly, p‘.yi> |.'.|’.>:1 and Zyj -Z xj
€5, 1€So

Hence x*?’ G{p®,..s sp™*s U, p*,s.e,p®) a contradiction,

So, p*. xm\< p'.xi for all i(ih..., m1, m+1,....,n} .

Also, p*.x

{ = p'.xj for all i, jc%‘l,..., m=1, m+‘|,....,n},

fullows by 8 symmatric applicetion of the zbove argument.

Since, p*%, ‘m\( p;.x1 for all 1(%1,....', m=1, M4l c0ee, n} and
L i
since X¢ T, D*-ZXJ =1,
f
' )
S PTe X4 p‘.zx

J = 1 )/ n (p".xm).

1
\.. p.. xm \< F .

This proves the lemma.
3. Eoo-
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Lemma 2 1t x*GG(p',p'.-.---.D‘k:.‘) p.ox'i ‘F ’ 1{%1.---,"}-

Proof t Let x*¢ G(p*,p*y....y P*). Then by Lemma 1, p*.x, =

p'. xj 31; for 811 1, jG{1'-oo’ nl »

»
Now suppose, x *¢ T and p.* xi -% ’ 16{1,...., n} .

Assume towards a contradiction, that x*, G(p*, p*ye.., p*).

Then, thare exists 51, Szg{h......, n} ’ Iszl_(|51 and y¢e T
such that
®, ", x* 'U .
pReyy ) pRx¥y Le s,
vy = 2y
:ug' €S,
" * T *
oo Ty e Doy Toe,
\.‘S‘ tés" 1651__
i »
This contradicts that Z Yy = Z x i
' 1€S
Les, > 7.€.0.

Proof of Theorem 1t : without losc of generality suppose,

XCG (U' p" sea ey D‘)' U‘fu,
By Proposition 1, if (p*; x'1,...., x'n) {s an EICE then

x* = (x'1....... x*n) € G(p*yeeveyp®) =

{XGT/p'-Xi s% ’ 16{1....., n}} (by Lemna 2)

Further by the definition of an EICE, x*1 solves,
max u, (x1)

subject to p*. x, \( 1/n.

S, x*, solves,

1
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maXx u1(x1)

sibject to x €CB{U,p*yeec-aep®)y UcW,

Repeat ing the same argument for ié{h...., n} s we get that

(p*.9ns., p*) 15 a Nash equilibrium for the distortion game.

Q2.E.D.

The EICE is attained as follows: each player reports linear
preferences with indifference surfeces parallel to the supporting
prices. The set of solutions to the equity problem then consists
of an entire hyperplane. However, since the hyperplane supoorts
the EICE, both apents can aoree on a mast preferred point (with
respect to their true preferences). This ooint is a competitive

allocation.
Theorem 1 has a partial converse,

Theorem 2 :~ If (p'1,....,pn) in a Nash equilibrium for the
distortion game with each pi satisfying gondition (a) of the
defini-ion of an EICE ano if an interior allocetion is Parsto-
efficient with respect to reported utilities (p1,....., pn),
then there exists x®¢ G(p1,.....,pn) such that x* is an EICE

allocat ion with respect to tpue preferences,

proof 3 Choose x®¢ G(p',...., pn) such kuk that »* j= the

Nash equilibrium outcome. Clearly x*i sclves
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max u, (xi)

subject to pi. xi\( pi,;ni

for all if{‘i,..... n}. 1t remajns to show that

(1} g:li = pj, i, j(‘{h...., n} . Then by montonicity of preferences we
get that x* is a competitive equilibrium allocation.

#*
(ii) pi. X

an EICE allocation.

= 1 « 15{1...... r:z. Then we get that x® is
n

1
Dbserve that pi. x'i)/ - v 1< %1,...., n’i

Suppose not i.e. l,::1 x'1< -:. .

haod load
Then since ij = 1 and p". Z x'J = 4, there must exist some

= l.—.t

[ S

j for which

i 1
P, X"'j» n

Let S.1 =511'B, 52 = fjk and y¢ T with

Y, = x* ifh 4 1,]
Y, = x*

Clearly, pi. yi> pi. x’i
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and th sZ x‘h.

¢S, f»(SL

This contradicts that x* @ B(p1,p2, ceny o).

first let us show that p1 = p‘j + i, 36{1,...., n} .

Since . _an interier allocstion is Pareto efficient with respect

to reported utilities p ye..esy P s wE MUt have olopled, sef ,....,n}

This & proves (i).

. i 1
Now since p . x‘i}/; - 1@%1,...., n} and egual divisicn is
Pareto efficient, we must have pl. x*i =T11 “ ie{"...... n} .

Tris proves (u) and the theorem.

Conclusion 3 In this paper we show that cealitionally fair
allocztjons are implementable in Nash strategies, Similer
results for cther performance correspondences are available in
Sobel (1981) ana Lahiri (158%). However, the under lyirg game

considered here is different from the ones considered earlier.

In Hurwicg (1972), it is shewr that for the same tlass of environments,
the individually rational and Pareto opt imal correspondence (in the
context of a private ownership ecoromy) is non-implementable, The
same example (example D) in his paper would show that the Pareto
correspondence fcr the class of economies considered by us is non-
implementable. What we have shown houever is that by suitably

restricting the performance correspondence, we 2re able to implemrnt
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our desired social goals. The reason behind thic is simple.

The Pareto correspondence reing too large, any pl%}r given the
tiash strateg, of the other player cen deviate to a strategy which
‘yields a better non-Fareto optimal allocatirn with regarcd to true
preferences and yet rermains Pareto-optimal with regard to stated
preferences., B8y recducing the size of the performance correspon-
dence, we are not eliminating better allocations for the players.
We only pguarantee that these better allocations do not being to
the imace of the performance correspondence obtained by an

unilateral derivation from the Nash strategies.
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