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ABSTRA CT

In this paper we formalize the framework of
an arbitration game, to accommodate a large class of
situations where public decisions are implenented ina
noncooperative gatting. UWe then piesent a mathod of
computing the equilibrium stratsgies of the players
under asaumptiong of bounded rationality, so that the
solutions correspond to what le observed .'l.n any realie

zation of an arbitration game.



Te Intreduction ¢ =~ In many decision theoretic problems an
arbitrator or @ third party is responsible in settling disputes
betwesn two pertiese. Such for Ingtsnce is the case when a judge

is o3lled won for deciding which of two bargainers should win a
dispute. There ig a gocial value asgociated with resolving the
dispute in féuour of a bargainer. Variantsg of this problem have
been studied by OUrdover and Rubinstein {1983), P'ng (1983) and
samuslgon (1983) whers gims-theorstic mocels of the legal process
have been dlecusseds They study how incomplete information affects
the decision to settle @ disputes The judge ie not an active player
in thasze models. In market settings, Grossman (1581), Milgrom (1981),
and Farrell and Scbel (1983) study eituations in which agente may
dieclese Information, but cannot distort it. More recently Sobel
(1985) prasents an analysis where bargainers are net allowed to
misrepragent their private information. Th;s agsumption leg justifieg
if the information revealsd is varifiable, sc that misrepresentation

oan be identifled and punighad.

In this paper we present a mndel where misrepresentation of
the true characteristice of the bargainere is possible. The arbitration
procedure is as followss Each player (or bargainer) sends a signal
to the arbitrator which encodes hik true characteristics. Based on
this information, the arbitrator attampts to infer thse trus chareacteri-
stices of the playsre and announces & publie cacigion which meximizes
the soacind goclal values In oibar warda, tha avs{trater Forms

Fratecinr hallefg slont tha fvrg s st rp i std e f g slavage Ang
B : 3 )



in turn affects the indivicual expected welfare of the bargainers
and since this decialon is affected by the signal thay esnd Lo
the arbitratcr, it 1s to their adventage to behéve strategically
in the choice of a sigml, In chocsing an appropriate signal,

the players try to maximize their expected welfare given their
own prior beliefs abnut the opponents' true characteristicss In
order that the signalling rules 4re eelf erforcesrle, it is
degirable to look for a Nash equilibrium of the rzsulting non-

cooperative gamee

In thig paper, we follow Hildreth (1963}, in modelling the
behaviour of individuala, whether an arbitrator or & bargdiner, ag
8 Bayegian statistician, Compslling drguments for doing so0, can
be found in the sdme paper. Our golution technigue relies heavily
on the principle of rir;typrdar caftainty equivalence as developed
by Theil (1954) and Malinvamd (1969), This agrees with ths assumption

of bounded rationality of the playere involved in the game.

PIRAN SARABHA! L1B0ADY
I'IDIAN INSTITUBE OF MaNN ERENT
VASTRAPUR, AHMEDABAD- S8



2o Ihe Rodel 3~ Consider & bargaining problem with two players
and an arpitrator, Latv-ni E,— .m:‘_ be @ Gorel gubset of the

L dimensional Euclidean space, in uvhich tha true charecteristics

of player i belong, Thus the true characterigtice of player '1t ig
encoded in an mi ~ dimengional vector, uvhich is the privite information

p' be an open cumnnected subset of

of player i, for i = 1,2. Let ACR
the p—dimensiona) Eucdicean gpace, conziating of all public decisionsg

available to an impartial arbitretor.

A goclal value function is & function

e . R ——

W s o\x.f}x f\,z->n,

which for each redlization (01, 82)(, -n-‘ x ﬂf of the true

characteristics of the players and for sach public decision aGA,
gives the value accruing to society,.
n

Lot xiG-R i. be the signel which player i communicites to the

m m
arbitrator. Bdsed on the gignale (xi.xz)C'R 1x R 2, the arbitrator

forme posterior beliefs about (81,92)(- [\_1 X -na, which For the
oéke of simplicity, ie assumed to be summarized by a conditjonal
probability density function ‘?(91, 8, Ix,',xz) available to the
erbitrator. If there is a tractable (for both the bargainers ae well
as the arbitrator) sufficient etatistic, uwe may acsuma that X, and

X, 4re procigely thosae Thelr transmission to the arhitietor zaves

ene sten In hilsg svental dadlelon prorene,



in the above fragouork the arbitrator solvee the felleving

probles 3

)|
(1) W (e, 8,0 8,) X (8,58, | x,ux,) a8 a8,
A& A

Ny xSy

and in regponge to the Xy and X, compunicatad by playere 1 and 2
teepectivaly, announces @ (x.l,xz) which solves (1) as the public

decislon,

tach player § on the cther hénd hie & utility function

u, 3 LY x-n-i -?R, and like & Baywsian has prior bellafs about the

true characterigtics of his opponent. Let '?1 (s) 3 "ni 4R+ be
" the probability denaity function which gummarizes player 1's beliefs
about player 2's private characteristics and ‘?2(.) l--("1 -?R* be the
probability density function which gusirarizss player 2's beliefe about
glayer 1's private charactaristics. as in cozmon in noncooperative
theory we agsums that u1, ‘uz, u.’Tn. ‘;2. 5 ars commpry knowl edgoe
Hance the ordered six-tuple F;(u,l,uz,u,‘fgl,'?z.f defines & non-

cooperative gams which for the purpose of thls paper oan be called an

arbitration ¢2me,

Player 1 teing 2uw3ze of hle trua etatacierd otice wopld nosd to

- m
. { ve :
chiced & el mad oy ool xg ‘“""\1 SR Ty U vew ool tododica a



non-cooperative equillerium for this arbitration gime end by cdint
of f{tg self-enforceanility we dhocse the nature} analegue of the

Nagh squilibrium golution concipte

An enuilibrium for r = {u,l ,uz,ht,?:‘,? ,'i ) s 9n ordered pair

(x; (.), x; () ) such that

() Jua(xg (8)), x; (8,)), 8,)7F, (8,) d6.) v (alx,(8,),
x; (8,)), 8,)7%, (e,) co,

¢ 8¢ L Sangv x :.f\,]-}ﬂ‘

1 1 1

(3 lulatiien, x; (80), 837, (8) o) fu(alxyie,),

A i,

x,(8,), 8,)%, (e,) de,

m
AL 2
¥ 92@ 5 and ¥ X, 3 -{\-2 7 R

" m, . m m
{4) asR x R =—p AP solves (1) ¥ {x,‘,xz)c,ﬂ x R %

With trhis the Tiina) ooecifloailen of the ool g 8nd wolution

congeah Joxn Gy aehihl Preoy Loom Lotin oA eaitie
LI i : T
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3. golution 3= The solution to this arbitration game that ve
propoge satisfies two countsrvailing concitionss it is reascnaply
precise, énd it is edsy to computs. The rationale for imposing thase
two conditicng is that it lends credibility to a theory of rational
behaviour destribed by comdlex maximization problems. Such is the
merit of the certainty squivalence methods To implenent this technizue

we make the following asaumotion,

Aggunction 1 $- W sA xn—,‘ x n} ~yR is thrice continucusly

differentiabls in a]l arguments and strictly concaye in 'a‘',

Agsunption 2 - u, 8 A X .(\—i =R, 1= 1,2, are twice continunusly

differsntiable,

3 ggumption 3 1~ Let (31(x1,x2), 92(x1.x2) be the mean of the
distribution specified by ?(81,92 ] x1,x2); 91 bs the mesn of
the distribution specifiad by ‘?2 (91) and -52 be the mein of the

distribution specifisd by %, (8,)s Thens

= i "3
8, () 8 R xR “~)R " iga twice continuously differen—

tiaple function,
Under the above conditions we have the following theorams

Theorem 13~ Under assumation 1, glven any J}D, there exiat
m - ] m m m

functions ag R x R 2 -9R_H Ang '}/": R xR “=R

1+

such $hat Af tho HMrzoplan satedle of tha Docilion Wi 5 (¢ ,x.) ‘5 %
RS A A 2('1’ .e”



m m
vith respect to 'a' ia non-gingular far all (x,‘,xz)C* R1xr?

and if

: m m
o v 1 2
3(91,92 x1.x2) d 8, 682) 1 -'7()(1,)(2) v (x1,x2)eﬂ x R

J
“ Bylxyrx) = 81 (€0x x,)
l B,0x,0x)) = 8, ] Letxyx))

then,

u(a(x1.x2), 81(x1,x2), 82(x1,x2) - max u(a,81,92) (%.92 x1,x2)d81d82lL(]

3ka ,}\_le\_z hY

where W (a(x,l.xz). 5'1(3:1.x2). 32(x1.x2)) = max W (a .31(x1.x2}, 32(x1.x2))

ala 4

Proofs- The praof of this theorem, relies on theorsm 3, Ch.3 of
m m

taffont [1989], by using tha fact that given (x1,x2)(fR 1x R 2, thare

exists a pandom variable @ af dimsnsion (m1 + mz) with € @ = D,

such that  *

(8,,0,) = (31(:&1 )y By(x,0x))) + e

where o 1g spscified by ‘5{(91, 92 l X xz)



m m
Theorea 2 5~ Undsr assumption 1 and 3, the function &t R 1x R 2~>n°

le twice continuously cifferentiablae, if the conditions of theorem 1

Ars algo patisfisg,.

Proof &= By theorem 1, D, w(a(x ,x. )y 8 (x ,x ), 8,(x,,x)) = 0.
By asgunptions 1 ang 3 the function {x.‘,xz}p;yﬁa w{a, 31(x1,x2), Ez(x1,x2))
e twice continuously differsntishle snd by & cunditlon in theviem 14

{oarried over to thauram 2),

2 w— —
o, ¥ {a, 0, (x1,x2), 8, (x1,12J is globally nmwaizgular;
Hence, by the implicit Function theocom, givan {x1,x2}(/ﬂ 1 x R 2,
there exists a naighbouzshood N (x1 ,xz) of (x1,x2] sich that ¥

1 ]
("1’ xz)f:/N. (x1.¥2).
L ] L ] p— [ ] L . 1 ?
D‘ u{‘(“‘!xz)l 91 (x-l fxzjl 32 (x-l !xz)) = D
By concavity of W in a,

(R - r - - N e
W (a(xe x,}y 8, (x,0 %)), 8, (x s%,) = max wla,8,,(x, %) 8, (x, 1x,))
AEA

Further a s N (x1,x2) -PRD is twice contirwcuely diffsrentianle.

m m i
Thie being true for all (x1,x2)é R 1 X R 2, we obtain the degipad

result,



What the above two thenrems indicate ig that if the
uncertainty embodied in the poeterior distribution is "amall®
and the appropridate agsunptions 4are sdti.afiod, than the arbitrator
neads me rely to solus 2n equivalent detarminigtic optimization
problem, to obtain the public decision vhich he would recomusnd to
the bargeinsrse ¥oute, for theorem 1, differentiability of W in 81
and 32 ars not requireds. Thrice continucus differentiablility of

W in 91 and 92 is requirsd for thetrem 2.

An important objective of deciaion thsory is to explocre the
world of bounded reticn®iitys This 1s what tha two theorems above
preeicaly achisva in the cags of an arbitrator vho ig 4 Dayeslan

statistician as well.
/

Significant to our analyslis is the squilibrium for ths
arbitration game which rmsults in a noncooperative setting. In the
next theorem wus attempt to characterize Nash equilibria of the game

when the playsers are 4lso characterized by bounded rationality.

Theorem 3 :- Suppoge that the arbitration game r=<u1,u2, -Hi,?,','; ’ %>

hag @ equilibriums Lst B, and 8, be the means of ?2(91) and

1 2
’5,1(82) reapectively. Supncse that, the Hessian matrices of the
functions u1(a,91) and uz(a ,32) with regpect to 'a' are noneinguldr

for a)l 91&1\1 ang Szé.ﬂ.,z. Furthsr gupicge Assumptions 1,2 <4nd

3 hold and tha oroblens
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m
. Z :

(a) max u, (a(x1.x2), 81}
. m1
x1GR

and

M
{b) ma X uz(d(x_‘,xz), 92) . x1Q R 1, 92(‘5 ,..1(\_. 2

m
2
xze R

~
have unigus golutions. Then glven J}O there exists

mn m
x: 'I\"l"}R 1' "* 3'{\7 % R 2. and ieal murhele

2
C,1} 0, C’Z}U. ‘Yh 7 0’“}27 0 c=uch that

whenevsr "‘tfz (91) <8, Y 1= .9?1
8- 31 !SLLQ
and jih (e ) c8, 1 »--’?2
h - -62“&2

holc, we hdave
m
1
2

where

* L . -
& ) [ 1 !3{ ¢
u (80 (805 %(B), 8 = wax nrlx (8, 8y

n
™
tpeRy
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@ | u,lalxy @) x, (8,040, - max {uy(alxy(8,)1x 080 () ao, \Ld'
2
1

uz(a(x:(-ﬁ-.‘). x; (92} ,92) o mEX uz(a(x:(ﬁ,'). X, 92)

L)
e &
chﬂ

Proof 3~ The procf of this theorew 1s 3maleogeous to that of Theorom 1,
where we had appshlad {0 Theorom 3,Chapter 3 of Laffont EIQBQJ. For
convenience & version of thls thecram and ite peoof s beaing rslegated

to the appendix,

QeEDs

Thus under the asstaptions of Thsorens 1, 2 and 3, an equilibrium

of tha arbltration gima Is o2ally ronpuleds

Step 13- Solve,

0, (@, 8,(x), 8,(x))) =10

for 'al' in terms of x

3 (xys%))

1 and P Lat tha zolution he
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Step 2 3- Solve the following system of 2custicns 3

0, u, (a(x1,x2(92)),81). l.'))< 3(11,x2(92)) = O

1

- - 7 -
b, uz(a(x1(91), X,0 8. )e sz a (11&1);!2) = 0

m

. L}
sinmulteneouely for gach B,I.L’ ﬂi’ to outain x,l :-ﬂ~1 < R 1;

and the system of ecuativng

8 i (G -
Da uz(a(x1(81), X 92). D)‘2 "*"1"‘31)' xz) =0

(5 ry G - B =
oa U1s (x1132(92)1 91} Bx1a (3‘19)‘2(32)) 0.

. n
) _ 0 . . ; 2
simultansously for esch QZG' 3 to cotain X, :f\.z =7 R Te Tha

»* Y
orcdersd palr LX1 (..), x2 (.) > ig tha coinwtod socitioviom

of the arbitration gars P s MWD Bzcwsptiong ef houndsd

ratiocnalitye.
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4e Lonclusion 3~ In this paper we have fermalized the
framework of an arbitration gere, to accomocsts & large claes

of gituations whare public cacigions are implermsntad in @ noncoope~-
rative getting. We have then pregented & methed of computing

the snuilibrium stratsgies of the playcrs under ascuaptions of
tounded rationality, so that the solutions correspond to what

is ohesrved in eény roalization of an arbitration gams. Such arbitra-

tion gimes arige naturally in many 5argaining situaticns aa discussed

in Kstat [138d],
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Appendix

Lonslder the following modsl
n m
Y=g (X,G), XCR 'y yCR,
where the vector a has a probability daneity function ¢ (e,x) that
cdn depend on tha Instruments bhut Ve = 0 for all x. The ob jective
function ig

u (xr)’re)

8¢ that the optimization problem {or tha decision moker o4n be writtsn
as

Max  lu(x,gix,8), e) fle,x)ds (1)

x
Rp

The certainty problem 3seociated with this is written

Max u (x,5(x,0),0)s (2)
x

In order to vary uncerteinty in the neighbourhcod of the

ceptainty problem, we introduce the parsmeter & in the following wayg

Max Ju (x,g{x,c ®), ¢ o) f{a,x) de,

x
a
A

virich i3 equivalent te (1) if & = 1 8nd to {2) if¢= N, The problem
paiibity dha Tiret order cectelnly snudvalincs siczeity if tha snlutfon
T [’/) a wonpal ’:' g otk Flrot crstee In (’3) o s pvtuetien to (1) in

L . + [ S - . * ’
o T P 0ty -4 g‘-‘ e a2 DY
-
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Theorem 3= If u (x,y,s) and g(x,e) sre tuica differentisple,

it f(e,x) is tuice differsntieble in x, and if a unique optima]
gselution to the associdted certdinty problem exigts, we will have

first-ordser cert=inty equivalence if thae Hessian matrix of the

function u(x, g {x,0),0) is nonsingular.

Proof 3~ See proof of Thesrem 3, Chapter 3 of Laffont [jQBQ].
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