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A PERIODIC REVIEW INVENTORY MODEL FOR STOCHASTIC DEMAND WITH THO
STROAGE FACILITIES

NITIN SHAH
*

v.K. SHAH
ABSTRACT

1n this paper & periodic review proba -
Lilistic inventory model for a single
item with two storage facilities is
developed; one warehouse is ,owned Ly
the system under considerations {which
iu referred to as OW) and the other is
s rented warehouse (RW). The capacity
of OW is W units. Any quantity larger
tharn W is to be kept in BRW and are
gradually withdrawn in batches of K
units. The model determines opLimum
values of lot-size g and K. An Xample
is given to  illustrate the results
obtained.

INTRODUCTION

Tnventory models with two stroage furilities have sattracted
attention of research workers in past few years. When the inven-
tory system has no sufficient space to store the optimal order
quantity in  their own warehouse (OWY, excess inventory 1is  reé-
quired to be kept in rented warehouse(RW), which may be far away
from OW. Demands are satisfied at OW ouly, and not from RW.
Generally the inventory holding cost at RW are higher as compared
to that of OW. Hence, it is natural to expect that the stocks ol
RW are cleared as early as possible in order to bring down hold-

ing costs.

Hartley {1] considered a two-level storage model with infinite
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replenishment rate in which the cost of transporting the umitis
from RW to OW was ignored. Darma {4,5) considers the Same wodel
by including transportation costs frowm RA to OW, and has also
determined optimin K-release rule. Murdeshwar and Sathe {2] have

considered above wmodel with finite replenishoent rate.

In all the above models, demand ig asoumed Lo be  deterministic.
In ihis study periodic review lot-sime model wills probabilistic
demand  is  developed when shorlades are not allowed., O has A
capacity Lo store W ounily orly, #srel ons Soon Ay utocks st OW
becomes {(W-K), K units are transferred from BW Lo OW Expressions
for optimal values of Jlot-size g and for K are oblained. F{na]]y,
Lhe model is illustrated wilh an example by Laking an apprropriate

provability distribution of demand.

ASSUMPTIONS AND NOTATIONS
The mathemstical wmodel for the system under consideration is

developed under the following assnplion:

1. Inventory position of ihe system is reviewed at a regular
interval “ time units. Whenever it is found that. the on-
hand inventory is less than or equal to re-order point &, a
lot-size g is scheduled for replenishuent.. Lead tiq? is

assumed to be zZero, WP and s are assumed Lo be prescribed,

and q is the decision variahle.

2. The demsarnd x during any period vp ijs & rendom variable (ry}
with probability density function (pdf} &(x}, and cumula-

{ive distribution function G(x}, P x M with



as the wean demand during wp where M denotes the maxi-
muqﬁemand during &a. review period.

3. Shgrtages are not allowed.

4. The replenishment cost is Rs. A per order. The holding cost
is Rs. F per unit per time unit at RW, =nd Rs. H per unit

per time unit at OW, where F > H.

n

The cost of transportation of K units from RW to OW is Ct ;
which is fixed.

§. OW cen stock upto a maximum of W units only, vhere we
assume that W » s. Let 5 denote the on-hend inventory in
the system at the begining of & review period after &
replenishment, if any, then S is a.rv with pdf )

h{S8) =1/4a, s ¢S ¢8ta ... (2}
=@ s otherwise
Ak
E(S) = jh(s ds = s + a/2
L]
Hence if Z denotes the guantity stored at RW, then Z is a
rv, with
E(Z) = E(S8) - W= s + a/2 - - (3)
Initially, demands are satisfied from OW, until the stock level
falls to (W-K). At this stage K units are transfered from RW . to
OW; this process is repeated till the stock at RW is completely
exhausted. The remaining W units at OW are used till the invento—
ry level is less than or equal to s. At this stage & lot-size of

-

q urits 1is ordered. Since, shortages are not allowed, we take



8 = M. The inventory fluctuations at OW and RW can be shown as

under,
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We now obtain total aversge expected cost of the systemn per time
unit, which is cowmposed of average expected inventory at RW and

that at OW.
AVERAGE EXPECTED COST AT RW

Since average demand per wp time units is N , expected duration

for the demand of K units is

w = E(tg) = [{.w' F 2 T (4)
Where
tg = time interval during which demand of K units occur;_ &

random varisble.



Also, expected number of transhipments from RW to Ow is

n = E(Z)/K O (5)

Total expected inventory at RW is
<\
A, (g, k) = T (E(Z) - (i - 1}K)}
\ | u?;'; L
::(w'/ZH} {E{(Z)} + K Wp E(ZY 7 2M.......... (B)

and average cost of transportetion for E{Z) units from RH to OW
is

o} Ct"_' E(Z).Ce /K ..o (73

From (6) and (7), total expected cost per time unit, due to RW is

T| (q,K)

(FAy{(q,K) + n CE Y/ wp
(Frs2 M){E(Z)} + {FK"?'A + Ce/K wp E(Z)

AVERAGE EXPECTED COST AT OW

During each period of dursation T\,\: E(tK} tiwme wunits, average
inventory at OW is (W - K/2). There are n such durations. In the
final period of (w'— n Ty tiwe units, it can be seen that if
Q(t/x) denotes on-hand inventory at time t ( n. T t L wpl, when

x is the demand during wr ., then

and hence, avearge inventory at OW during the period (n TK’ w‘,)is:
Wy

- —1n _T QR(t/x) dt = (W - x}(w'* ¥ TK}/Z WP e {13)
P K nTy
Thus, the average expected inventory at OW during this final
period of (w' -n TK} time units is

(W - M /2 wilwg-nTg) 7 (W-H/2) + EZ)y/2 ... (11)
S



So that total expected inventory at OW during a review period is

n. Te(W - K/2) + (wp= n.THH - 4 /2 + E(2)/2)

Az(QbK) =
= wep (W - M /2) +wp (1 - K/2 AIE(D)
%
- (/2 MBI (12)

Following Naddor [3, p2381, probebility of replenishment at the

end of a review period is

I (a) = Fr (5 -xgs)= 1 -Viak/a ...t {13)
Where 9,
Viq) = fG(x) e b T R T P {14}
0 _

Froﬁl (12} énd (13} , total expected averagde cost per time unit at
OW is
Ta. (C], K)

[ H.Ag(a,K) + & Ig(a)] Zwp

. =
H (W - u/2) + H(1 - K/2 PE(Z) - (H/2 ADLE(Z)}
- (A V¥(qa}/ «q w'} + Af‘w' ..................... (15)
From (8} and (15}, total average expected inventory cost of
entire system per time unit is
=((F-H)/ 2 AP{E(Z}} + {(F-H)K/2 M +(Ct_/' K wr)E(Z}
sH(W - M /2 + E(Z)) ~ A V(a)/g \é\,+ h/v
r .
= {(F-1)Y/2 M} (s +a/2 - W}
+ [{((F-H)K/2 M} + Ct/K wr](s + q/2 - W)

+ (H/23(2s + a - Y — A V{q)/a we + A/ '
AR TAar RIS

For optimum value of Q and K4 from (16)



b .
V7(q,.K) = {(F/2 M) - (Ct /\*K y- H/2 M1(s+ q/2 - W) = @
Xy
and .
AT{a,K) = ({(F-H}/2 M)(s + q/2 - W)}
% + [(F-H)K/2 M }+(Cg /K wp)1/2 + H/2
a
- {(A/vwgq } 1 X g(x) dx = @
| v
dlves
K,= /2 CtAH(F—H) ................. {(17)

and then we fi":d that optimam q = t4g Can be obtained by solving
(Arwy ag™) [x @(xdax - ((F-H)/4 g a,= H/2 +J Cp(F-H)/ 2 A
' ¢ - ((F-H)/ 2 M) (W - §)

In general equation (18) may have more than one solution. A
necessary condition for a solution 4 o have minima at Uy iS
t
[¥T(a,K}/3a>] > B
%
that is
S ———

A glag)/ ¥p~ 3(F-H)qg / 4M < H +f2€t(F—H)/A Wp
- (F-HY(W-s)/ 4 ...t (19)

The optimume lot-size g = Qg Can be obtained from (19} by any
numerical method,
" Note that when F = B and Ct-~> @, the 1/;01:&1 cost the system is
T(a) =H (s + q/2 - M /2) - AV(a)/a ve t ﬁ/wP .. {20)

Optimum q = de is solution of

(1/a%) (q:c gx) dx = Hwp /2 A ... ............... (21)
and condit;on for optimality at q is

g(q,) < H w’/A .................... e e (22)
Equation (20) to (22) are tbe same es those given by Naddor [3]

for a single storage model.



Comparing (16) and (20), we find that the first two terms on RHS

of (18) represents additional cost due to BW.
COST REDUCTION DUE TO K-RELEASE RULE

We note that Lhe unit cost of transportation with K-relesse  rule
is C e t /K. Suppose the unit cost of transportation 15 CE*
without bulk transportetion. The bulk transportation will  be
reonomical  ooly if C:rb Cg . Heonce without K-release rale,  the

cost function becomes,

L
T (q) = ((F-H}/2 Mi(s + a/2 -W

el

+ (/2 (25 4+« —-H i
+ A V{a}/ wgd v Alwg + ngs. + /2 - WY/ wp (23)

In this case, for optimal value of ¢ = q
«* Y
¥AT(q) = (F- H)n. (s + a/2 - W)+ HZ - (Afw Q )‘(x g(x) dx

*% + Ct/2w =
Gives qgis % solution of
By _ * _ \
(A/vy 4% Sx gix} dx — (F-H)q /4 gy = H/2 —(F-H}(W- s}xz;q
°
and hence, the K-release will be econowmical if (f?ﬁ} - T(q,K)}gﬁ.
" But
7o TG R = L(CR - L )i (F-HIK 2} (s + /2 - W ) 7 D
¥ 3 t t ) r } 7 ’ ) v
Bhich implies -

#® '
v { ~HY 2 M - 2y

Example: Suppose that the pdf of demand x during a review period

W 15
P

= 1/M, B&xg M
= @B, OGEHETWLS T o e e e s .. (1)



Whers M ig a aconstant; then

Glx) - x/M @ <x < M
=1 A ETwI e e (2)

ﬂ.nd "le(x) - fx E(x) dx =M/2 SskuS s s am * O s o 'O""
-]

4

vi) = GO0 dx = 72, if a g M
L

q - M/2 ifa > M .. .. (4)

Noting that 5 = M

Pl K) = (F-HI/M (a/2 —(H M)
‘ + [{F-HYK/M + Ct,z'i{ wﬂ(q/z S {W-MY) + H/4(3M + 2q)
- &/ 2M wpt Alwg ifagM e (5}
anrd
= (F-H)/M (a/2 —(A-M)3
+ [(F-HYK/M + Cp/K wplla/2 ~(W-Mp} + H/4(3M + 2q)
- (Aiwﬂ(l - M/2q} + Alwp ifa>M ... (6
Now optimal value of '
Kg = JOp M/wp(F-Hl oo (7)

and for q can be determined in Lwo cases:

Case = I - for a { M

'}TL‘\.H)= (F-H)/M (q /2 - (W-wi} 4 [(F-H}K/M + Cp /K vp* i1} /2
- AI'W' M =8 .
a, = 2(W - M - Kg} ¢ ((Afwg} - HM}/(F-H)} for g < M

Case - 1I: for g » M
CATCNRY = ((F-H)/ Mi)(q /2 - (W - My}
= Gy
% —f‘[(F—H}K,f'M + {C‘..,f'K w") + H1/72 - AM/ 2q we = &

This can be solved by some numerical mothods
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