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ABSTRALT

In this paper, we provide a partial geometric characterization
of the Indepandancle of Irrelaevant Alternatives (I]a) Axiom, called
Independence of Irrelevant Transfers (I1T) as also @ characterization
of the Nash Bargaining Solution without the I11& Axiom. The characteri-
zation has been motiveted by the work of Shapley (1969) ~and Thomson
(1981) to @ very great extent ang contributes to the growing literature

on bargaining solutions without the 1Ia Axiom.



Te In this paper we shall follow Nash (1950) end dsfine a

(two—person bargsining) gsme 4g a pair (s,d} where

(i) s is a compact, convex subset of R2

(ii) d¢ S and there sxists x¢S such that xi>_ di for 1 = 1,2

In interpreting a game (S,d) we have in ming two pldyers who
either agree on an x¢§ giving utility Xy to player i, or fail to
agree in w4hich case they end up with utilities d,. The point d is

oelled status guo point or gisagrement point or threat pointe

Comactness of 5, which is often satisfied if an underlying set of
"shysical™ alternatives is finite, is required for mathematical
convenisnce. Convexity of § may come from the use of Von=ieumann-
Morgenstern utility functions defined on 15£teries between'underlying
alternatives, or 8.g9. from the use of conoave utility functions in
division problemse Sometimes in addition we imposs the following

additional condition on 3 geme 3
(iii) y¢S whenever dLycLXx and Xx&S.

This last requirement often refarred to @s comprehensiveness,

can he interpreted as frae dispogibility of utility for both players.

The definition of an n—person bargaining gdme is-obtained by

renlacing 2 by n everywhere. ue will be basically interested in
two=nerson bargdining games although the result we establish in this
paper ag waell as its significance extends affortlessly to n—person

bergaining gamess



' ~s
Let B denote the sst of all games satisfying (i) and (ii); let B dencte
the set of all games satisfying (i), (ii) and (iii). A bargaining solution. ... ...

is a map F3 B~ 32 with f(s,d)&s for every (5,d)€ B (fessibility).

fFor (5,d)€&B, ws denote by P (5) the Psreto optimal Subset of $:

P {s) Ekxes/for all yeS5, if y2 X then vy =xk

J

and by P {s,d) E{" eP(s) s dej the individually rational Pareto optimal

set of (5,8)s Further 5, = (X €8¢ x30Y » and u(s) f{xes/y = (yys Y0

Y2 %y i =1,2 implies ygfsj.

For resgons which are primarily technicsl we mdke the following blanket
asgumptian:
Assunption 3 - ¥ (5,d) B, and x = (x1,x2)E P(s,d), if there sexists (p1,p2) =
2 i -
PeR, » Py #Py = 1 such that P X, + P Xy Pi¥y +Po¥p, Y = (y,s¥,) €5, then
. .
p1>0 4ng pz)D.
since 8 is a subset of 8, the above asgumption applies for B as well.

1t is like a regularity assumption.

In the above framework we have the following 3
t s s
Cefinition 1 - For every (S,d)e 8 and 0t fJ, 1et N~ (5,d) maximize the

- 2
product (x,I - d1)t (x2 - d2)1 t over S . We o1l nt : a-R" a (pongymmetric)

%

Negh Solution., We c=ll N = N? the Nash Solutione

The Nash solution N was first proposed by Nesh (1950), and the
non-symmetric Nash sclutions N'c were proposed by Harsanyi and Selten (1972).

Nash (1950) proposed the following properties for a sclution f on B.

WPC (Wewk Pareto Dptimality ) ¢ f (S,d)€ u(s) for every (s,d)& B

IR (Ingividuel Rationality) & f, (S,8)3 d;, & = 1,2 for every (S,d)€ 8

1aUT (Iindepencence of positive affine utility trapsformations)s

For «ll ¢, béﬂz with &> 0 and every (S,d)& B, we have



f{ag+b,ad +b) =a f(S,&) + be Here ax = (alx1, azxz) for

xGRZ, and T = {axz xET} for TCRZS

SYM (symmetry) ¢ If (S,d)¢ B is symmetric, i.e. d, =d, and

[ ==gfx2. x1) H xe-sJ-, then f, (s,d) = fz (S,d)e

1ln (Independence of lrrelevant nilternatives ) ¢ For all (S,d),

(T,d) &€ B with 8¢ T and f (T,d)¢ 5, we have f(T,d) = f(S,d).
Nasgh (1950) proved the following theorem.

Theorem 1 3— The Nasgh solution N 3 8-782 is the unique sclution with

the properties WPG, IaUT, SYM and 1IA.

The lla-property is the most debated propefty in ths“literature
on the Nash bargaining solution (see @.g. Kalai ang Smoroginsky (1975)}_
whet the 114 property sdys is that if the set of underlying alternatives
shrinks while the original solution alternative ie  still available,
then the new solution alternative should be the originally aveilaple
golution alternative. Two other properties for a golution f on B are

defined as follows 3

SIR (gtrong Indiviguel Rationality)) ¢ f (s,d)> o for every (G,d)eB

PG (. Parstc Cptimality } ¢ f (S,d) €& P(s) for every (S5,d)e B

The following two theorems are proved in Roth (1979), dekogter et al

(1983), Binmors (1987).
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Theorem 2 1= N = {Nt 104t {1} is the femily of all solutions

with the properties SIR, IAUT, and Iin.

There exist meny veriations of the above bargaining theorems
thet involve I1In or properties in the sime epirit. Kelai (1977(d) defines
« solution called the proportional solution which sdtisfies IIn . 48
digrugsed in Lahiri (1989}, insoite of sericus criticigms of the 1la
axiom, it remains @ criterion that most solutions in practise are recuired

to obey. The rationdle for this is probably the foiloming 3

A bargdining game odn be viewad as 4 decision problem in which

the decision meker consists of the two bargeinsers as'a group, «nd in which

the decision or compromise is the point assigned by some solution f. 1In

.

this context one might expect that the “decision msker" would maximize certain
"sreferences;” formally, we say that the binary reldtion}}/on R2 represents
£ if for every game (5,d) there is & uniiue point 2z with 2'gox  for all

x in S, end z =f {(5,d). In light of this we mey state as in Peters

and Wakker (1967).

Theorem 3 i- There exists & binary relation)/ on 52 reprecenting f if

ang only if f satisfies 1IA.

This brings out the significance of the II+ «xiom. However, the
unreasonablaness of the 1Ia axiom hag given rise to o spate of alternative
axioms and the formulsation we shall propose in this papner is one such, which
at the same time highlights the simela geometry of the IIA axiom. Our

formulstion is motivated by the work of Shapley {1969}, where he suggests



a method of selecting & set of self-justifying wveights for 4 generalized
utiliterisan social welfare function. This method =lso underlies the

definition .of the "modifiod Shapley value."

2s 1n Thomson (1981) we find an alternative to the 11 axiom, called

the indenendence of irrelevant expsnsions (11E) property.

11E (Independence of irrelsvant expansions) $ For every (s,d}) ¢ B there

exists a vector pe¢ Ri with o, +P, = 1 such that 3

(i) p. (x-d) =pe (f(5,d) =d) is the eguation of « su3porting

line of 5 at £(s,d),

(i) for «ll (T,d)é B with 5¢C T and Do (x=d)¢ pe(f(5,d)=d) for

all xeT, we have f(T,d) 2 f(5,d).

{x.y denotes the inner product L A + x2 Yo o for x, yL:Rz)

The nroperty we shall be suggesting is gimilar to I1E and hence
it is desirable thbt_whdt 11E suggests be understooa. Contrary to I1A,
IIEVsays something about the way in which & game may be ex53nded without
gssentially chenging the solution. A non-gymmetric nagh solution Nt
(0t [1) satisfies IIE with equality in (ii), i.e. f(5,0) = (T4d);
p is tﬁe normal vector of the supporting line separating a game from the
hyperbola which is the level set of the maximal non symmetric Nash producte

We now heve the following theorem due te Thomson (1981).

Thcorem 4 - JV‘is the family of all solutions with the properties IR,

PG, I-AUT, and 1EE.



The property we suggest both ag @ geometric chardcterization of
114 as well 3s an alternative to it rests on the supporting hyperpldne

theorem (see Rockafellar {1970), Sectien 11), by whichif £(s,d)€ B and x¢P(g)

then there existg d« Rf_ » Pp+P,= 1, such that p. x2 D.y for 811 yeS.

Thig holds since S ig asgumed to be compact and convex for all Ss,dlg Be

Given Péﬁi+, Py T p2 =1, xeR2 and de Rz with pes d £ ps Xy uwe

2 :
dencte S {p, x, d) fLng/p.yé De X and y 2 d}

Hence (5 (p,x,d},d) is @ game in B, infact in 5.

we ghall now mention the property which we propoge as an altermpative

to as well as a partial characterization of I1la.

11T (Indenendence of Irrelevant Trangfers) $- Given (5,d)&8, and x€ P(S),

if f(s{p,x,d),d)¢- S for some péRi+, Py TP, = 1, then f(5,d) = f(s(p,x,d),d).

The intuition behind 11T is clear. Consider the weights p = (91,;32)
which play the role of conversion rates that trangform individusl utilities
into some universal unit. In particular, these weights act alsc as rates of

transformation or rates of exchangs betwesn individual utilities. Every choice

of weights p = (p..l ’ pz) defines & system of transferable utility between
the individuals where the ratio of the weights determine the rate at which
utility side payments bstween the individudls are tc be made. Once utility
is transferable we can congtruct from the given’ game (S5,d), & simpler game
(s{p,x,d),d) and apply our solution concept to this game. In general the

aolution will not be feisinle for the underlying game. In such @ case



p = (p1,pz) fails to justify itseelf , in the sense that these rates of -

utility transfers, do not correctly reflect the realities of the underlying
situation at x¢P(S). Therefore, & new set of rates for utility transfer
must be examined and the process must be repeated until & get of weights,
pay p't = (p:, p;), is found having the property that the solution to the
associated simplified game is feasible for the game (5,d). Such weights
are self justifying, and the alternatives in the simplified game which

do not coincide with the solution are irrelevant from our stand point,

Let us make the following assumption dbout our bargaining solution.

(CoWT.) (Continuity) 3 The golutien f 3 B -?Rz is continuous i.e. if
. L - kK .
there exists a seguence {(S , d )} K=t of games belonging to 8 such that
. k . .
lim§ =8¢ R2 in the Hausdorf topology and lim dk =d¢ RE. 4nd
R > &

(5,d)e 8, thenk}’ig f (Sk,dk) = f (S,d)

It ig easily establighed by appealing to Brouwer's fixed point
theorem, that if f: B ?Rz gatisfies (P 0, (I R} and {CONT), then there
) » ' * 2 * » ' »
exists x ¢ P(s) and pe Ry Py +P,y= 1 such that f{5(p,x,d),d)= x¢& S.
In view of this we can state and prove the following main thecrem of our

analysis:

Theorem & :— Let f3 B <=7 F{2 be a solution satisfying PO,IR and CONT. Then

11a implies and is implied by 1IT.

Proof :- Suppose f satisfies IIn. Then 1IT ie immediate.



Conversely, suppose f satisfies PD, IR, CONT and 1IT.
Let (s,d} and (T,d) be two games belanging to 8 and #{T,d) e S.

We have to show that £(S,d) = £(T,d)s
2

® ’ ' *
By PO, IR and (ONT., there exists x¢ P(T) and P ¢ R*+,

* * L ] * |
py + P, =1such that x = f{s(p, x, d},d)e T

» *
By IIT, f(T,d) = f (s(p, x, d),d)e T

) » * L 3
But f(T,d)¢ s impliss x = f{s{p, x, d),d)c S

W *
xe P(T) and Sc T implies x ¢ P(5)

Hence by 11T, x = £(T,4) = Fls() x: ¢),d) = £(s,0)

The above theorem provides < simple gsometric explanation of the

\‘-\.

114 axiom whenever a solution satisfies P0,IR and CONT. It says that
congider the supporting hyperplanes to a4 game at each Pargto optimal
point and apply the given solution to the simplified g=me described
earlier. If for soms such simplified game the Pareto optima) point
generating it coincides with the solution to the simplified game then
it is the solution to the original game. It turns out that this is what

IIn ig all about.

Using Theorem 5 we can states and prove @ corollary which provides
a characterization of Nash's (1950) bargaining solution, and its

dsymmetric extensions without the 1IA axiom.



Corollér! 3= Jf°ia the family of all solutidns with the propertiss

SIR, PO, IAUT, CONT and IIT.

Proef 3- That Nt; 0Lt {1 e3tisfies the condition is fairly straight

forward. The converse follows by appedling to Theorem 5 and Theorem 2

above,

3 There are many other characterizations of the Nash solution without
the 1I4 axiom, notdbly that of Kelai (1977 b), van Damme (1986), Peters
4nd Van Damme (1987), Peters (1986), Binmore (1984). Our characterization
is yet another with the additiunAI'desirable property that it providesg

8 geometric explanation of 1Ih as well.
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