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Abstract
In this paper we establish that the main solutions to
bargaining problems display a resource monotonicity property in
bilateral monopoly situations when preferences exhibit
consumption externalities. Suitable sassumptione are {invoked to

establish the resulte.



1. Introduotion : The purpose of this paper s to establish
(under suitable assumptions) a resource monotonicity property of
the main bargeining solutions {n a bilateral monopoly, when the
preferences of the agents exhibit consumption externalities.

Following Chatterji (18866), thiri (1991a), Lahiri (1991b),
we reduce the problem as in Roth (1878), to a simple problem of
dividing a fixed amount of money between two agents.

Congider a situation with two agente { and 2 whose {initial
uealth. (for the sake of notational simplicity) is set equal to
zero. Suppose they bargain over the division of Q units of ;oney.
We assume that each agent { has pterérencea over possible
distributions of money between the two agents which are
summarized by a utility functions uy :n{ff>m. where R% is the non
negative orthant of two dimengional Euclidean space. A feasible
proposa) is a proposed split (ecy,c5), such that ci+c2£Q
and c¢y20, co2o0. | -

In this paper we assume that preferences of each agent

digplays the following property
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Broperty { : (1) ¥ €520, uy(.,c5) :R,->Ris strictly increasing
¥ cy20, upley,.) :Ry~>Ris strictly increasing
(11) ¥¢420, uglcy,.) 3 Ry->Ris non-increasing
¥e520, ugs(.,c5) ¢ Ry-Mis non-increasing
(111) 1 €0,ep) = uy(ey,0) = O¥ (&y,6,)€ R
Here R, is the set of all non-negative reals.
We propose to sgtudy three main solutions to bargaining

solutions :

(1) The Egalitarian Solution :- A Feasible proposal (ci,cz)

guch that c;+c£ = Q ig called an egalitarian solution 1if



g (63,03) = uyle},on).

(2) The Nash Solution :- A feasible proposml (eoj,c)) is
called the Nash Solution if it solves the folliowing problem

“1(°1'°2) uztcl.cz) -> max

(3) The Kalgi-Smorodinsky Solution :- A teasible proposal
(c;,cs) is called the Kalai-Smorodinsky Solution {f oI+o§ = Q and
ul(cI,cé)‘ uz(q;,ci)

For an exhaustive discussgion of the‘above solutions one may
refer to Roth (19878) or Thomson (forthcoming).

It 1s easily verified using Propgrty 1 (i), that given ug,up
and Q>0, the egalitarian solution and the Kalai-Smorodinsky
gsolution are uniquely defined. The game property reveals that for
the Nash solution the budget constraint {8 satigfied with
equality and it is uniquely defined.

For the purpose of this paper let us fix u; and u, and allow
Q>0 to vary. Let N :R*+->R% denote the Nash solution, E :ﬂ5+->kg denot
the egalitarian solution and K :ﬂ2++—>ilg denote the Kalai-
Smorodinsky solution. Here R,, is8 the set of positive real
numbers.

The relevant property of the above golutiong (in this
extended framework) that we want to establish is the following :
Resource Monotonicity :- Q’,Q¢R,,, Q'2Q => F(Q’)2F(Q) where

E=R+*—>m3 is a bargaining solution (satisfying fi(Q)+f2(Q)§Q¥Q>O.)

2. The Egalitarian Solution :- The egalitarian solution satisfies

resource monotonicity under Property 1.



Theorem i t- Under Property i, E :m+,->mﬁ satisties
resource monotonicity.
Prooft :- Let Q',Q¢R,, with Q'>Q and suppose towards
contradiction (and without loss of generality), Ei(Q’)<El(Q).
Since E, (Q")+£,¢Q’) = @'>Q = E; () +E, (@),
E; @' )>E; ().
But this iyplies, (by Property 1),
ug (B, (Q*), E, Q7)) <uy (B, (@), Ey Q%)) <uy (Ey (), Ex@))
= u, (Ey (Q), B, (Q)) <uy (B Q) , By (@) <uy (B, (@), Ex (R,
contradicting that E is the egalitarian solution.
Q.E.D.
3. The Nash Solutjion :~ Under additioﬁal assumptions the Nash
solution also satisfles resource monotonicity. We asgume the
following :
Property 2 - uy: R£~>R.ia continuous for i=z1,2
Property 3 :~- (1) ul(.,cé):mﬁ ->1219’c6ncave*fc26 R,
uslcy,.)tR, ->M1is concave¥ c e R,
(11) ugley, )R, ->R is convex‘V‘clc- R,

us(.,c) R, ->R 1s convex¥'czeag.

Theorem 2 :- Under properties 1,2 and 3, N satisfies resource
monotonicity.

Proof :- For simplicity, consider the situation where the utility
protftile u=}u1,u2) ig differentiable. (The other cases c¢can be
dealt with by an approximatioﬁ argument making use of the fact
that the Nasﬁ solution 1is a continuous function of the wutility
profile). ﬁ(Q) is obtained by maximizing u1(°1’°2)“2<°1'°2) in

(°1'°2’6m3 subject to c1+c2=Q. This problem i{s solved by requiring



1 duy (e],03) -')ul (c‘f,o'z‘)

“1(°I'°§’ ¢, ¢,
= i Pusy (cI.ci) U, (cI,c;)
u, (e},03) | ney ey

with ej+cy = Q.
Now suppose Q'>Q>0, ﬁi(Q')<ﬁ1(Q). So, ﬁz(n’)iﬁz(ﬂ).
[ 3

By Properties 1,2 ancd 3,

1. u, (NR*))  dug (N@ ) 1 DUy (N Duy (NQ)
ul(ﬁ(Q')) ey ¢y ? ul(ﬁ(ﬂ)) dey 26,
1 duy (N - Buy (R
1 ?u2(N(Q' )) 3"‘2(N(Q’ )) VIKRAM SARABHA! LIBRARY
> _ - INDIAN INSTITU = )" MAN AGEMENT
uo (NC(Q*)) | e, ey VASIRAPUR, AHMEDASAD-28088

contradicting that N(Q') is the Nash barggining solution for Q';
| Q.E.D.

4. The Kalai-Smorodinsky Scolution :- Under assumptions similar to

that in Theorem 2, the Kalai-Smorodinsky Solution also sétisfies

resou;ce monotonicity. This is the essence of the next theorem.

Theorem 3 :- Suppose the wutility profile uz(uy ,uy) is

differentiable and 7“1 (ci,.):iR+—)ﬁlls a nonincreasing function.

2cC
i —
Then under Properties 1,2 and 3, K satisfies resource

monotonicity.

Prooft :- For simplicity, consider a utility protile u=(uy,us)
which is twice differentiable. (The general result follows by an
approximation  argument and by appealing to the fact that K is a

continuous function of the utitity profile). Then KQ) satisfles,

4



1) uy (KQ))H Uy (K(Q))

Ui(Q,O) UZ<0.Q)

Since this equation is satisfied for all Q>0, we get by

differentiating with respect to Q :

(i11) rth)E rz(Q) where

3u1(E(Q))Ad§1(Q)+ 20, (K(Q)) dko(Q)

fi(Q) . _ —_— -_ -
Y&y o dQ ¢, dQ u(KQ))Y  u Q0
u, (Q, ) [y, (Q,0)1° 3¢,
and, _ _ - —
' WL (K(Q)) dky(Q) 2uy(K(Q)) dko(Q)
fz(Q) = + _
UZ(O' Q)

up (K(QY)  3us(0,Q)

(uy (0,Q)1°  =e,

Now suppose that dk, (Q)<O for some Q. Since Ei(Q)+E2(Q)

dQ
= Q¥Q, we must have dk (Q) dky(Q) dk,(Q)
+ = {. Therefore > 1.
dQ dqQ dQ
Now,
uy (KXQ)) | 2up(K(Q)) dify () {up(k@)) dky(Q)
uy(0,Q) ¢y dQ +12¢e, dQ
ug (K(Q)) uz(ETh))
302
u, (0,Q)

Since u, is concave in e, and Osil(Q)sn,
o§?2(0>;g, we get



Py (K(Q)) »ug (K, (Q), Q) uy€0,Q)

102 '302 'bcz
- 2 2
ug (K(Q)) up (K, (@,Q) T uy(0,Q)
dk, (Q)
This, in conjunction with >{ ylelds that fz(Q)>O.
dqQ
dik, (Q) ,
But 1t <0, +then fi(Q)<O. These two statements on'the signs of
dQ

fi(Q) and fz(Q) are incompatible with (11).
Q.E.D.

In this theorem we required the utility profile to satisfy an
additional property in order that resource monotonicity continues to
hold. This property states fhat the marginal utility of an agent's
income be a decreasing function of the other apents income. The
concept of envy introduced in Property 1 (i1) 18 reinforced by this
property; an additional unit of income to an agent gives greaier

additional utility it his opponent is richer, than it he were poor.

Conclugion :- In this paper we have extended results obtained by
Thomson (forthcoming), to the situation where preferences display
consumption externalitiee. This ig an {mportant step forward, as
it highlighte some realistic considerations that bilateral

monopoly has so far ignored.
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