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ASSTRACT .

In this paper we propcse a new solution to bargaining
or group decision problems, which requires an arbitrator to
chooge that point on the Pareto frontier of the feagible get
where losses in utility from the idsal point are equal for
all the agents. The gelution is motivated by cnes already
existing in the literature. e than present two modes of
characterizing this solution which uses familiar axioms in
pargaining theory and also some axioms which are intultively
plausihle variante of those existing in the literature. The

two key axioms dre Independence of Commcn Monotons Transformations

module the Ideal Point and -Redundancy of Additional Alternatives

Other Than a Reference Pointe




1. Introduction 3

The bargainin§ problem, has since its origin in the work of
Nagh (1950), been central to the study of cooﬁsrativa game theory.
New axiomatic solutions have emerged and conditions which test the
performance of thése solutions have been suggested. The problem
consists in reconciling the conflicting preferences of a group of
people in a cooperative nuironmen{:, to arrive at & unlque felsible
outcoms given that the agents {or play.ers) have the choice to dieagrese
and therefore refuss to accept the compromige solution. Hence an
important criteria which a solution to @ pargaining problem must

fulfill is scceptibility to the group as a whole.

A large portion of the literature dealing with bargaining
proolems concentrates on the ocdase in which the group of participants
consists of enly two people. However as subsequent and recent research
hag shown, the relevance of this theory for groups larger than two both
with and without @ fixed number of participants 1s of paramount
importance. we shall here be mainly concerned with the two—person case

though.

A 2-player bargaining game is a pair ($,d) where § is @ compact

¢
subget of Rz, d ¢ 5 and there exists x€5 with d L x. Let 8 be the set

of all bargaining games defined above. The intuitive interpretation of

. .
a game (S,d)¢ B is the following 3 A point in §, the feasible set,




ie a utility pair that the players-ocan reach under cooperation and if

there is unanimous agreement. The digagreement point d {sometimes

referred to as threat point or status quo point) is the utility pair
that the players have for the state in which they do not agree on

another point in the feasibls sete #An alternative interpretation is
that S consigts of all the compromises than an arbitrator may choosse
where d stands for the outcome of the sitwation if the arbitrator

wag hot involved.

n bargaining solution en Bfg B. 1; a mapping f 3 B"-»,'R2 such
that £(5,d)¢ S for all (S,d)¢ B A solution associates to sach
bargaining game (S,d) a8 pair of utility levsls, represented by a point
in §, and interpreted as the utility levels correspending to the outcome

of the bargaining situation,.

*
Given a bargaining game (S5,d)€ B and a point erz we sdy that x

is individually rational if x),d(xi »d, for i = 1,2). x is gtrictly

individually rational it x > d. We say that x is Pareto optimal if

x¢S and for every y€S if y3yx then y = x. We sdy that x is weakly
Pareto optimal if for every y¢S, y # x. Let P(5) denote the Parsto

optimal set of S and W(S) the weakly Pareto optimal set of S. Let

. ’ "
B = a(s,d)ea /P(s) ie closed and connectad}.

we now turn to a formal presentation of the more significant
solutions discussed in the literature. We restrict ocursslves to an
important subclags of games 8 called convex games, defined as follows

B 5{(5,.1)@ B /5 is convex } .



On B, the Nash (1950) solution N(S,d) is the unique maximizer
of (x, - d1) (x2 - d,) for x in § satisfying x 2 dj the Kalai-gmorodingky
(1975) solution K(§,d) is the maximel fessible point on the segment

connecting the status—quo point to the "igeal point" a (s,d) where for

each i, a, (s,d) = max {xi/x S, xgdj; the egalitarian golution

E(5,d) of Kalai (1977) is the maximal fedasible point with egual increments
from the disagresment point; the utilitaridn solution U(S,d) which belongs
to the set of maximizers of (x1 - d1) + (x2 - dz). x:(x.l,xz)é S, x 2d}

the lexicographic maximum solution L{S,d} of Imai (1983) which is the

point that maximizes the function mix{x,l = dy X, - dzj on P(S) the
Parasto optimal set of S. Axiomatic characterizations of the apove golutions

are available in the literature.

In this paper we provide and axiomatically characterize a new

solution Q(5,d) = argmax [min {x1 - a1(s,d), X, = az(s,d)ﬂ
(x.‘,xz)e P(s)

= a(s,d) +e naxiteR/a(s,d) +t_ees} where €= (1,1}¢ Rz.
This solution is similar on the one hand to the Kalai-Smorodinsky {1975)
solution in that ie depends on thse idesl point and on the other to the
Kalai (1977) egalitarian solution in that equal deviations from a
reference point is the object of our study. Some properties of thisas
solution have been studied by Yu (1973) and fFreimer and Yu (1976). The
Kalai - smorodinsky (1975) solution arose out of a necessity to dispense
with the Indspendence of Irrelevant flternatives assumption: in the Nash

(1950) solution, and depends on three points. Our sclution alsd depends on

TERRAW SARARTAL RIARAPRY
AEHAN JNSTIC . - o~ MAMAG!E v
«aNRAFUL FYTESPRETN 7 1~ 0 Y



the same three points and does pot:raquire or satigfy Independence of
Irrelevant alternatives in its characterization. Like the ®gdlitarian

sclution our solution admite interpersonal comparisons oOf utility,

Roth {1979) uges an axiom of "Iindependence of Ordinal Transformatione
Preserving Interpersonal Comparisons™ to characterize the bargaining
solution that maximizes minimal geins from the disagreement point on the
Pareto optimal est. The idea behind the axiom is that the pldayers are
able to make ordinal interpersonal comparisons of gains relative toc ths
disagreement outcome. Nielsen (1983) simplifies this axiom. The solution
is the same as before and is invaridant under monotone transformations that
preserve interpersonal comparisons of gains. The same monotonse transfor-
mation is applied independently to each player's utility gains from the

status quo point, Our first characterization relies on a similar technigue,

Our second characterization of the same solution defined on the
subclasg of convex «nd comprehensive games (to be discussed latér),
relies heavily on an axiom called Redun.dency of Additional Alternatives
other than & Reference point. This exiom introduced and discusgsed at
gredt length in Lahiri (1989 a), has been used in particular instances
to characterize the Kalai-Smorodinsky (1975) and the egalitsérian solution
of Kalai (1977). It simplifies the proofs of the characterization theorems
énd greatly enhances our understanding of the solutions. What this axiom
gys is that if we add alternatives to an existing game, without affecting
the Parsto-optimelity (or wesk Parsto optimality) property of the existing

solution, then the solution to the expanded game remains the same ag befors.



Our paper thus consiste~mainly of these two modes of

characterizing the solution we Proposte

20 A first characterization g

&
Consicer the follewing four axioms for g solution f3 8 ——>R2

*e
Axiom 13- gtrict Individusl Raticnality (SIR)s For all (5,d)¢ B .

£ (s )y d

&8
Axiom 2¢~ Pareto Optimality (PO) 3 For all (s,c)eB , f(s,d)eP(s)

Axiom 33- . Independence of Irrelevant alternatives Other Than The Ideal

& s L 3 /
Roint (ITIA) 32 If (s,d)}eB , (T,d)es , scT, a (s5,d) =a(T,d ) and

f(T,¢ jes, then £ (5,d) = (T,

Axiom 43~ Independsnce of Common fMonotone Transformestions modulo the

*&
Ideal Point (ICATI) : Let (s,c)eB , a’éﬁz, and lst t :{x1-a1(5,d) 3
xes}u {xz—az(s ) xes}-yR be a strictly increasing continuous function
with t (o) =o0. Put ¢’=a"+ (t(d,~a.(s,d)), t(d,~a_(s,0)) and
/ ’ /
S = {(a1 + t(x1-a1(5.d)). a, + t(xz—az(s,c;)) : xes} « Then

f Ff +
f.(shd") = a; + t(F;(s,0) ~ a,(s,c)) for i =1,2.

It should be noted that the bargaining game (sl,d') appearing in
the description of ICMTI is actually in B‘: Axiom SIR and PO are stangarg
in the literature of bargaining games are valid even for the Nash (1950)
solution. Axiom ITIA can be found in Roth (1979} where this axiom in
conjunction with Pg, a symnetry axiom and an axiom on independence of

squivalent utility representations vyielde @ nonexistence result. Gur



solution sdtisfles PD and Symmetry but does not satisfy Independence
of Equivalent Ltility Representetions. This turns cut to be the reason
why we cen characterize our solution using 111A, For completeness we
state belov the symmetry axiom ag well ds the Independence of tQuivalent

Utility Representations A xiom.

L 2 3
Axiom § 1- Symmstry (S) ¢ Suppose (S,¢) & B is @ symmetric bargeining

game i.e. suppcse that d, = dz, anc that if x is contained in §,

1
then is every permutation of x. Then

£,(5,d) = £,(s,¢)

Axiom 6 $- Independence of Equivajlent Utility Representations (IEUR) = For

- #
any bargaining game {S,e}g B and resl numbers 8, and b, for i = 1,2 such
;.
that each a >0, let the bargeining geme (s, d,) be defined by & ={yeR2/
there exists an x in § such that y; =a;%y + bi for i = 1,2}and

! . LA} .
€, =2a;d; +b, for i = 1,2. Then fi(s,d )= aifi(s,d} +b, for i =1,2

The nxiom ICMTI o2n be interpreted 2s follows: The players do not
oenly have prefersences among the possible outcomes of the bargaining situwation.
Viewing a (§,d) es the demands of the players, they are aleo 2ble to
determine, for any particular outcome, who has lost more relative to the
demands; ¢nd they agree on these comparisons. Axiom 1CMTI says that the
sclution is invariant under all chenges in the utility representation
which preserve the information about interpersenal comparigons of losses
as wpll as the information about incividual preferences. The egqual
rationing scheme that our solution recommends, satisfies igml. Refors

we proceed to the main theorem of this section, we introduce & few notationeg.



P(s,d) = {x ¢P(s)1 x3d ] denotes tha Pareto-optimal and

individually rational subset of S.
st = {x tSs x> d} denotes the individually ratiornal subsst of S.

E 2 4
Given @ game (T,d) B its comprehensive hull is the gams

(com (T),d) where com (T) ={xeaz/d Lx Ly for soms yeT‘}_

L2 |
Given a game (S,d)e 8 , let x, = max{x,3(x,,a (s,d))e sJ»
1 13\%40%2 ,

X, = max {fza (xz,a1(s,d))ésj and x = (%;5X.)

Now we proceed with our theocrem.

&
Theorem 12~ Let f be a bargaining solution on B. Then f =G if and

only if f se3tisfies PO, I1Ia, and ICMT,

Proof g~ It is cledar that @ hds the four proparties. Assume that f has
theme. f is invariant under translations of the ideal point, and so it is

enough to prove that f(s,¢) = G(s,d) for games (s,d) with a(5,d) = (1,1).

* %
if (s,d)¢ B8 , define a mapping Cr 3 [§1, a1(s,dﬂ <R by\(’f)(x‘l) =

max{xz 3 (X1 xz)(:sj' « Then Cfis continuous and strictly decredsing,ana

P(5,0) = [(xs POx) 1 0,8 [0y (5003} -

By SIR and PO, f(s,d)€ P(s,d)3 and by 1114, f(5,d) = f(p(s,d)u{d_},d).
gimilarly, G(s,d) = a(P(s,d)u -{d} yd)e By IIln, f(P(5,d)Ufd} ,d) =
f (com(P(S,d)),d) and once again by II1a, f(com(P(s,d)),d) = f(com(P(S,d}),x) =
f(com(P(S,x)), x) (refer to the definiticn of (com(T},d)) Hence, f(s5,d) =
f{com(P(5,%)},x)+ Similarly, a(s,d) = Q(com(P(S,x)),x). But flcom(P(S5,x))},x)=

f(P(S,_)E)U{'xJ) ,X ) by SIR, PO and IlIa. similarly G(com(P(S,x)),x) =



a(P(s,x) U{z} ’X)

Hence, it is enough to show that f(P(5,x) v{!} X ) = Q(P(S,_)_c_)u@(_j .,5).'

There are two c3ses.

Lase 1 31— P(5,x)uv {5} is symmetric i.e. (xz,x1)t P(S,E)u{?} for all
x & P(5,x)" L’S} « In this ocse X, =X X -_-q)(1) = X L1 =L‘_r(£1),

Q ( [xp) =[%,1] » ane¢f = cf".

There is ce (51,1) witth(c) = c;‘and this time we c4an construct
a transformation such that P(S ,E)V{_x_} is mapped @nto itself, but the
only fixed point in P(s,_a_c)\./{x} which is > x 1s (€,c). Choose a strictly
increasing continuous function k:(c, ] -?[C,‘IJ with k{e) =¢,k{(1)=1, «nd
k(U)LU for ve(e,1). Define t: R—— R by

vif v £ x, -1,

1

@ kY (v + 1)-1, if ER 14 v L&,
t v = k(v +1) = 1, if ¢-1gv Lo

T , if Uév

Then t is continuous and strictly increasing and

P(s,g)'-f@} = {51 +t(x -1, 4+ t{x, 1) xeP(S,g)kJ{x}}; and



the only point xeP(s,x) VY [x} with (1+t(x,~1), 1et(x-1)) = (x ,x) >
1 2 1'72

(x45%,) is (c,€). By ICMTIand SIR, r(P(s,x) v {’5} y X) = (cye)

Hence, £{5,d) = (c,¢). A similar argument shouws that Q(S,d) = (c,c ).

Cage 2 - P(s,x) v {_;_:_J, is not necesgsarily symmetric. In this case,
179 (1) = x, and ¢ Q1)>£1v and again there is cé (51,1) with € (c) =¢
The ide2 hers is to extend {(Com (P(5,x)),x) to & symmstric game. A ssume

without loss of generalgty that 51% X,
Defina"(: [5_1,1) -3R by

YW = eax {F, 9w}

It is sasy to sese that ‘Y is continuous and strictly decre2sing and
that Y (c) = ¢ » PutT .-.{x: X4 £ X, 5_1, X 4 xzéq (x,')}.

Then (T, (51,51))e 5 . Mmoreover, (T, (51.51)) as well as

(P(T,(x,5%,0) v {(5_1,351)j » (%45X,)) are symetric gimes. By 4 proof
analogou to that of Case 1, F(T,{x,,x)) = (c,&. Nou P(5,x)» {5},:: T

and a (P(S,x) v {5_} %) =a(Ty(x,,x,}) = (1,1)s Furtrer (c,c )& F’(S,_E)U{_gg} .
Hence by 11IA, (&,8) = f (P(5,x) W« {_x_} yX)o Thus, (c,¢) = f(5,d).

gimilarly @(s,d} = (c,c).

‘-‘.EB'

3 A §Second cherdcterization i~ A second chdrdcterizdation of our solution g

but now restricted to a gubcldss 5 of 8 (which consists of convex comprehensiva
gemes) is obteired using what has been gefined inm Lahiri (1989 a) to be
redunddncy of additiondl «lternatives other than a reference Joint. A game

(s,d) &€ 8 (the class of convex games) is said to be convex and comprehensive
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if {x e Fiz/d L x Ly for somg yeé‘} € S. Intuitively, such games
allow for free cisposdl of utility. Hence B = {(S,d)e 8/(5,d) is convex

and compr ehens:’wej .

The redundancy of additianal alternatives other than a reference
point assumption is similar to both the II4 axiom as well ag the II1Ia
axiome. What this assumpticn 83ys, is that if we add alternatives to an
existing game so that the reference point in gquestion remsins the aamng
and the Pareto optimelity property of the existing solution remaing
unaffected, then the solutiocn to the expaédad gime is the erstwhile
solution. as shoun in Lahiri (1989 a), by an aporopriate definition of
“the reference point, the Kalai-Smorodinsky (1975) setisfies this prooerty

4nd this property can be used to characterize the Kalei-Smorodinsky

Solution,

Given, (S,d)¢ 8, define g (S,d) = (0,a,(5,¢) - a,(s,a),¥hen
g 3 B -—)Rz. g{5,d) giu.es the excess of player 2's demand over the demang
of player 1. The concept of a reference function was introduced for the
first time by Thomson {1981). We now formulate an axiom whizh chardctserizas

our solution Qi E --)Rz.

Axiom 7 3- Redundancy of Agditional alternatives other than the reference

point. Let (5,d) and(s',d’) belong to B and lst gs §-7>R2 be as defined
’ ’
above. Suppose S¢S and g(5,d) = g(5,d) «nd £(s,d) € P(s’). Then

f(stsd!) = f(S,d)o

Our second characterization theorem isg ag followss
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Theorem 2 3~ If f psatiefies PO aid Rig, then f =G on B

Pfi:- That 0 satisfies PO and RAg is immediate. Conversely suppose,
f satisfies PO and RAg and let (S,d)& B. We need to shou that

u(s,d) = f(s,d).

2
Consider the game {(7,¢) where T =)'L(x1,x2) € R/d; & % &G (s,0),
i= 1:2} » 5ince (S,d)é Es (Tsd)é E alsc and T 8+ Further
o(sye) = (0,a,(s,d) - a,(s,0) = (0,0,(5,0) ~ G, (5,0) = g(T,8). Aleo
f seatiefies PO implies f(T,d) = G(S,d) which belongs to P(S). Hence

by mQ! f(s!d) = Q(S’d)o

In Lahiri (1989 a) we strengthen this axiom to what hag been called
there, as the redundancy of additional alternatives (Ram) axiom, and usge
that to characterize the family of proportional solutions due to Kalai
(1977). This axiom as used above dispenses with the I1IA axiom which wag

used in our first charocterization.

4, Conclusion 3~ e have thus been able to obtain two appedling
characterizations of a solution to group decision problems, which both
existed and grew out of familiar solutions already existing in the
literature, The characterizatiéns use dsgumptions which have either
themselves been used or have strong resemblances to other axioms which were
uged to describe significant sclutions to bargaining problems. Extensions
of the golution to games with vdariable populatiocn ag well ag to threat
bargaining games (see Lahiri 1989 b, 1989 c, 1989 d) is immediate. However

its properties in such contexts ig the subject of further and future regearch.
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