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AadSTHACT

In this paper we obtain an axiomatic characterization of ths
valus function for the class of all bimatrix games satisfying

the ejuivalency and efficiency propartiss,



1. Introductizn s In Vilkas {1963), thers exists a charactarization
af the value=function, defined on tha class of all finite matrix
games. In Tijs (1975) this result was extendsd to the class of

all finite and semi=infinite matrix games. In a subsejuent paper
{Tijs (1981)), this result was further extencsd toa the set of

all determined twoeperson zeco sSum James.

Qur purpose in this paper, is to obtain an axiomatic characterization
of the valus function on the class of all bi-matrix games satisfying
the ejquivalency condition, which contains as a subclass the class
of all matrix games., The method aof characterization extends naturally
to the class of all determined two-persgn games which sétisfy the

equiualoncy Efﬁﬁ—artt'- b i



2. Preliminaries : In tnis paper sa consider (mixed extensions of)

m x n bimgtrix ggmes (A,3) with A = [ai:il ;':1 ;1 and 8 =[bi;\m "
i=1 j=1

(m&Nsnem), with f
3 X > ‘e L i
Ata?.x_e“)\t ETII-J“' j_-O for all j i‘l,z” '1,3 (tem)

(AyB) is a short notaticn for the two-psrsan came (Am -_Xn K, L) in

] | 4
normal form with (mixed) strategy spaces Am and Bn for player 1 and
player 2, respectively and payoff functions

Kb xA +R and L - x> R

respectively with K (p,3) =p A :5' and L (p,q):paq-.t for all p(,l\h and
q& An' The ke-th pure strategy e, for player 1 (or player 2) is defined

as the uectorﬂef}aku An) with the k = th ccoruinats s;ual ta 1. The

" - set of completely mixed strategies is defined by

o <A /. ¢ 27
At =§xc t/)LJ. > 0 for all jaL1,2,....t)S,
A matrix game is identified with a bimatrix game (A, -A).
A (Ngsh) egujlibrium situation of a bimatrix gama (A,3) is a pair {B,a)
C_.Am xdn such that

AT
pAQ

—

T A L
> pf\ 'l\q and p 8 e] Zzp 8 qT for all pé;ﬁm, q - .f\n. (1)
In other words, unilateral deviation from an squilibrium situation doss not

pay. Nash (1951 provsd that ths set E(A ,8) of all Nazh equilibria of

a bimatrix game (A,8) is non~empty.

Two equilibrium situatiore (p,3) and (¥,s) of a bimatrix jame {A,B) are
squivalent if K(p,3) = K(¥,8) and L{p,q) = L{¥,s). A bimatrix game (A,8)
is sald to possess the gyuivalency prgperty if any two s;juilibrium
situations ara equivalant.. All matrix ;.mes {A,=A)}, in particular,
satisfy the ejuivalency property.

-l
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A matrix gjame {A,8) is said to satisfy thae gfficiency propecty if
(6,5)@ E(A,8)implies that there does not exist any other (p,g)¢€ Am X &n

ukth (K{pya)yLlpy D) 2 (KR, 3)s L(A,3) with (K(p,3)yl{py3)# (K(P)3)sLLFsT))e

Let D denots ths subclass of all bimatrix games satisfying the gjuivalency

propertys, and the gfficiency property. Jefins a function ¥ i D"W? such that

NOOA

V(A,8) = (K(D.Q),Ltﬁ,a)) whels (515)5 E(A,B).

For a oiscussion of the concept of sjuivalancy, one may refer to Szep and

e J(J '\‘Ij_'/“}.

3« In this section we inspect scme distinguishzo properties of tha

value-function V i D-'Psz. For this purpose we nsed soma definitions,

Dgfinition 1 3 The gtranspose of a bimatrix=came (A,8) is the biematrix
game (Bt,At) whers Bt is the matrix transpose of 8§ and At' is the matrix

transpose af A.

Definition 2 s Lst (A,B) ba a bi=-matrix game and S ba a fonempty subset

of z1,...,mj' o Then ua say that 3 is weakly surficient for player ‘I' in the

jame (Ay3) if for sach i¢ o, 1412 and for each qe Ah' thers exists

a p(1,7)¢A(S) (possibly depending on { and q) such that
K{p{i,3),j)2 3 | for each j & 21,-“,n} such that qj)ﬁ)
Wp(103)49)2 WUpLL,3),d) for sach 3¢ {1,...,n]

Here A(s);Am such that peA(S) iff p =0¥kfs,

Definition 3 3 L2t (A,8) be a biematrix game and let T be a nanempty
subset of z‘l,...,n} « #8 say that T is sufficient for player Il in the

gama (A,8) if T is sufficient for playsr I in the game (Bt',\t)_

Theorem 1 3
- . ,7
{Pet) [_"ijsc:;.;;,-"; w8t (AyB) bz 2 2iw . - _.:and T g that

'm =1 =nthen {4,3)€0 and V(A,3) = (1 ., -3



-

(P.2) L—"Monotomicity"_) Let {A,B)c 0 and (4?,3')} €D and supposs that
a;_j = miniaij’t1§, bi‘j = inij,tzj’(i’j)e%’...,m} Xi“,o..,ﬂjwhara
tké uk(a,a), K = 1,2, Then u1(a,a)2 u,lga',af) snd uz(a,a); v, {A',3*)

~whers V(A,B) = (U1(A!a)l UZ‘AIB)) and U(A'la') = (U1(A',B'), Uz(d',a').

(P.3) ["symmatry") Let (4,8)€ 0. Then (8%,a%) @D ana V.(4,3) = uz(at,at)
U 48] = V,(8°,4%) where U(a,8) = U (4,2),,(4,3)) ana V,(8°,4") =(v,(8%,a%),
uzcat,at)).

-
: - 7 . , . P

PR LA T O U - o I Vs SF i ema

W T T . Ty o : P AR > D - i >

efficiency property and @ # 5¢< ih...,m_}' ana lst (AS,BS) pe the bi-matrix
Soa® obtalned Dy delating the rous Corzascording to ingicas pot in o,

e

Suppose that 5 is weakly suff’iéiant for player I in the game {(A,8;. Then

(A;285)€ 0 iff (a,B)e08Ra"

V{a,d) = V(A ,B.) if (A8 )C v,

Progf 3 (Pe1) and (P.2) are cbviocus (P.3) follgws from tha fact that

~ t
l-’,-\qt = gt P
and gdqt = 3 Btpt
for sach (p.3)ed x A, TIKRAM SARABMA! LIBRARY
sach {p.3) m n OIAN MSTITVIE OF MANAGEMEN

_ < ASIRAPUR, ANMEDABAD-3000%8
Let us prove (FI®). -
" 'f'aiaﬂeAm. el there 5r<i-:'t5'fi1|'| .'ikig_f"..-,m} SUCh that
"MP...JR}. since s is wufflciont for player 1, if ¥ (A,8) =
(%(pya)s L (Fya)) then thers exists p(1,1)¢8(3) for each
s A’
i€ Zi,',...iki such that k(p(i,".\;),j})/ ai.i for each jé& [1,...,mj such that q;»0
LN
and L(P(ilq)sa)) L(P(i."l)'.i)far each Jéﬁ:“"nj'
k
let & = 284, p(1,3). Then &¢ A(s) and
1=1
"(;( sJ) = K K g X
%‘Kil'(pul”)"j)} ﬁﬁxilaiv"f = &(,j) for each
: i

_JC- ij'---’nj ] such that a})a

o
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K o
W ,3) = 'IZ'__.1.°‘1 Lp(iyp3)53)2 i—;"‘il L (p(1,,3)50) = U& ,j)

for sach Jje i“'go--’nj .

Thus, K(x ,9)% K(X ,3)

and L (X ,3)2 WX V¥ aed .
- A A ~
LetX = B and % =%, Than K(& ,3)2 K(p,3)2 K(p,?:])#pc.-Am

Thus (.A,B)‘:’D im;lies (Ab,BS}C- o
sinca ReN (L S 5N e e
K(PQ) 2 K(% ,3) > K(F,3) D KX ,3) = K(5,4)
since {4,3)c 0, Lx ) = L{,,: 1) 8n oasacuing thae (,%) - £{A,3)
‘Conversely suppose, (Ag,Bs) € D and let (&,?q)e E(AS,BS).

%-ﬁ“’z-

sinca for every (¥,3 x4 ne there exists & such that
K( =, Q)?f K‘(“( )

L& 32 L(X,7)

we get
- k Ld
K (#,8) 2 K(€,3) 3 K (A(%,3)ABK (#,9)9ned
AA A .

e (K1) E(A,E)
Further, XEB(S)E8 3 K (X,3)3 K (p,2)2 K (%, 3)
. ) )K LK’ 1) -K (p!q)
smce‘he m}c E {(A,B), we must have L (o(,q) = | (p,q)
o'e (A,8)ED

Also, in both cases v (A,B) = (05:33)

Note & To establish (a,8)c D> (aa,Bs)G—D in (4) we do not rejuire
V to Satisfy the efficiency property. £quivalency property slons suffiges.
It is to establish that (A 8 Jé D3 (R,B)e D in (4) that ue rejuire both

aquivalency and d'f‘ic.tmcy.



=Su
4. The following thsorem that the properties (P.1)-(P.4)

2
characterize the valua function V 3 0 >R i

Theorem 2 ¢ Let{: D>R 2 he such that¥ (&,8)c gf (a,8)e Z(K(p,‘}),l.(p,q))/
pe A m’ qc‘_bn}. In aguition supposa that

(441) If m =1, n =1 then f(A,3) = (a, b, )e

(2+2) For sach (A,d}2 0,(A',3') D with a'ijminzaij,t&,bii =min Ebij'tzf’

£ S VlAB) K = 1,2, 1€ Phuiem) y JC Pyeesn] ), {(A8)2 § (a%,87).

. t t . t t
(4.3) For each (4,3) 20, §,(4,8)= £,(87,4°), F,(a,3) = £ (8°,4%),
-PEE2 fAdyos = Lnass)y favasa)) ana s e, =y j—“u‘",n‘),jz‘\a “en Jie
(1.4) For each (A,8)¢ D and (a; 8.)& D, uhere SQb,.-.,h}, S #d,

1
Lot (Agp8g) be the oi-mairix game odtained by celsting the rous
Corresponuing to inuices pot im o, If 5 is seaxly :ufficient for player 1

in the same (A,B), we havef(A,B} af(ﬂs,ﬁs).

Proof i First ve note that (J.3) and (d.4) imply
(3.5)- for each (4,3) € D and (A[,B.)¢ D, uhare TS yeessnh T4, ang
(AT,BT) is the bi=matrix game obtained by daleting the columns Corresponcing

to indices not in T, if T is weakly sufficient for rlaysr Il in the gume

(A,3), ue haveF(ﬂT,d!) = ‘F(A,B}.

Now take an (A,3) ¢ 0 with V(A,8}¢ !‘R2 and take real nunbaers t1 and t2 such
that Vg(A,8) 2 t,. Je shall shaow that Ag8)}2 t,. For thij

i&n) * by a afé,),h o is raason
wa introduce the following five two person gamas 3

(1) A_ , __"‘:1_) uhere( A is the (m+1)xn matrix and
vt e 241

,am_*.‘ = (3m+1'1 ’.--.am+1’n) with am+1,_j = t1 for gach jéz"’.‘.'nj.

A corresponding definition is valid for the (m+1)xn matrix(‘B )
B

N _ .
whera 91""1 = (bm*"l'l,...'bﬂ“"‘,n) and hm+1,3 = t2 for sach jc@’.-o'ncj

=
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(2) | (aA*,8') whers B° .== ((b.!tj))(mﬂ )xh and A' = ((a::._j“{mﬂ)xn wher :

aj j = min Jagjoty§ for mach 16{1,...,m+1} v J€ {1yeee,niand
0fy = min {bij'tzi for aach il tl‘,...,mﬂj ’ Je&.....nj .

(3) (A",8%") where A" is an (w#1)x(n+1) matrix and 8" is an (m+1)x(n+1)
matrix (afl;s BY}) = (af ;0] ) ¥ic Plreeeymrt] , J=1,.000 and

" o
(3] nag Byoner) = (Byety) for each i“ﬁ""'m”j ’

m He

(4) (A, 8) uhere sach of A"and 8”is a 1 x {(n+1) matrix and

“ ) = (a’ - Tjc . n+1} .
tay v By, 1) = (e rn+'|=Jjnr1,j) RS AETITY

L} [}
(5) (a m+1,n+1’b m+1.n+1)'

Since Uh(‘A,B). tk’ there exists p'(_—Am and q'@An such that

K (p%d)7 € = .m+1,JV-.j'¢'i1,..'.,n} swh that q,y0

L (P’ﬂ’)z t2 = Emid’ivjc’b;-o-!n} .

Hence, by the definition of weak sufficiency {1y...,m§ is usakly surficient

. 1.4
for plsyer 1 in the game (—‘-‘-— , ga___)' 3y (F’-ﬂ).(A -4 by the fact that
§—m+1 “m+1

as pe:r our daf’inition( A, _8 ) sstisfisa the efficiency property,
et 9m+1

we may conclude that

(2.5) (_L-,_’_a;_)eo_éwf(n ,_g!_) = f(a,B).
Anet Smet 3ne1  Sner
It follows from (J.1) that

(370 (241 0 e12Pmet, et

it

In the game (A" ,8" ) the set §n+1] is usakly sufficient for playe: II.
Hence in view of (P.3} and (Pe4) (& ,3" ) cu. 8y (43)
4 i /] ] -
(2.8) §(a" 87 ) = (am+1,n+1’bx;x+1 ,nﬂ) (t1’t2)
In the game (A",B") ths sst im-l-‘lj is seakly sufficient for player 1

because for sach i€ i1 ,...,mj and QEAnﬂ



-
1t .
m+l, )

\YS

a é"-. 'é jé%_1|0|.’n+1j

4 1‘1

b"m+1',j ? b"mﬂ s.jv J€ i‘l"..’n*‘lf

By (poa) and (Q.d) +8 obtain 3 (A"'a“)c’ D and

(2.9)F(amB") =§(a" , 58" )

It is eash to sse that ﬁ,...,nj is weakly sufficient for player II in
the game (A" , 8" ). Hence by (P.3) anad (P.4) : (A',8')€D; and then
by {3.5) 3

(3.10) f(a*, 8") é;f(ﬁ\'.ﬂ')

oL 3y (el

h].ﬂ)‘f..&.. ’ _L)?f(ﬂlna')
e e

Combining (@.6) to (1.11) we get thatf(A,B)}} (T,5t,). Thus we have
provad thatf(&,B)),(t‘I,E;Yﬁr gach {A,8)¢ O with b, 2 (A8),
k = 1,2. But then

(3.12) f(A,8)> V (4,8) far sach (4,8)C D.

By the efficiency property satisfied by all (A,3)€ 0,
(a.n)f'(a.a) 2y (A,d)

which concludes our thseoram,

8, Conc lusion 3-In this paéer ws have obtained an axicmatic
characterization of the value function for bimatrix games satisfying

the afficiency anc equivalency property. M:trix games, constant sum games
and indeed all tuwo perscn games uhera by a transiticn from one situation
to another, the payoffs of the players move in opposite directicns, all
satisfy these two preoperties. An eash anc direct extension aof our results
is valid for tha sat of all two person gamas satisfying the efficiency and
ajuivalency property, wshere the relsvant mixsd extension is the c-mixed

extension as definsa in Tijs (1981).

C Many gamesy ifiiv-.ig Lifdab bDalguinin) jamos {tuiifi,yiied), Laniri(1990);

qécisfy the abcusz wiopa~tigse Thu: ot from the -nalytical nicetiaes of
o | ' -B=
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our extensicn what we have achievad is a characterization of the

value function in many gamse thecretic contexts,
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