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ABRSTRACT

In this paper we show that rationalizability of
solution by a symmetric metric iﬁplies that tF
solution is anonymous . We further show that rations
a bargaining soluition by a metric implies that

satisifies metric respect for unanimity.
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1. Introduction : We will follow the approach in defining an n-

person bargaining game (n 32) initiated by Nash (1950). Formally

n
an n-person bargaining game S5 is a proper subset of R

satisfyings:

(1) 8 is closed, convex and sup (i / H<EBIER for all i 1,2.,.,m

(2 0= (0,0,...,00¢€ S and xro for some xS

(3) § is comprehehnsive, i.e. for all x& S and yeRy if y <x, then
yes

Let B donote the family of all bargaining games. When

interpreting an SeB, one must think of the following game

situation. ‘n’players (bargainers) may cooperate and agree on a
feasible outcome x in 5, giving utilityxitm player i=1,...,n, ar
they may fail to cooperate, in which (ase the game ends in the

disagreement game outcome o, So for any &8 € B, the
disagreement outcome is fixed at o (which allows us to omit the
usual axiom of translatjmn invariance for bargaining

solutions). ’Clasedness of S5 is required for mathematical

convenianée; convexity =tems from allowing lotteries in  an
underlying bargaining situation. Further it assumed that S is
bounded 'from above but not from below since we allow free
disposal of utility.The requirement x >o for some X€3 serves to

give each player an incentive to cooperate. Not all of +the



restrictions in (1) - (F) are necessary for all of our results,

but assuming them simplifies matters.

Fellowing Kaneko (1980) we define a bargaining scglution as

n
correspondence § : - B> R assigning to each § e B a non  em|
subset ¥ (8) € § and such that Axiom o holds:

Axiom-o:— g () depends only on (the shape of S)

Axiom o states explicitly that # does not depend on an underlying
bargaining situation (i.e. a set of lotteries and, a pair of

utility functions mapping these into the plane). By most authors,
this is implicitly assumed or taken for granted (however, ¢f

Shapley (196%)3.

We also require our solution P to satisfy the following
condition:
(SIR): For each S€ER . for each >:e¢(8), Wy oW oVig {ly,0acay N3

(strict individual_ratinnality)

In Lahiri (198%) we represent bargaining solutions by means of a
metric which is defined on  bargaining gaAes, whereby the
sglutivons are precisely those payoffs which are. closest to

being unanimously highest. In general, the purpose of a metric is
to define distance and the metric generated by a bargaining

solution defines the notion of a solution being close to awarding

the highest payoff to all the players.



n
2, Metrizable Bargaining Splutions: Let » = (xi,....ﬁge R 3

n
let us agree to denote {yeR /y; <%i,¥ ig N} by S(x). Such games
are called unanimity games and N obviously refers to the player

set {1,..,n2

pefinition 1: = A bargaining solution B is Faretian if ¥ x € Ry, B(5(x)):

_ n
Let d be a metric on B. Let S+ = S\iol and Set = 5 P

Definition 2: The metric d on B is a rationalization according to

whnanimity (henceforth a rationalization) for the batrgaining

solution f, ift¥SeE, gsy = {:-:eSﬁ/E (5,502 7% -iE-CS,‘S(y)}-Vye S.H}

That 1is, tﬁe metric d rationalizes B according to the unanimity
criterion whenever for any bargaining game 5, the solution is the
payvoff whose conve:x comprehensive hull is the unanimity game
‘rpearestt’ to the game and the payoff itself belongs to 5. The
characterization of the family of bargaining solutions having
such a metric rationalization is provided by the following

theorems:

Thegrem 1z & bargaining solution Brhaz a metric rationalization if
and only if it is Faretian.

Frootf : {See Lahiri (1989)>.

6 reasonable assumption for most bargaining solutions is that it
satisfies weak FareWoptimality.

n
(WFD) for each S¢ B, for each xed (S), yeRea Yi* ¥ for all



If =pme payoff vector awards the highest payoff to ail the
players then surely if should be declared the consensus solution.
This is the unanimity.principle which is-naturally vary appealing
and which is satisfied by the Nash (1950Q) solution, the Ealai-

Smoradinsky (1973) solution, the Yu (1973) solution, although not

by the kalai (19277) egalitarian solution. For ‘most bargaining
problems however, a unanimously preferred payoff vecctor
generally does not exist, in as much as that "most’ bargaining
problems are not Pepreaentéble as the comprehensive,

canvex hull of a single payoff vector. In Labhiri (17989) we
consider the problem of finding out in what precise sense
different solutions attempt (if at all) to approximate the ideal

of using the unanimity rule.

An interesting property satisfied'by many bargaining solutions is

ananymity

(A} et SR and -JL: f1,...,n¥=>{l,...nY be any

permutation.

e

n
For xe& R, x = (dgcuqiy? let.nue Rnbe defined as
L3
X = (¥ - ) nd 5. = {x &R /xeS}. Th (5 ) = (5)

{i.e. nothing is affected by renaming the players).

In this paper we find conditions that a metrizable bargaining

solutions needs to satisfy in order to be anonymous.



for all ieg N implies y#S

n
Let W) = {xe S / yeR,, Yi

R

%3 ¥ 1eNF yg 8}

n
A solution ¥ : B Mysatisfying (WP and (SIR) is called an

efficient bargaining solution

For efficient bargaining solutions we have the following metric
characterization:
Theorem 2 : An efficient bargaining soclutions £ has a metric

rationalization if and only if it is Faretian.

Froof : {See Lahiri (1989)3.

The Nash (1950), Kalai-Smorodinsky (1975 and Yu (1973) solutions
are Faretian and Hence are metric rationalizable. The Ealai.
(1977 solution is nat Faretian and hence not matric

rationalizable.

3. BSymmetric Metric Rationalizations : In this section we shall

obtain metrizability conditions which lead to anonymous
bargaining solutions.
let d be a metric on B. We say that d is a symmetric metric if

for all permutation T : N —»N and for all games S,

TeR, d(5,T) = d (%t’ ;é.

We now define the concept of rationalization by a symmetric

metric.



, n
Definitign 3: A bargaining solution @ : Bop-R is rationalizable

by a symmetric metric if there exists a symmetric metric d an B,
such that for any

SeR, B = {He.5++/ d (5(x) .87 i d (S{y),5) for any yeS;e?

i.e the symmetric metric on unanimity games rationalizes @ accarding
the unanimity criterion whenever, for any game S5, the solution

set of § is given by the payoffs x such that the unanimity game

8K is closest to 8 with respect to the given metric.

We also introduce the notion of metric respect for unanimity.

. n
Definition 4 : A bargaining solution F: Ba»R  has a metric
_ »
respect for unanimity if theMe exists a metricd on B and a
n
metric m on R such that for any game 5S¢ R and vectors M,yES ++,

d48,5(x)) < d(5,5 (y)) implies that m (B(S),X) = mip mlz.x)} <
_ Zcfl?(slsl =

mirt m {(z,y)r= mi gsy,yr
2ef(s)

Notice that if Fhas a metric respect for wunanimity, then it is
Faretian. The appeal of this propéﬂty of proximity preservation
lies in it offering a natural 'and consistent conception of a
bargaining solution as a mechanism attempting to approximate ar

respect the social ideal of using the unanimity rule.

n
Theorem 331 If a bargaining solution F : BaaR is rationalizable

by a symmetric metric, then it satisfies the anonymity property,

and it has a metric respect for unanimity.
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Froof

: Let # be rationalizable by a symmetric metric. Then there

exists a metric d on B such that for all 8,J&E, d (5,T) = d (g
. ?

T)
.

g ()

and for all Se B

= {ne G,/ dl8G,8) < d (s<y_>,s)~' Ye S5 ,

Hence {ms»_)ﬂ = D€ (S4g)  /0(g (xg)y Sxd & diSg (yx) s S} ¥ x,f(s.,,;l]

® (StHl /d{Syg (33, S ) < d(Sy (y),8x ¥ ¥e (Sf ‘e 7

=f (5p

Hence B is ANONYMOUS.

To show that B has a metric respect for unanimity, let us define

'Y : n
the metric anm as follows: for any ,yeR

im

Now

(My,y) = O if w =y

1 if » £ vy

n

consider a game S in B and two alternatives X.2 in R such

thatd {8,8(x)) < 0 {8,5(2)3. Here there are two possibilities:

(i)Xe(5) ,z 80 (S)  in which case

d

{5,8G0) <« d {8,8(=)), since d rationalizes #

In turn

mePESY, ) =m (,%) = o <m (BS),z2r= A

(ii):-<¢¢ (), z ¢ B (5

Here m (F(S),:) = m (#(5),z) = 1

In both cases, we obtain that m (g(S),x) < om (ﬁuﬂ,z)

=



For efficient bargaining solutions we have the following

analogous characterization @

n
Definition 35: An efficient bargaining solution @ : Ba-R is

rationalizable by a symmetric metric if there exists a symmetric

metric don B, such that far any S€ E y
_ F(S) = {ueW(S)/ d (B, “ d(8 (y),8)¥ ye WS)T

n
Definition é: An efficient bargaining solution f: Be4s R has a

metric respect for unanimity if there exists a metricdon B and a
R e ————

n
matric M on R such that for any game S € R and vectors X,y e
WB)Y, d(5,85(%) < d{(5,5{(y1} implies %hat m(ﬂ(S),u = © omin
m (zyx) < min (zZ,y) = m (UI(S).V)

(Zy5) -
2¢f(s) ~ zed(s)

n
Thegrem 4 : If an efficient bargaining solutionf: BE—>—R is
‘rationalizable by a symmetric metric, then it satisfies the

anonymity property, and it has a metric respect for unanimity.

Froof : Analogous to the proof of Theorem 3,

Conclusion : In this paper we have shown that ratiocnalizability

by symmetric .metric implies that the associated bargaining
solution is anonymnus; We know for i1nstance that the non-
symmetric Nash ba;gaining solutions as defined by
‘Harsanyi and Selten (1972 or kKalai (1977 1) are not

anonymous.For more on this see Peters (1988). Hence they are not

rationalizable by a symmetric metric. However, the non-symmetric

10



Nash solution is Faretian and is therefore amenable to meteric
rationalizability. We also show that metric rationalization of

bargaining solutions implies metric respect for unanimity.

11
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