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ABSTRACT

In recent times, beginning with the work of Thomson [1988],
attention in social choice theory has focused on problems of fair
division. The problem is one of dividing a social endowment among
a group of agents keeping in mind the issues of equity and
efficiency.

There is a sizeable literature which has dealt with the problem of
axiomatically characterizing the equal income market equilibrium
solution. Notable among them are the works of Thomson ([1988],
Lahiri (1997, forthcoming) .

In Thomson and Varian [1985), there is the concept of an income
fair allocation. Basically, these are allocations which cost the
same for all agents. However, the price vector at which the
allocation 1is evaluated, is in the existing 1literature,
endogenously determined by market forces, whence it coincides with
equal income market equilibrium allocations. The income fairness
concept derives appeal as an independent entity, only if the price
at which the allocation is evaluated is specified exogenously.
Along with efficiency, it then coincides with what Balasko [1979],
calls budget constrained Pareto efficient allocations. To be
relevant to the literature on fair division, it should be required
that the monetary worth of the allocation at exogenously specified
prices, be the same for all agents.

In this paper, we axiomatically characterize the social choice
correspondence, which picks for each economy, the set of equal
income budget constrained Pareto efficient allocations. We are able
to characterize this social choice correspondence uniquely, with
the help of the following assumptions : Consistency, Equal Budget
Property, Pareto efficiency for two agent problems and Local
Independence. The most extensive use of Consistency is due to
Thomson, as surveyed in Thomson ([1990]); the equal budget property
is due to Varian [1976), Pareto efficiency for two agent problems
is due to van der Nouweland, Peleg and Tijs (1996}, Local
Independence is due to Nagahisa [1991]. In a final section, we
replace Consistency by Converse Consistency (Thomson [1990]) and
Pareto Efficiency for two agent problems by Binary Efficiency (see
Lahiri [1997]) to obtain yet another axiomatic characterization of
the same social choice correspondence.



1. Introduction:

In recent times, beginning with the work of Thomson (1988},
attention in social choice theory has focused on problems of fair
division. The problem is one of dividing a social endowment among
a group of agents keeping in mind the issues of equity and
efficiency.

There is a sizeable literature which has dealt with the problem of
axiomatically characterizing the equal income market equilibrium
solution. Notable among them are the works of Thomson [1988],
Lahiri (1997, forthcoming).

In Thomson and Varian [1985]), there is the concept of an income
fair allocation. Basically, these are allocations which cost the
same for all agents. However, the price vector at which the
allocation is evaluated, is in the existing 1literature,
endogenously determined by market forces, whence it coincides with
equal income market equilibrium allocations. The income fairness
concept derives appeal as an independent entity, only if the price
at whiéh the allocation is evaluated is specified exogenously.
Along with efficiency, it then coincides with what Balasko {1979},
calls budget constrained Pareto efficient allocations. To be
relevant to the literature on fair division, it should be required
that the monetary worth of the allocation at exogenously specified
prices, be the same for all agents.

In this paper, we axiomatically characterize the social choice
correspondence, which picks for each economy, the set of equal
income budget constrained Pareto efficient allocations. We are able
to characterize this social choice correspondence uniquely, with
the help of the following assumptions : Congistency, Equal Budget
Property, Pareto efficiency for two agent problems and Local
Independence. The most extensive use of Consistency is due to
Thomson, as surveyéd in Thomson [1990]; the equal budget property
is due to Varian {[1976), Pareto efficiency for two agent problems
is due to van der Nouweland, Peleg and Tijs [1996], Local
Independence is due to Nagahisa [1991). In a final section, we
" replace Consistency by Converse Consistency (Thomson [1990]) and
Pareto Efficiency for two agent problems by Binary Efficiency (see
Lahiri [1997]) to obtain yet another axiomatic characterization of
the same social choice correspondence..



2. The Model: -

Let ¢+P(cN) denote a set of potential agents with cardinality

of P greater than or equal to two. Agent sets are non-empty, finite

subsets of P. Let R (resp. R,,R,,) denote the set of real numbers

(resp. non-negative real numbers, strictly positive real numbers).

Given M e P, let R¥(resp. RY,RY,) denote the set of all functions

from M to R (resp. R_,R.,)

Let there be k = 2 (k € N ) infinitely divisible goods in the

economy. A utility function is a continuous function u : RS-R
Let U be the set of all utility functions satisfying:

1. Semi-strict gquasi concavity

x e RF, yeRY, u(x) >u(y), te [0,1) =u (t y+ (1-t) x) > u(y)
2. xeR\, yeRY, u(x) =u (y), =yeR,
3. Strict Monotonicity on R%,:

xeR, yveRK, x>y =u(x) > u (y).

4, Smoothness: U is differentiable at each xe R'L with

all partial derivatives strictly positive.



For any realization of an agents set, € R, denotes, the social

endowment .
Given M ¢ P, let U" denote the set of all functions from M to U.

Given M ¢ P, an M agent problem (of fair division) is an element of

U x RL. . Let & ° denote the set of all M agent problems and

let, . &= Ug"

MeP

Given M ¢ P and  [(ui);,.,,, @] = e belonging to &, let

A(e)={ (x),,eRYY /Y xi=0 }. A (e) denotes the set of all
ieM

ie M
feasible allocations for e.

A social choice correspondence is a correspondence

F: &--X such‘that Fle) cA(e) Vee & .Here X = U (R~
- MeP

A social choice correspondence is said to satisfy Pareto efficiency
if VM e P, Ves [(ud);,, 01 , (:2‘)1,.. € F(e) implies the non-
existence of (y' ), € Ale) with u' (y') = v' (x') Vi € M, with at

least one strict inequality. For e ¢ &, let P(e) denote the set of
all Pareto efficient allocations.



let fe R, be a fixed vector of prices.

The following concept is due to Balasko (1979).

The equal income budget constrained Pareto Efficient social choice

correspondence B : & -- X 1is defined thus

VMe P, Ve =[(ul);,,, o] e&, (x),, €¢Ble) , if and only if
i) (x'),., € P(e)
v > ~ 1 = ~ D) V .
11) D.x D. Ml 1€eM,

3. Prelimin R 1 h T n B:

Lemma 1: Given M ¢ P and e ¢ & , let (x'), € P(e). Then V i € M,

x ¢ R, U {o0}.
Proof: Let e = [(ul),,,, »)]

Cage 1:- V ieM x‘eRN(RLU (o)

Then by the second property of utility functions,

u (0/|M) > uf (x%) V ieM



Since the allocation

(Y jpo ¥' = w/|M| V feM is in A(e), (x'),,, € P(e)

Case 2: For some ieM,

xi e RY, and for some jeM, x7 ¢ R¥ \ (R}, U{o})

Consider (y"),.: y* = xb, if ¢ {1,7}
= x' + x>, if h = i
-0, if h = 3.

(Y € Ale), u(y") = u"(x"), if h = i
ut(y') > ut(x').

Thus, (x"),. € P(e), which is a contradiction. Hence the Lemma.

Q.E.D.
Given e ¢ & let M(e) denote the agent set for e.
Lemma 2: Given, e € &, if (x'),.. € Ble), then
xieR, VieMe)
Proof: By Lemma, 1,
xieR, U {0} VieMe).
Since p.x* >0V ieMe, x'eR\LV ieMe)
Q.E.D



4. A Result for Cobb-Douglas economies: The following result is

similar to a result occurring in Lahiri ([1997].
Proposition 1: Let

peR', MeP. Let (X¥),, € (R )" withp . X! =
c>0VieMand o =X(§i)
1eM

Then there exists (v'),,, € U" and

M>o(Giem: VieM Vied, ... .k, ¥ (xi)=1ip, .

an

Proof: Let W = p . x* > 0,ieM
and @y = —L—72, ieM, je (1,...,k)

] LS iy el k
Let vi (x¥) = T (x57)%, for x, e R:.

Jj=1

1
(Note: If in the above, we set

@j=p;X; VieM, je[1,...,kl, thenAi=1VieM.

p s ]

Let peR, and Me P. Let (xi),, e (R*,)¥ with
p.x'=p.x'Vi jeMand @ =Y Xi.
7



Then there exists e & [(v?),,, w] e & such that B(e) = {(x1),}

dv1
ax;

(x) = p; V ieM and je{i,..., k}.

Proof: As in proposition 1, construct v', ieM, with

e} = p; X} V ieM and je{1,...,k}.

- Clearly, (x7%),,, e B(e)

Now suppose

(x1) s #(X?) ;o with x? e R}, V ieM and p.x? = p.x7 V i, jeM.

(By Lemma 2, RY, is sufficient).

Suppose there exists p e R, and A?, ieM.

i vi(xi) avi

@ = - (x¥) = Al p,VieM, je {1,...,k}
’ x} ox; 7 '
el x;

s 25 . PBiviem, je (1, .k
a; Xj b,

and



Clearly, there exists i and h ¢ M and j ¢ {1,...,k}, such that

iyoi h —h
X;>X; and x; < Xj

and m € {1,...,k} such that x. < X, and x] >X,.

Without loss of generality assume m = 1.

— 1 ’
P R TR i W &
i b 1 i
Pi a7 X a; X P,
h =h nooh =
ik Rd B S R 5
a) X7 &) x; P
which is a contradiction. Thus B(e) = {(x%) ). Q.E.D.
5. Consistency and Efficiency

A social choice correspondence is said to satisfy congistency
if
VMP, VIeP, LcM, Ve=[(u)!),, o0l, if (x1),, € Fle),

then (x'),, e F(e'), where e’ = [(uf),,, Y, xi]
el

A social choice correspondence is said to satisfy Pareto efficiency

for two agent problems if Ve € & with cardinality of M(e) equal to
2, F(e) € P(e).

A social choice correspondence is said to satisfy the equal budget
property if

Vee& V (x) e €F(e),p.x"=p. X1 VijeM(e).



It is easy to check that B satisfies all the properties mentioned

above.

Theorem 1:- Let F be a social choice correspondence which satisfies
consistency, Pareto efficiency for two agent problems and the equal
budget property. Then F(e) < B(e) Ve ¢ &.

Proof: Let e = {ul),,, w)] and let (x%),,, € F(e).

Let i, j ¢ M and let L = {i,j}.

By Consistency, (X%),,, € F ( [(uf),, . Xi+x7])

By Pareto efficiency for two agent problems, there exists
pteRY and Al, Al > 0.

dui

(x}) = Al pE, he{1,...,k) }
ox;

Hence Al and pf are independent of L.

Hence, there exists peRX. and Ai>0 (ieM:

Qu”(%i) = Aip,VieM.

ax b
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+(x%) e B(e), since, we already know that it satisfies equal

budget property.

6. ndependence an in Resul

A social choice correspondence F is said to satisfy Local

Independence if VMeP, Ve = [(ul),, o] ,

e = [(v),. ol e&, V (x)),eaie) =a(e)
with xie R V i, [aul: (x3) = E (x%) V i, j]
ox; ox;

and (x?),,, e F(e)implies(x?),, € F(e').

Iheorem 2: Let F be a social choice correspondence which satisfies
Consistency, Pareto Efficiency for two agent problems, Equal Budget

Property and Local Independence. Then F(e) = B(e) Vee &.

Al

Proof: It is easy to check that B satisfies Local Independence and

Theorem 1 established that F(e) c B (e) Vee &.

Let e [(uf),n, 0] and (x%),,, € B(e)

Let e

[

[(v));m ®1 be as constructed in Proposition 2, with p,

10



gui. (x), j=11,...k}. . Since (x7) ;. € P(€), Dj is
X5

independent of j.

Further, Ble') = (x%),,,
By Theorem 1, F(e') = {(x7),,}
By Local Independence of F, (X%) oy € F(€). .~ Bl(e) c F(e).

Q.E.D.

It might be said, that a characterization of the budget constrained
Pareto optimal social choice correspondence using Pareto Optimality
for two agent problems and the equal budget property, is almost
tautological. This is not quite correct as the proof of Theorem 2
(though not of Theorem 1) is far from immediate.
7. ri i in nv: nsisten in
Efficiency:
A social choice correspondence is said to satisfy Converse
Consistency if VM e P, Ve = [(u'),,, o] if (x),,. € A (e) and
(x'),,, € F(e') for all L ¢ P, L ¢ M wifth cardinality of L being two,
then (x'),,, € F(e'), where e' [(u")i,L, Y xi]

ieL

It is routine to check that B satisfies Converse Consistency.

11



A social choice correspondence is said to satisfy Binary Efficiency

if MeP, Ve-=[(u'),,, w] and for all (x),, e F(e) the following

holds: it is not possible to find L € P, L © M, cardinality of L

being two and (y'),,., with y’eR'V ie L and Y yt-= in

iel 1eL

such that uf(y?) > vui(x’) Viel with at least one strict

inequality.

Binary Efficiency implies Pareto efficiency for two agent problems
and once again, it is routine to check that B satisfies Binary
Efficiency. However, if we use Binary Efficiency in place of Pareto
efficiency for two agent problems, we can replace Consistency by
Converse Consistency in our axiomatic characterization. Thus, we
have the following:

Theorem 3: The only social choice correspondence which is non-empty
valued for all two agent problems with Cobb-Douglas preferences and
‘satisfies Converse Consistency, Binary Efficiency, Equal Budget
Property and Local Independence is B.

RBroof: We already know that B satisfies the above properties.
Hence, let F be a social choice correspondence satisfying the above

properties. Let e = [(u?),,, ©]e & and let (X'),, e F(e). All that

we need to show is that (x9),, € P(e) . By Binary Efficiency, and

the smoothness condition on preferences,
Y i, j e M if L = {1,353}, then there exists

preR:,, A%, 25> 0 s.t.

12



h
%‘-13 (x) =A;p;fVY helL, je{1,...k}.
X3

Thus, Aj; and p; are independent of L. Thus, (X%, € P(e). Thus, (X¥);y

€ B(e).
Now suppose (x%),, € B(e). We have to show that (x%,, ¢ F(e). By
Binary Efficiency and equal budget property, (X%, € Ble')

whenever, e’ = [(ui)i,L Yy 3?1], LeP, L<M and Cardinality of L is

ieL
two.

Now as in Proposition 2, there exists

;=[(Vi)i¢u Y )_{i] with gvi (x%) = aul:

X5

1) (x%) V ieL and je{1l,...,k},

1
ieL ] Xj

such that, {(x%),,} =B(8). . Since F has been assumed to be non-

empty valued for all two agent problems with Cobb-Douglas

preferences and since F(8) c B(e), F(&) = {(X%) )

By Local Independence,

(J—ri)i;L e F(e'). By Converse Consistency, (x%); € F(e).

13



Note: In the above, we make use of the fact that B is non-empty
valued for all two agent problems with Cobb-Douglas Preferences. A
proof of this statement is contained in the Appendix.

14



APPENDIX

, x .
Let vi (x1) = 1I (x;)“j, i=1,2, k=2. Let m, and m, be

j=1

positive real numbers and let ﬁeR’f,,. Let we RX,.

k
p. w=m +m,. Assume, aj> 0V i, jand), aj=1.
b=t

Let € = [(v'),,,, W] where L = {1, 2}.

Claim 1: Let k = 2. ‘Then, there

(x!) e P(e) such that p . Xx* =m;V ie L.

Suppose,

exists

Proof: We need to show that the following system of equations have

}a solution:

1 1
¢1 XZ - ai W2 -X2 v

X 1-a} W,-x; 1-o}
ﬁx% +ﬁ2 Xg. =m o«

Cénsider the point X; = _ﬁ y X T 6 .
1
1 1 b
) &1.X _ ai . W, <0 if Xll _ m-€ b,
% (1-e})  W,-xi 1-af B,

g€ >0 sufficiently small.

15



. . 1 1 m - €p
Now consider the point Xx; =€ > 0, X; =—-—-5-——
2

1 1 1 A
o X a; m-€p
Here —i 2 = %, ——=2 and
Xl 1_a1 e ﬁz(l_al)
2 A 2 1
@1 D, W,-m +ep @) W,=x3
-e 2 2" 2
Wl € ﬁz(l_al) Wl-Xl 1—(!1
ai m,- € ﬁl ai ﬁzwz -m o+ p\l
As ¢ goes to zero, _ — - .
R W, - p1-ad)

becomes very large positive. Hence by the intermediate value

theorem, there exists (x?),, such that the system of equations

have a solution. This proves the claim ) Q.E.D,.
Theorem: Let k > 2. Then, there exists

(x%) € P(e) such thatp . x1=m; V ielL.

Pxoof: We prove this theorem, by induction on "k". The previous
claim establishes the theorem for k = 2.”Hence assume the theorem
is true for k = r Let k = r + 1. For each wvalue of

x}., and consequently that of Wy = X:.,, the induction hypothesis

establishes the existence of (x;) :

16



1 -1
®paz / Xrs+1 - aj

el / (Wnl - ’?rl*l) a§ (W' B 23)

Thus, the theorem is true for k = r + 1 if it is true for k = r.
Since it is true for k = 2, it holds for all k. Q.E.D.

Note: In the above theorem, no fixed point theorem was either
required or used, since the set of budget constrained Pareto
efficient equilibria for a given distribution of income is unique
for an economy with Cobb-Douglas preferences, and further since the
dependence of the solution on the relevant parameters of the model
is continuous.



a3/ xj _ /X

3 < " 1\7’j,he{1,...,r}

r
satisfying Y B; Xj =m -P,., X7u.

=1
m -e m -e
b3 1
FOr Xpn = —— Wy = Xgag = Wpg——2 > 0.
.ﬁr-yl ﬁzi-l

For € > 0 sufficiently small, x; is very small and W, - x; very

large,
1 1 1 1
® ./ Xz, a;/X
2 /X 1 T /X — < 0. On the other hand for
arﬂ-/(wﬁl = Xr.1) a:/(wr - X7)

x;l =€ /b,.,,, for € > 0 sufficiently small,.

1.1 / Xze _ ar/X;

>0 .
ai‘*‘l / (Wr-a-l -X;-*l) af’ / (WI - Xi)

b4

Since (x});.l depend continuously on X;,; , by the intermediate

e m -

[;
ﬁr*l ﬁrﬂ

. , €
value theorem, there exists )_f%ﬂ in [ ] such that

17
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