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Abstract

~ In this paper we provide an axiomatic characterization of a
choice function due to Caoc (1881) for multiattribute choice

problems.
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.1+ Introduction :- The purpose of this paper is to provide an
Iaxiomatic characterization of the, choice function due to Cao
(19817 for multiattribute choize problems. The main property used
in characterizing this solution is termed restricted convexity,
whiéh"'is a modification of the convexity assumption used by

Myerson (1981) to characterize the utilitarian choice function.

2. Multiattribute Choice Problems :- A multiattribute choice
problem 1is an ordered pair (S,c) whereoeScR“*and cen_ﬂfor some
nEN (the set of natural numbers). The set S is.called the set of
feasible attribute vectors and the point ¢ is called a target
point. ‘

Wwe shall consider the fallowing class @ of admissible

multiattribute choice problems: (S,c)EQ if and only if

(i) . . S is compact and convex

(giifl S satisfies minimal transferability: x€5, «x i 70 =3 yE€S
§ R ~ with y,; <xjand yy>xjfor 3 #i.
g(iii):> S is comprehensive: x&S, Qéyéf => y€S.

(Here "tor x, vER" ,x2y means x;3y ; Vi €{1.....n); xyy means x # y

and kgy; Xx>>y means x; >y; ¥V i=1,...,n).

I e

A domain is snv =utest D cf Q.
A (multiattribute) choice function on D is a function

F:D -> R" such that V (S,c)€l, F(S,c)E€s.

Let F:D -> R% be a <choice function. Three important

;properties often required of a choice function are the following:

(P.1) Efficiency :- ¥ (S,e)ED, x€ES, x2F(5,c) => x=F(5,c)
"(P.2) Symmetry :- 1f ¥ permutation ¢:N->N, ¢(5)=5 .and ¢(c)=c,

then F; (S,c)=F;(S,s) Vi,5€L,...,n}. Here for xeR ",

o(x) is the wvector in l“‘whose ith coordinate 1is x (i)

and ¢(S)={er(x):xES}.

(P.3) Scale Independence :- ¥ (S,c)ED, «x€R", , (a5, xcr)€D =>
SR F(x.S,a.c)r=a.F(5,c).

. n -

Here I',, ={an* /x; »0V 1=1,....n}5m.x=(cx1 XK {reeer®
x€R", and «.S={x.x/xES].

x € R" for

nmon

A fourth property that we shall invoke in the subsequent
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analysis 1is the follrnwing modified version of convexity, the
latter itself being due to Myerson'(1981):
(P.4) Restricted Convexity :- VW(S,c), (S’,c)ED-if for BELO, 1]

(S+(1-8)S’,c)ED, where BS+(1-8)S'={Bx+(1-B)y:xES,
yES’}, then F(BS+(1-B)S’,c)=BF(S,c)+(1-B)F(S”,c).
The domain we shall be considering in our analysis is an
important subdomain of the following:
g, =1(S,c)EL /c=ulS) where u, (S)=maxix ;/xES}1.
For obvious reasons problems (S,c) in @ u will be denoted by
S.
- Given SEQu let P(S)={xES/YES, xzx =ry=x},
Qur analysis will concentrate on the following domain:
0%, =1SEQ, /xXEP1S), VEP(S),BE(D,1) =» Bx+(1-B)y € PL5)}

On Qou as in Cao (1981) we define the following choice
fUndgion:

€(Sy=arg max L' x /u; (S) if Sw {0}
L XES

. =0 if S = {0}
¥4t is . easy to wverify that this choice function is well
defined.

3. The Characterization Theorem :-
Theorem :- The only choice function on Q°uto satisfy properties
(P.1>, (P.2), (P.3), (P.4) is C.

Proof :- That C satisfies the above properties is easy to verify.

Hence let F:Qﬂl-> R" be a choice function satisfying (F.1) to

(P.4). ‘1f S={0} then F(S)=0=C(S). By property (P.3), we can
_restrict ourselves to a domain D={SEQ’ /S # {0}, u(S)=el where
eel\ is the vector with all coordinates equal to one. Faor §6€D,

let Q(S)=(pea™! /" p, F; (S)<arg max (E". p;x; )}
: . XES

Here a"! =(x@", sz, x; =1).

Towards a contradiction assume W Q (S)=A“.l . Each W(S) is
SED

Y

1

open and A" is compact. Hence there exists a finite integer KeN
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C K
and sets S; ,....5 € such that a"™' =\ acs).
k=1

: ' 1
"Consider S=XKh1__ Sy €ED. By (P.1), F(S)EF(5). Thus there exists

ﬁGAW1 such -that p.xfp.F(S).V x €5, Tﬁis we obtain by applying the
supporting hyperpla;e theorem to S (which is a convex set) at
F(S).

- 'Now :pEQ(S, ) for some kKE&{1l,...,K}. Thus 3z€S, such that I "y,

By F (gty)iﬂkq Pi Zi

i
1

Consider the point__.lz+2j¢ kF(Sj Yl1e &,
h -;gi - n Pi K

iz} i (Zl +5 Ik Fl (s ])] » &K izt n j=1 Fi (Sj }

K K

e L — n

fﬁy ﬂrqgtricted convexity. This is a contradiction. Hence

. {Q(S?IT8?EDY da not ecover a"!. Hence thers exists p&a™! such

: n ; Sy = == sl . . =T a . .
that Ly pyFy (81 = arg max (L Fix 4 V SED. By eymmstry
S X

f

i
P=__ e, which proves the theorem.
n

.

Q.E.D.
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