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In this paper we extend the frdamework of threet
bargaining games to include thoas with incomplete information,
in this sst up we address ouraselves to twe significant problemes
(1) Under what conoitions would *truthful' revelation of the
disagresment payoffs be & Nagh equilibrium of the threat
bargaining game 7 {(2) thiiningwlchiﬁcteriziticn of the Nagh
bargaining solution without the Independence of Irrelevant
alternatives Assumption. Cur framework of analysis i‘. genaeral
snough to include within its purview the study of non-cooperative
bargaining probless with incomplete information, played by
Bayesian players, although the specific problem dddresssc to in

this paper does not fall in that ocategery.



1. Intreductien ¢

In many pargaining situdtisns partiss oennot drcive at en
dgresment through nsgotiations but réther must miks one irreversible
claim , @ decision on the basis of which may or may not be fulfilled.
for exdmple, imagine an erbitrator (or a mechanisa) through whem &
potential seller wishes to gall an item to & potential buyer. The
ssller gtateg & price fer the jtem which is supptsed te canvey the
worth or value of the item to him, The buyer stetss « price for the
item which is meant to convey the worth of the item to him. These
stateg valums are the revealed worth of the object to the buysr and
the selier respectively which midy or may net be trus. Cn tha basie
ef these statements, the drbitrator decides on &n outcoms, which
if acceptsble to both parties, id isplemented. Ctherwise the object

dees not change handss

In such problems, there is « definite incentive for the seller
to overstate the true worth of ths object tv himj en the pert eof the
buyer there ig 4n incentive to understate the werth of the obhject.
Thig ie done in erder to influence the arbitratec price of the object,
Hence there is @ definite incentive on the part of edch player to
misrepressnt (in fact overetete) the current worth of his etatus
quo peint before trage tokes place. Such situatiens 4re dealt with
in the theory of threat bargaining problems, diecussed in Lahiri

(1986, 1989 a,4 3 owen [1982).



In this peper we consicder 4n additional complication in the
context ef threet birgdining problems. Feollewing Anber and Kalai [19783.
we eggums that edch player hds @ bslief recarding the scceptopility
to his epponant ef «n erbitrated outcome, which cen be summarized by
4 precebility distribution. Hence coupled with the strategic behavicur
of the pleyers in datermining the final outcome, there is &n uncerteinty
about the solution being acceptable to the opponent. Throughout we
dpgsume that the "true' worths of the status guc point i known to either
player. This is necessary is order to obtcin the result we drs after,
Hewever, bargeining procesds on the bagis of the stated worth ef the
statuea=—cue point. It is like, allewing for 4 possibility of 'ebvious

misreprepentiation' and getting by with it.

in this paper we show that if the beliefs of the pleyers are
uniformly distributed, then the only bargaining solutien compatibls
with truthful revelation of the status—guo point ig the Nash [1950]

bargaining solutien,
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2. pefinitieng 3

in & pure bérgsining proplem batweun @ group of two partici-

pants there is « set cf feagitle outcomes, any one of which will
result if it is scecified Dy the uhenimous sgreement of <11
participantg. In the svent that no unariimous «greeret is redchec,

@ given digsgreement ocutcome obtalns. We shdll agsume thet the
utility spece or the set of possible peycffe is RZ i.ms @ two person
bergeining problem is ¢ Pair (H,d) of & pubest K of R2 &ng ef a

point ¢ H. H is the foagible got, and d is the diedgreement

(or threat) peint.

The cless of bargaining problems we consider is given by

the folleving cefinitien:

pefinitien 1 s- The pair {* = (H,d) is a tuo—person fixed threst
bargaining geme if Hgﬂz is compidct, cenvex with non-empty interior,

deH, and H containg atledet one element u such that ud d.

pefinition 2 i~ The set of two—person fixed threat hargaining games

ig denctec ¥.

for the purposs of this peper we cefine a golution to

bergaining problems in W es follews:

pefiritisn 3 ¢~ A solution is @ functien F 12 u-zﬂi satiafying

(1) FH,d)eH ¥ (H,c)ew (feseibility)

(44) yecH, y> F(H,¢) implies y = F(H,d) (Pareto optimality)



(i18) F(H,d)> ¢ ¥ (H,d)C b (inaivicual rationality)

2 ! 2

ia 1.2: y= (y1.y2) y Xz (x1,x2)e-H_} angd
t L [}
d; =d.d. by, 1212, d= (d1, dZJ, then

[ ] ]
'1 (Hy, a0 ) .uiri(u,a) +b 1=1,2

i.
(Independence uwith respect to affine utility

trengfarma tiong)

The condlitions we impocgs on & golution to bargaining problems
4re stdnddrd «nd ere satisfied by the more well known solutions to

bérgeining problems (e.g. Nagh (1950}, Kdlai-Smorodinsky (1975) ).

We now maks «n agsumption which is gatigfied by mogt Familiar
solutions to bargeining problems end which will be required eigni-

ficantly by us.

dggumption (FID) 4= Lot (Hd)C w wnd P(H ) = {(x),x )¢ H/x = (x,,x,),
xy8(, i=1,2andy, X, yeH implies y = x}

1
Then -V—(x1,x2)e- P(Hd),a dyydjs OF dy3d, such thet
]
(1) F (i 9050,) = (x).x))

or (ii) F (H3 d1.u'2) = (x1.x2)

(fullness througn unileteral deviaticns).



This assumptien requires that unilateral devidtion frem the
given disagreement payoffs yislc eny Peretc Optimal end indivigually
roticnal outcome. As mantionec sarlier this property is sdtigfied
by 411 the more well imown solutiens te bargsining problems, including
some of thoss which may not eatisfy some of the concitions ef

Oefinitien 3 (8.ge the Propertional golutisn of Kelai (3977 &} ).

Our analysis requires the netien of & true bargainin reblem,

which in view of the above and fellowing nnbar and kelai (1378) may

be defined «s fellows:

De.inition 4 3~ A true bargaining preblem H is 3 cempact, convex

gubsst of the unit sguare contaeining (0,6), (1,0) and (0,1).

The intsrpretation of such @ pargaining game is that the true
digagreensnt point ef the playere have been set squal to (0,0) &nd
the game hds besn normilized in such a way thit ths utility deménds
of the players belong te the cloeed interval {0,7)« Lot us call the

sst of all true pargeining problems W .

Every member He @ defines uniguely a monctone non-increasing
cenca ve function HH s [0,1} = [0,1) by ﬁH(x1) = moXx {xz /
(x1,x2)e H} . Convereely svery monotone non-incredsing concave
functien § 3 {0,7) = (0,1) such that g(0) = 1 determines uniquely a
sst H‘E % by H‘ - {(x1,x2) s 0L X, L, 0Lx, Lyg (x1)} . For
svery such functien @ we define the (generalized) inverae

{13 [9,1) ->[0,1} by 9’-1(x2) = mx{x1/(x1.x2)e H‘j .



Let Gi be the distributien functien on [b,i] which summarizeg
the belief of player i about plsyer j+1i (i's opponent) accepting

 utility outcomse, 1 = 1,2,

The non-cooperétive game we have in mind is the following. The
underlying true bsrgaining problem HE-G'being given edch player i
dnnocunces « disdgresment utility LI The pair (H,0), d = (d1,dz) is
& fixecd thredat pargaining problem in &, Basec on the informatien
announcec by the players the arbitreter using @ solutien F selects
an outcome F(H,d) which edch player dccepts with a definite prebe-

bility given by G, and G, respectively. In the event thet the outcoms

2
is rejected, by any one ar both the pldyera, the pdrticipants ssttle

doun for their true disegresment payoffs 0 = (0,0).

Let (61.d2)e; H be the announced disagreement pay offe OF the
reppective pldayers. If F is the sclution being used by the arbitrator,

the expectsd payoff af player 1 is

P.lay00,) =F (H5 dyud )e Gy (Fo(Hi dy,0,)).

The expected payoff of pleyer 2 is

P, (d400,) =F (Hi 0 pa))e G, (F (Hidp.a,))e

Gefinitien 5 = A three! bargaining probles with incemplets
informetien sgquippsd with @ solutien F is 4n ordersd triplet

(H, Fy G) where

{1) He;. is @ true bargaining preblem



(38) 7 32w 3R ig @ bargaining solutien

(L31) o = (51,52) is @ pair of prebebility distributien

function on (D,U .

The netien ef an eguilibrium that we agopt in thie papser ig

given by the follewing definjition,

Cefinition 6 y= An eguilibrium fer a threst bdrgeining gume with
incomplets infermation ecuipped with ¢ sclution ¢, i.e. (H,F,G) ie

* &*
an groerec pair (d1.d2)Q H such that

* & * .
(1) P.(e,,8) ) P.{0,,d,) ¥ d.e(0,1)

E 3 [ 3 =
4 A
(i4) pz(dvdz) > 91(01,d2)v dze(ﬂ.‘l)-

Thig is the familiar Nagh sguilibrium which by dint ef
its ssif enfcrceq-bility finde @ distinguished placed 4s @ selution
concepte In the cdase 0f threst bergaining problems, the relatjonghip
bestween 4 Negh sguilibrium énd well known selutions te bargaining

preblems have been stucied in Lahiri {1986, 1989 b5}.



3. Mein Theoresg 3= Our quest in this ssctien is te ebtain
concitions uncar which truthful revelatien af ciedgreement utility
will bs guarentsed by @ bargeining selution. In the sconomice
1iterature, preblsms in & related spirit 4re known d4s3 probless

of incentive compatibility. There it is usually <ssumec that true
worth is net known a4t alle. Such problems o3n elso be studied in
our fremework, elthough thét is not the purpese of our immediate

apalysice

Theorem ] s- (et 61, Gz be distributed unifermly, l.s.

ci(x) =xVv 0/LxL1, i=1,2

Then {0,0) is on eguilibrium of the threat bergaining game
with incomplets infermatien (H, F, G) egquipped with @ selutien F

if and only if F is the Nagh bargaining selutien i.e.

F(5,d) =arg max (x,~d,) (x,=8,)¥ (s.d)e o
{x1.x2)es

x13 61, xz';dz

Proef - 5ince \31 and G, are uniformly distributed,

2
P, (d,,8,) =F (Hid ,a,). <o, (F (Hid ,d)))

P, (d,,4,) =F, (H;¢1.d2).cf’;:(rz(a;d1.d2)).

Gbsearve that by property (i) ef @ golutien Fz(H;d1,d2) -

<y (F1(H:d1.d2)) and F1(H:d1 'dz) ccP;'(rz(H;d1 ,dz)).



Suppose | = (F1, Fz) ie the Naghbergaining solution,
P, (Hj 0,0} = F, (H; D.D).CFH(F1{H;0,U)JZX1Ch_if\x,‘)vD[____x,l LA

by definition of the Nash bsrgaining soclution.

5ince 91 CH CI 0) = x1CfH(x1) for some x.& LD,ﬂ .

woe get
B, (Hi0,0)) P, (H; d1,O)Vd1af[0.1J
By « similser ergument it follows thdt
P, (H;0,0)) P, (Hi0,8 )y o & lo,1]

Hence (0,0) is «n equilibrium for (H, F, G).

Conversely suppose that (0,0) is en equilibrium for (H,F,G), -
L] "
but F ia not the Nash burgsining solution, Let (x1,CfH(x1)) e the
Nash beargeining solution outcoma for H C—G « DBy ssgumption

(F UD) «nd without loss of genarslity ] d1 7 0, such that

F (H; d;t 0) = (x:!(\JH{K:))

Hence

Py (M dyy B) = Xy 0x) 7 Fy (Hi0,0) L(F (H;0,0) =

P, (H;0,0)
contredicting that (0,0) ie «n equilibrium. Hence the thaoram.

[‘.E.‘).
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“ charactarizetion of the family of noneymmetric Neph
bargaining solution {see, MHarasnyi and Sslten [19723 ¢ Koldj

(1977 b) ) is embodied in the following theorem.

k . 1/k
Theorem 2 3- Let, G.‘(x) = x, OLix(et <nd czgx) = X {

DL xL1, k70, ne the cletridbution functions smbooying ths baliefs
of the two players. Then (0,3) ie an equillbrium for the threat
bargeining geme with incomplete informdtion {(H,F.G) eguioped with
a aoclutien F Af end only if, ¥ is o non-gymmetric Nagh bergaining
sclution 1.e. F(S} d1,dz} x 4rg MdX (x1-d1)k (y,?-d2),J¢ (5,d}& Wa

{x 2% )es

"13 d‘l' xz) rjz

Aroof 3= mrdlogoug to the proof of Theorem 1.



1"

4. Conclugion s= Now we shall prisfly summarize all that we

hive achisvaed in this paper.

To begin with we hive sxtsndad ths fremework of thredt
pargaining games to include within it the study of threst bargaining
gimes with incomplete information. This extension sdds @ dose of
redlisgm to our analysis, in thet we immadidtely obtain the sesds of
4 gensral model in which to study the theoretical propertiss of wha t
in the literature of economics 4nd operations resgarch has coma to be
known és bargaining under incosplete information (played by Bayesien
playere)s The problem of truthful reveletion of the net valua to

the players of an item to be treded oan pe studied within this frameworke.

Second, we 4chieve @ chardcterizétion of the Nash bargaining
solution {or more generally, ths family of non-aymmetric Naah
bargeining solutions) aithout the debatable Independence of Irrslsvant
Alternatives assumption, @ problem which has come to occupy @ central
place in bargaining game thaory { ses Lahiri [}989 é} ). we ghow that
provided the beliefs of the players in a threat bargaining géme with
incomplete information are distributed uniformly, the only bargaining
solution compatible with truthful revelation of disagreement payoffs

is the Nash bargaining sclution.
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Thir¢, eur framework is psrfectly general in thdat given
definition — 3 (ef « sglutien to bargaining protblems) our rasult
continues to hold in the class 4 ef bargeining problems. In this
cage & true bargeining preclems woulc be (H,a)c W ang truthful
revelation of disdgreement pdyeffs would imply egent i ennouncing
di as hig dieagreement pay eff. The gupport of the distribution
punctisn of tha beliefs of pleysr 3 would naturally be [dj,
mx{xj/(xi,xj)& u}} whera § & i ¥ wig invoked mersly fer

notational convsnience ang e2ge of andlysis.
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