THREAT B4ARGAINING FRUGLENMS WITH INCUMPLETE
INFORMATICN AMD CORRELATED BELIEFS
By
Somdeb Lahizi

wadim

LgR()
Ng, 840 )
!‘a‘wﬁa 444990

The mzin objective of the uorking papser series
of the IIMA is to help faculty membars to tost

out their resasarch findings at the pre-publi-

catisn stane.

INDIAN INSTITUTE OF MaRAGEMENT
AHHECA_AD-380 056
InD1A




PURCHASED
APPROVAL

¢ RATIS/EXCHANUE
PRICE

ASC N0,

YIBRAM SARABHAT LIBRAPY
§ LM, ARMEDARSD: . .q5.




In thie pidper «we provice a generdl framework for

- studying thredt bergaining games with lncosplets informaution
and correlated beliefs. In this frameuwcrk we obtein a
characterization of the Kalai-Smorocinsky solution without
any mohotonicity agsumption, The épproach adds « doee of

resliss to the alreddy existing literaturs on threst bdrgaining

games.



1. Introduction

In mény arpitretion problems, the parties involved &rs fully awsre
of - the {rue chiaractaristica of ths rival, but the procedure involued
35 ong uhers sdch party makes ¢ report on ite status-quo positfion
to the erhitrator, whe on the bagie of such &4 atetement must drrivae
at « nutually accepteble cocision, Furthar the drpitrator is undwire
of tha true characteristice of the playsrs. Such situdtéann dbound
in re#lity, where it is not the lick of informition on the pert of the
players, but on the piart of the arbitrator, which leade to strutsgic
non cooperative pshaviour, Such pituationg can be smocelled sg threat
bargdining problems, ®a dimcussed in Léhiri ( 1988, 1989 a,q] 3

owen [1982] .

An agditional complication to such problemyg wey congicered in
Lahird E989 q] » whers eech pleysr hag &« belisf regsrging the eccepte-
bility to his opponent of 4n arbitrated butcome, which OiR be summidrized
by @ probubility dietribution. Hence coupled with the strategic behaviour
of the playere in determining the final outcome of arpitration, thare is
an uncertainty apout the solution being acceptasble to ths opponent.,
Howevar , in {ahiri 5939 qJ ¢ 1t wag dgsumad thit edch glayer’s belier
dbout «un outcors being acceptable to his opponent depended marely on
what the opponent received snd was not influenced by whit the pleyer

himpelf wag getting. Such beliefs are naturelly uncorrelated.



In this paper we sssums that the beliefs d4re generally
correldated. Thraughout we dgsume thet the paramgters determining the
arbitratsd outcoms «re known to the pleyers. tHowever, the éerbitretor
{s uneware of the trus stetus—Guo point, =nd it is this ignorence
which resulte in the stréetegic beheviour of the players. Arbitretion
proceeda on the basis of the stated valus of the etatus~Guo point.
We show here, that if the conditionel distribution of the beliefs
follow & certsin gpecifiad form, then the only bdrgeining solution
compétible with truthful revelation of the ststus-quo point is the

Ké lai~smorodingky [1975J bargeining solution.
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2 sfinitiong 13

In & pure bargaining problem between « groun of two participants

thers is & set of feasible ocutcomes, wny one of which will result £f it
is .pocifi..d by the unanimous dgresment of 411 particioents. In the
svent thet no unanimous dgreemsnt is reached, & given disagreement
outcome cbtains. We shall agsume that the utility spece or ths sst of
possible payoffs s R?' l.e. a two person bargaining problem ig a pair
(H,g) of 4 gubsst H of Rz and of ¢ point d&He H is the feasible get,

éand d is the gigagresment (or threat) point,

The class of bargaining problems we consider is given by thae

following definition:

Qefinition 1 &= The pair r‘ = (H,d) 1s @ two-person fixed threst
bargaining game if MG ﬁz is compect, cunvux,’comr-hmaiv- with non-
empty interior, dG H, and H containg atlesst one slersnt u such that
u))d. (Note: H ¢ R? is #3ig to be comprehengive if y¢ R2, x2yXxd

for gome x¢CH impliss y ¢ H).

Definition 2 s~ The set of two-person fixed threat bargeining gimaes
is denoted ¥W.

For the purpoge of this paper we define a golution to bargaining

problemg in W ag followas
pefinition 3 - A eolution ig @ function F 3 w -733_ satisfying
(1) F (Hyd)cH ¥ (H,d)c W (feasinility)

(11) yeH, yF(H,3) iupliss y= F(H,d) (Pareto optimality)



(114) F(M,d)% a ¥ (H,d) & w (individual retionality)
(4v) If (0,802 0y (b b JCRT W = [yER%/y =« x 4,
i= 1,2, y = (y1,y2), X = (11,12)(' H} and

d, =a.d + D0

» [ ] (]
N 48y 11,2, d = (d1,d2), then

1'

| ] '
r, (Hyd ) = aifi(H,d} +b i=1,2

1'
{(Independence with respect to affine utility

trengformetions)

The conditions we impoge on &4 golution to pargesining problems
#re standdard end 4re sitisfied by the more well known sclutions to

bargaining problems (s.g. Nagh {1950), Kalei-Smorodinsky (1975) ).

Wo now make én <¢psumption which is satisfied by most femiliar
solutions to bargaining problems and which will be required signi-
ficently by uss. '

Agsumption (FWD) 3- Let (H,d)C W and P(Hd) -{(x1,x2)C— H/x = (x1,x2),
X, % di' i =1,2 and XL)’ X, yGH implies ¥y = x}

t L
Then ¥ (x,,x,) € P(Hd),] dy% g, OF d, 5 d, such that

(1) F (K5 dys @) = (x,0x,)

o (40) F (W3 d,h8) = (x5x,)

(fullness through unilaterel deviations).



Thig assumption requires thit unilateral deviation from tha

given disigreement payof fs yleld any Parsto Cptimdl wnd indivicudlly

retional outcome, ns mentioned sirlier this property ias setisfied
by @11 the more well knoun solutions to bargeining problems, including

soms Of those which miy not sd3tisfy some of the conditions of

Definition 3 (e.g. the Proportionel Sojution of Kalei [19??] )e

Our analysis requires the notion of & true Mrginmjroblm,

which in view of the above end following &nber <#ng Kelal (1978) may

bs dafined dg follows?

perinition 4 3~ A true bargaining proolem H is 4 compsct, convex

subset of ths unit square contdining (0,0), (1,08) and (0,1).

The intsrpretstion of such @ bargaining geme is that the true
gigagreement point of the players heve been gst equal to (0,0) end
the gams hag been normalized in such a wiy that the utility deminds
of the players belong to the closad interval [B,1J. Let us oell the

-

got of all truse bargaining problems we

Every member H¢Ww defines unigusly @ monotone non-incredeing
concaye function HH z E’J,1J -2 [0,1] by dﬂ(x1) = WX {xz/
(11,12)9 H} o Conversely every monotons non-incressing conceve
function ¢ 1 [0,1] -} E‘l.1J gsuch thet ¢ (0) = 1 determines unicuely a
set H‘C’U by H“ -{(x‘l,sz 3 Bl_.x1 -L-“' 05:2 é [+ (x1)} « For
svery such function # we define the (gmsrulizod) inverss

i Ba) Pl ey 0Nk = max fxg/lxx e K



tet 6, s (0.1] x(0,1] 2 Bs1] be the conaitional gistribution
function which summirizes the belief of pleyer 1 <bout player
J & 1 ( i's opponent) dccepting @ utility outcome, given player i's
utility outcome, & = 1,2, Thus, 51(x2‘x1) is player 1's sgsessment of
the probebility of player 2 accepting 8 utility ocutcome X, or less,

given that player 1's utility outcome is x,.

The non-cooperative géme we hdve in mind is the following. The

underlying true bargeining oroblem HE W being given sach player §
apnounces 4 diulgreement utility di' The pair (H,d), d a-(d,l.dz) is a
fixed threst basrgaining problem in W. Besed On the informetion snnounced
by the pliyers the arbitrator using @ solution F eslects 4n autcmo

F (H,d) which sech pleyer dcceots with & propability determined by

Gqend G respectively. In the avent that the outcome is rejected, by

2
any one or both the players, the participants settle douwn for their

true digegreement paycffes 0 = (0,0).

Let (d,‘,dz)(»-H be the announced disagresvent peyoffs of the
respective players. If F is the solution being uged by the arbitrator,

the expected payoff of playsr 1 is
Py(dy00,) = F (K3d, .80 s G (F, (Hid 0, ) JF  (Kid,,d,)) e
The expected payoff of player 2 is

pz(d1 ldz) ’rz(l'”d.‘!dz)' Gz(r1(ﬂid1nd2).' rz(Hid1|d2))



pefinition 5 3— 4 threat bargaining game with incompletes informdtion

ecuipped with & solution F is 4n ordered triplet (H,F,C) where

(i) # (-8 3is @ true barg=ining problem
() F sz —7R2 jg & bargaining eolution

(3is) G = (G1.G2) is & pair of conditional probebility distri-

bution functions on [0,1).

The notion of «n ecuilibrium that we edopt in thie paper ie

given by the following definition.

pefinition 6 t- An equilibrium for 4 thrast bergaining geme with

incowp lete information equipped With & solution F, f.ee (H,F ,G) is ~

an ordered pair (d:.d;JG: K such that
(1) ey Pylayey) v o (001

(14) Pz(d:.d;)» 91(d'1.d2)-v d,¢& {0.1]

This is the femiliar Nash ecuilibrium which may dint of ite
gelf enforceability finds & distinguished placed as @ solution concept.
In the cies of threat bargaining problems, ths relationghip between @

Negh equilibrium and well known golutions to bargaining problems have

peen studied in Lahiri (1988, 1989 ]



3. Fain Theorem 3

In this section we shall try to imposs conditiens under which
truthful revelation of dissgreement utility will be guaranteed by 8

pargeining solution.

The main theorem of this peper is the follouwing?

Theorem 1 $- Let G1(x21x1) = min {‘1"ﬂ if x> 0

*
= 1 if x1-0
and G (x,l\ x) = uin{.l,xz} if x270
2
= 1 if x_ =0

Then (0,0) is 4n equilibriue of the threat bargaining gsRe
with incomplste information (H,F ,G) eauipped with a solution F is

and only if F is the Kelai-morodinsky [1975] selution i.e.
F(S) = arg Béx {nin (x QF (x ))j = arg max {nin (xZCf (x )}
< o Lx, [ 0 Lx, L1
=, 1 - - 2 —
A sCw.
Proof s~ Given G, and G,, P,(d,,d)) = min {f1(H;d1.dz),

PylF 1 (Hid 19, N}
P(d s, ) = min {r (H3d, o0, ) CPH(FZ(H;d yd ))}



Observe thit by property (i) of a solution FZ(H;dI'dz) -
-1
PulFy(Hid, y0))) ana £ (Hid,,d,) =P (F (Hid ,8,))

Suppoee f = (r1,r2) is the Kelai-Smorodinsky [1975_] solution,

P (H33,0) = un{r1(u;o.o) ,CfH(F1(H;D,D))}>, min {xVCFH(xl) Vol x (1,

by definition of the solution,

since 91(H;d1,0) = min {x1,c)°H(x1)} for scme x1c— LB,1J ’
we get,

P (H30,0) P (H;3d, ,0) ¥ a,& [0,1] &

By & similer argument it follows that

P,(H30,0) > P (H; 0,d,)¥ g,€[0,1] .«

Hence (0,0) is an equiliprium for (H,F,G).

Converssly suppase that (0,0) is an squilisrium for (H,F,C),
but F is not the Kelai-Swmorodinsky [1975] solution, Let (x:,"ﬂ‘(x;))

be the Kelsi-Smorodinsky solution outcome for M ¢ v. By dssumption

]
(FW) and without loss of genarality] dy% 01 such that

F(39,0) = (X}, 9, 07)

Hence

91(H;d;,0) = min {x:, Cfu(x:)} > uin{r1(H;0 ,D),‘TH(}'“(H;D,O)g
= 91“’”0.0),

contrdadicting that (0,0) ie an equilibrium. Hence the theorem.

q.ED.



4, Loncluglion

Apart from schieving # characterization of the Kalai-
Smorodinaky BQ?SJ solution without &« monotonicity dgpumption, we
have alpo sxtsnded the freamewvork of threat bargaining gdmes dnd
threat bargaining games with incomplete informution, to include
correlétad beliefs in our model, This accounts for additional

redlism in our study.

The structure of the bsliefs used to charecterize the
Kaleai-Smorodinsky eolution is not ag streightforwérd 4s the uniform
distrinution uged in characterizing the Nagh EIQSD] solution
[ue Lahiri (1389 c)J + Nonhe the less it 1a a generdted by a genuine
distributlion function and one theat cin arise very mdturally in the

presence of incomplets information,
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